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Vihronil' JcvcJs in Ihe slrong-coupling limit [lre nol casy lo ohlain sinee vihrati(lnal amlclcc!ronic componenls arc eXlrcmely mixeJ. Usual
tllt:lhUlb hased un l'xlr:lpol:llions fromlhe adiahalic limil fail. Inlhe pn:scnt p:lpcr v/e \Vant lo (olllparc thc Lanl'lm melhod anJ the Glauher
"lall'S IlIclllod arplied (o a CISCwerc lhe slrong.coupling Jimit is approachcd The appliealioll considers p;lralllelers valid .suitcd lo the syslem
InSc:h,2 rOl' ;1 more realislic inlerpretation. Stahi lity 01'lhe sollltions is fOllnd ami di"cu"seJ Advantages amI tlisadvanlages 01'hoth mClhotls
are ;11,,0discussed

1\¡'\'ll'Ilnl.,: Ahsorplion SJ1CCIf:l: l1lagnctic impurilics: Jahn-Telller efrec!: Jahn-Tclkr encrgy: Lanczos ami Glauhcr .slaleS

L\lS niveles vibrónicos en eIlímile de acoplamiento Jahn-leller fuerte no son f:íri1es de ohtcner dehido a que las componclHcs vihracionales
y e!L'l'l1'únicas estún extremadamcnte mezcladas. Los mélodos usualcs, hasados l'n eXlrapolaciones desde d límite adiah;ítico fracasan. En
l'l :ltlículo prcsentc t¡ucrelllos rom parar los métodos de L:lllcws y dc Cilauhl'l", apliGlllos a un caso en el quc se aproxima el límile de
;1l"llplamÍl'nlo fuene. La aplicación considera los parámetros v;ílidos para cl .~istelTlaZnSe:Fc'!+ para ulla inlcrprctación m;ís rcalist;\. La
l...•.tahilidad de las soluciones se CIKucntra y se discute, Las venlajas y desventajas de amhos melodos sonlamhien discutidas.

/J¡'If'rip/orcs: ESpeClro de ahsorción: impurezas magnéticas; efecto Jahn-TeJler: em:rg:ía de Jahn-Teller: eqados de LanclOs y Glauhcr

1',\( 'S: 71 ,~S,-i; 71.55.-i: 71.55.Gs

1. Illlrnduction and Iheory

whl'rl' H, is lhe eleclronic Hamiltonian. il indudes alomic
parallll'ters (/\ S, Ll and cryslal l¡cld parame(er (lO IDqi).
11

1
, is lile vihralionai Hamiltonian associaled (o modes (J;. 01'

~l'lIi..'ralil.ed momenla 1)" frcquency.....J¡ and ellectivc m:!ss 111

;llld il can he writlen cilhcr as

(luteJ" orhitals 01' cryslalline atol11s arc more cxposcd lo cou-
pling \I,.'ith \'ihrations 01' Ihe surrounJing aloms in what is
u",u<llly L'allcd \'ihronic coupling or Jahn-Tcller cffccl [1.:n
Silll'L' Ihese are end states for ahsorption lransiliolls. \vc ex-
J1cL'1slrong corrcrliolls to lhe ahsorplions spcl'tra due lo
lhe inlel"meLiiale or strong Jallll-Tcller coupling, We COIll-
[l<ll"l'!len ..' for the IIrsl limc two mathemalical ltlethOll~ lo at-
[l'lIIpt calculations for sllch coupling inlensilics: lhe Lanczos
11lL'IIHH.1and the Glauocr melhod, Both ofthem have heen pre-
.••eHlcL! l'lsewherc M) hen.' \Ve mention lhelll giving lhe appro-
priale references for Ihe inlercstcJ rcader.

The 10lal Hamiltonian is

The vihralional mudes are those that possess (he symmetry
nf the coupling Illodes. Their cnergies 11...•.:; are known from
thc correspol1ding latlicc dynamics. 5mall variations around
thcsc valtles are al10wed to compensale 1'01'local sYl11l11clry
hreakings or frequency shins duc In prcsence 01' impurity
alollls,

11./1' is the coupling .Iahn-Teller or vihroniL: Hamiltonian,
It is !"orJIH:dby a scalar producl 01"a veclor in the vihrationai
spaL'e Q :::;:(ql. (h. ..(¿¡, ... ) ano a veclor in the elec-
Imnic coonlinales O = (D I ' D~. . , D¡ ..... ). The coupling
constanl can he exprcssed as lhe squarc rool 01" lhe proouct
of lhc vihraliOlwl qualllllltl h..•,', and Ihe so-callcJ Jahn- Teller
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LIl~rgy for that J110de EJ'l'¡. In lerll1s 01' sccond qualil.atioll
l1otation \Ve can write,

Thc aim hefe is lo f1nd Ihe vihronic cncrgics and vihwllit:
wave functions ror an clcctronic systcm intcracting wilh Ihe
vihralions 01' its surroundings. Thc diffcrcnl fUllctions in lhe
original clcctronic tllultiplcl mix with vihratiolls 01"appropri-
ate s)'mffictry including an arhitrarily largc 1l1ll11hcr01' vihra.
lioll<ll quanta lúr lhe normal moJes. So lhe hasis of funclions
IIccd 10 he inCfcascd until slahility 01' Ihe soluliolls is rcachcd.
This \Ve do indcpcndcntly antl scparately hy lhe lwo Illcthotls
tlutlincJ heJo\\'.

lhe LallClos rccursion Illcthod is hascd UIl a progressive
appropriate huilding of orthonormal statcs. starting frolll a
lrial seed slale ami oasic properties of Ihe system. In i(s Ira-
diliollal I"mm Ihe numerical calculations sulfcr the f1nilc prc-
cision arithmelic 01' computers; instahililies in the recursion
coeftkients can occur amI the higher exciled slales are had
convergent [31. In Ihis siluation the modilied Lanczos tcch-
nique. allows liS to ohtain whalcvcr excitcd slale \vith Ihe de-
sired prccisioll [,11.

Tile melhod 01"Glauber slatcs makcs use 01"a basis con-
structeJ in Ihe supposedly distorted syslclll aftcr a slrong
Jahn-Teller energ)' has splil lhe eleclronic Illultiplet leading
lo a less degclleratc elcclronic ground slate [5]. Then a di-
agonalizatillll is performed for lower values uf Ihe vibronic
coupling. Full use 01' the poinl symlllclry group 7:/ is done lo
impmve convcrgcnce anJ 10 label \Vave funclions [6. 71.

An unexpccteJ irregular oplicaI speclflllll. wirh Illore
lilles Ihan expccled. is one of Ihe sign:lllJfeS 01"a Jahn-Tcller
ellecL To expIain Ihis phenolllenon vihronic wave fUl1Cliolls
and vihronic encrgies musl be fuulld. Energy inler\'als lead lo
fn:quencies 01"Ihe possible lines presenl in the spectra: wave
l"ullclions allow calculaling Ihe transitioll pnlhahililies Ct)ffe-
sponding to all possible lines.

To oelter understand ho\V Ihe melhuds work \ve apply
Ihellllo lhe in!"rared absorplion spectra of Fe:2+ in compollnds
wilh zinc-hIende structure sueh as ZnSe. lron cnters as a slIh-
slitulionai impurily for Zn in these cryslals. The local sYIll-
lIIetry corresponds lo poinl grollp T(/. Crystalline lield splils
Ihc ':'D alornic multiplet into levels 5E and r'T2 in order uf
incrcasing energy [8-10). The sc¡xlration varies \\'ilh Ihe hosl
erystal but is !learly one quarler 01' an ev' A useful energy-
level schellle is givcll in Ref. 10.

Ahsorptioll speclra show Ihe transilions thal originale in
the lower .:,E Illultiplet and end al lhe exciled 5T2 multi-
pieL Al ver)' lo\\' lcmperatures only ahsorplions I"mm lhe true
ground statc lo sl;;Hes allowcd hy Ihe se1cClion rules are pos-
sihlc. \Ve consider here only those levels that are involved in
L'lcctrie-dipole Iransilions corresponding lo operators of sYlll-
lIIetry T2.

(5 )

(6)

(7)

f¿(JI) =4(J/ + 1)".

2. RcslIlts ans disclIssion

Then. in Ihe limil (Jf high vihrational qU:IIlIUI1l 1l1l111hers.we
have Ihal the nlllllher 01"runelinns l'ollsidered in lhe two Illelh-
ods is appro.\imalely Ihe same. if

On Ihe olher hantl. fu(N). lhe nurnhcr 01"vibronic fllnclions
in {he (¡Iaube!" rnelhod with .Ydefillcd as ahove, is Il:~I:

ror Fe:2+ \Ve use the free-ion value of Ihe spin-orbil constant
,.\ = -100 cm-l. The valuc of the crystal fielJ parallleter
lUID/JI is 29-1--1-cm-l rOl"ZnSe. The energy 01' the coupling
phollon lIscd here is h5 cm-l. This phOIlOI1 corresponJs lo
poi nlS TA I(K) of Ihe Ilri lIouin IOnc 111. 12J.

SlIdl modes are dOllhly degeneratc with componcnls Qo
anJ Q,. Tlle cxciled slales corresponJ to states with difIer-
ent occupalioll Ilumhers for Ihese vihralional moJes. /lo and
11.( respeclively. The Ilotalion for sllch slale will he (no, II().

In lhe L:lIlczos melhod, Ihe \'ihrational states considcred to
conslruct Ihe Lanczos chain are those going I"rom (0.0) lo
(JI. JI). illcluding all illlcrmcdiale comhinations. where .\1
is :11Iinleger llulJlher lhal defines (he hasis on which ealcula-
lions \ViiI be performed wilh Lancl.os. 011 lhe olher hand. in
Ihe Illelhod of Glauher slales we eOllsidcred vibrational slales
oelwcen (0.0) and (11(1. S - 11(1). with 110 laking aH valucs be-
t\\'een (l. and S. wherL' X is an integcr number lhal delines
Ihe hasis in Ihe lllethod of Glauhcr. So.\1 ami i\' are un-
relatcd nLllllbers. This dilTerence is tille lo the indepenJenl
eakulaliolls done previollsly by the groups in Italy and Chile
bUI is nol important rOl"lhe agreement fnunJ below.

\Vh:1l really l1laltcrs lo compare results fmm Ihe Iwo
Illclhods is thal Ihe Ilumher 01" vihronic funclions uscd hy
Ihem is approxilllalely lhe same al a givcn stage of Ihe cal-
eulaliolls. lkre \\'e rder lo (lne lhe triple degeneralc vibronic
fUllCtiolls of symllletry "11 mixed wilh phonons or diffcrent
occupatioll Ilumbcrs. JI 11IfIlSnllllhal fr,(.\/). lhe numherof
vihronic tünctiolls il1lbe Lallezos Illelhod with ).-\1 delinco as
in previolls paragraph. is given hy [-1):

Th", is lo '''y. Id JI) '" Ic;(2JI). This 110inl is hOllor illus-
Iraled hy Ihe ..•colulllns 011 Ihe left-hand sitie of Tahle 1.

In Figs. I aml2 wc prcsclll the 10wcsI vihmnic energy lev-
els assol'i:\lcd lo Ihe e.\ciled lllultiplcl r'T:2 01"ZnSc:Fe".!+ cal-
culah:d hy Ihe lllelhods 01"Lanczos and Glauber respectively.
In Ihe former .\1 is Ihe inJcpendent variable; for Ihe lalter S
is Ihe indcJlendcI11 variahle. Olher paramelers tal\c lhc sumc
values ror hOlh calclllalions. lhe computer cndes \Vere prc-
pared completely indepcndenl 01"eaeh otiler long hcfore this
cOJllparison \Vas atlcmptcd.

(4 )L VE'}'!'i I¡wj (a! + (I,¡)D¡ .HIT
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.1.\ 111.1.1 'nm ..'l' leading cncrgy ditleHo."IlL'C:-'L":]!L:ula¡cdby hoth tnL'lhods: 1.:I1lC/\l" (L) aml (ibubel' (e, l. l'aLlllldcrs correspond In ZnSc: Fc2+ :
F1'I= ~2() C1l1-1: ,\ = -lllfl rrn-]: 11•••..., = GS Clll-'; lUID/11 = 2~1.1,1Clll l. I:ir:-.l ;Hld "CL'l1111IL'llllllllllS apply lo Ihe Lanc/os melhlKI
,l.'ivill~ lhe \'ihratiun;ll t]uanltllll 11t1lllhcr alHllhe total nUll1hcr 01' vihl'ullic IUllllillllS. rcspel'lin-ly, Third ;lIld fOllrlh l'(llumns do lhe S;UllL"lo]
¡IlI" (;l:tuhn lIlL'lhllll. In ¡he r(lllowin~ collll1lns Ihe Icading [hrec cnn~y dllfL'l"l'lll'cS arc l"epI1rlcd Inl C:I\:IJ t1lL'¡l1ml Lanuos Illclhod cOllvcrge
\l"I~' l[\Iir"ly lHlLC the spllríolls kvcls "re idenlitied ami removcd. III 11'lIm lll" slales. hoth mL'lhud" 1"1'l[lIil"eover 500 W;lve fllllctiom lo glVl'
s\;ihlc Il'sulls lh:L1;\gl"ce up lo'" signilicant digils. Nolice Ih<11JI :::::::,\)"2 as disc\lssed in El[. 5. so lhc pau" 01 bOlh lllc[hods is llOl lhe Sallll"

kavlllg l'\'l'l'Y Sl"COlld rO\v hlank f(lr [he LllH.:I.OS rncthod

.\1 Jd .\/) .Y Jd.Y) ¡F., - 1,',,1 lE, - Elll ID,- Elll

L ( ; L ( ; L (i

, 1+1 IlJ 131 25.37 JO 15 (lO,X5 71. ..•5 7.l39 :-\3.66

11 156 27.()3 (1(l.!1.~ 7905

(, 196 12 IX2 2"',57 1(¡J5 575lJ (¡~.17 72.1 ..•. 7h.04

13 210 25.35 51).53 72.111

7 256 14 2-tO 2-t,25 2..•.7() 55,()l 57.5(1 71.53 72.XX

15 272 2-t.4-l- 5h.-l-l 72.\0

X 324 1" 306 14.14 24.1(¡ 55.2) 55.úIJ 71.26 7U"¡

17 3"'2 24,17 55,2X 71..17

" 4(X) IX 3RO 1..•.1(l 24.12 5).()0 550:-: 71.14 71 23

1') 42lJ 24 1() 5 ..•.(17 71.15

lO 4R4 20 -t(12 :!..•.O9 2"',(1) 54.1)2 54.():! 71.10 71.12

21 5111 24,()1) 5 ..•.xx 71.0íj

11 576 22 552 24.11') 24(1) 54.XI) 54XX 71.11'J 71.11'J

2J 6()O 2"',O() .'í-tXX 7U~)

le 676 24 (150 24.()l) 2.UI'J 44.RR 5"'.XX 71.119 71.11'J
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I:I¡;¡TRI' l. Enl'rgy diffcrelH:es rOl"lIJe lo\\"('sl vihronic ('nerg)' lcvels
~11"l"Oldill~lO the mClhoJ 01"Lancl.os as fUllC[ioll of JI, the rnaxirnal
Illllllhl'f lit' phollons of c;lCh CnrnpOlll"J1I. COllvcrgcncc is l[lIicl..ly
;l(llil'wti: spllriollS levels vanish wlJen Ihcy lcad lo eXlremely we:l'"
tr;lllsllil IIlS.

F!(;lIRL 2. Encrgy differrncl's rOl"Ihe 10\'.'('s[ vihronic l'llcrgy lcvcls
,lccording lo lhe Illl'thll¡j (JI' (;1auher as fUl1cliol1 of X. Ihe ma",i.
Ill;il Illllllhcr uf ptH1IJ0l1S ;H,lding holh cOlllpOnCn[s. ConVl:rgcnce is
;Ichieved sllJ(lothly \\"illHlil1 spurioll:-' levels.
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The aS)'mplOlic \'alues givcn hy hoth methoos coincide
l'\lrelllely well as.\1 ano .Y are large ellollgh. This is cncour-
aging in the sellsc that they are dilTcrcnl fmm the malhcmal-
ical point of vie\V. SlIch differellec is Iloloriolls \Vhen n.'slllts
for 10\\/ vallles nf _\1 and N are compared, This allo\Vs liS lo
say ¡hal holl1 lIIethods converge lo stahk: results \Vhen a large
htlsis is (ol1slrllclcd.

Tlll' LanCIOS l11ethod sho\Vs rapid convcrgencc lo slahle
v¡¡lucs as follo\\'s fmm Fig. l. Howe\'cr. some spurious le\'els
of ncgligihlc inlcnsity are l"arricJ 011all the \Va)' lo var)' large
vallles of .H whcrc lhe)' e"cntually stop playing any signitl-
cant role.

()n IhL' olher hano. Fig. 2 shows 111L'convcrgence 01' (he
(ilaubcr lllethod where no spurious le\'els are to he found,
This Illclhod sllows an inilial slow cOllvergellce to lhe final
\'aIUl's Ihal lhe method of Lancl.os,

To l'xaminL' lhcsc reslllls \VCprcscnl in Tahle I lhe Illlmel"-
ieal rcsults fOl"Ihe tllfl~e lowest energ)' dilTerenccs (in\'ol"ing.
four cllcrg.)" lcvcls) calculatcd hy holh rnelhods. In the casc
of Ihe LlI1c/os Illelhod we repon .\1 ami id.\/). Similarly.
\\'C rcpon .Y ami ic;(.Y) estahlishing lhe closCSl approxima-
lioll as provioed hy Eq. (7). Lanczos Illcthm.l sho\\' slahility
rOl' J/ > II while Glauber Illclhod is st<lblc rOl"¡\' > 22,
lIowcvcr. in tcrms of nUlllhcr 01' wave fum:tions involved in
IIlc calculatiolls lhcrc is no importanl dillercncc hetween hoth
IIIclhods as Ihey rcquire over SOO states in ordcr 10 lead to
sl¡¡hlt: soll1lions, The nUlllcrical agreclllclll or hOlh Illclholis
within fom signilicant figures is e\'idcn!.
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J. Cnndnsinns

The cnrnl1inalioll of h0111 methods is a strong 1001 since il
is ]lllssihk lo ohlaill good initial results \vith the Illcthod 01'
Lano.os, provided spurious Icvels are eliJ1lillated hy eompar-
iSOll wilh resulls 01"lhc Cilalll)L'1"Il1clhod. For high valucs nI'
.\/ ami .Y holh lllcthol!s ellcd. eaeh olhe!". providing good
hasis rol' stahility analysis.

There is a remarkahle agreclllcnl reached hy hmh Illcth-
ods ror large valucs nr .\1 and N conncclcd by Eq. (7).
Tbis Shtl\\"S that the inl!cpcndcnlllllll1erical solutions ()htaincd
he re are lhc hesl possihle results rOl' the Hamiltonian dclined
aho\'('. 11"Ihis is nol cllollgh lo c.xplain an experilllental re-
sul!, l!lis l',UlllOl he hlalllcd (o lhe nlllllerical mClhod. 01' thc
algorilhm or the compule!" llsed.

ILlving cslahlishcd this agreelllcnt next slep is lo atlCmpl
a l]lIí1ntilalive cxpianalion nI Ihe optical speclra 01' Fc:!+ in
ZnSe. ZnS and o[her rclated COI1l]lOllllds. incluJing lhe cal-
clllalcd intellsities or ckclric dipolc lransitions. This is al
Ihe mOl1lcnt hcyond the seopc uf lhe prescnl article. How-
cvcr. inilial cOll1parison hct\\"cen intensities caIclllaleJ hy
hnth Illl'lhods (not prescllted herc) sho\\' also cxccllcnl agrcc-
lIIent.
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