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ABSTRACT: In this work, we consider a static wormhole in Bopp-Podolsky electrodynamics
and convert it into its rotating counterpart by reducing it into Morris-Thorne form. We
further study the null geodesics and effective potential along with the shadows for inner and
outer unstable orbits for specific choices of parameters. It is found that for some cases smooth
shadow curves are formed, and for a few cases the shadows formed are cuspy. All parameters
have a significant impact on the shadows except for the parameter b when either a or @) are
kept small. We also analyze the gravitational lensing in the strong regime, considering that
the observer and the source are on opposite sides of the throat. For this situation, we explore
in detail the behavior of the deflection angle, Einstein rings and lensing observables.
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1 Introduction

Despite its success, Maxwell’s linear electrodynamics [1] could not resolve the problem of
divergences in the self-energy of a point charge. Therefore, Born-Infeld electrodynamics [2]
was developed to address the issue. The theory introduces nonlinearity while preserving the
fundamental properties of Maxwell’s linear electrodynamics. It limits the maximum field
strength that can be reached, preventing the theory from becoming unphysical. However, its
quantization could not be achieved. A few year later, Heisenberg and Euler [3] proposed a
theory that is a nonlinear extension of quantum electrodynamics that describes the behavior
of the electromagnetic field in the presence of strong electric and magnetic fields. It takes
into account the effects of virtual electron-positron pairs that arise due to the strong fields.
However, this quantum electrodynamic theory, in general, does not guarantee the finiteness of
the electric field at the origin [4]. Therefore, to determine a quantum electrodynamic theory
without a singularity at the origin remained an open problem.

In the early 1940s, Bopp-Podolsky electrodynamics was constructed separately by Bopp [5]
and Podolsky [6] that extends Maxwell’s linear electromagnetic theory. In Bopp-Podolsky
electrodynamics, the Einstein field equations have terms up to fourth order arising from
the Lagrangian comprising a new second order derivative of the gauge field. As we know
that the ghost instabilities may arise in such higher order theories. However, Kaparulin et
al. [7] developed a concept known as Lagrange anchor that is useful in avoiding instabilities
in the Bopp-Podolsky electrodynamics. Cuzinatto et al. [8] showed that the Bopp-Podolsky
theory is a unique theory in U(1) gauge group that is second order and linear generalization
of Maxwell’s theory. Furthermore, in the low energy limit, the Bopp-Podolsky term residing
in the Lagrangian can be considered as an effective term arising due to quantum corrections
to the photon action [9]. The coupling of Bopp-Podolsky electrodynamics with General
Reativity (GR) is studied by Cuzinatto et al. [10]. They studied the spherically symmetric
black holes (BHs) in Bopp-Podolsky electrodynamics and the no-hair theorem. The authors
investigated the spacetime geometry without considering the analytic expression for geometry.



It is also found that an extra parameter b appears in the metric of the BHs, violating the
no-hair theorem. Recently, Frizo et al. [11] followed this approach for coupling of GR with the
Bopp-Podolsky electrodynamics and attempted to derive a regular BH solution in spherical
symmetry. They kept the mathematical scheme for both unknown metric functions and
the electric field up to the linear approximation. However, they ended up with a wormhole
solution of the Morris-Thorne type that admits an extra parameter b in addition to mass
M and charge Q.

The goal of this study is to generate a rotating wormhole metric, whose static counterpart
is given in ref. [11], without resorting to the well-known Newman-Janis algorithm [12]. Instead
of it, we employ the general algorithm provided in [13-15]. It is worth mentioning that,
this procedure provides non-trivial rotating wormholes only if the static background has
not a trivial red-shift function. Of course, the solution given in [11] has a highly non-trivial
lapse function satisfying all the wormhole requirements. To further validate the model,
we explore the shadow cast and the deflection of light in the strong field regime for the
obtained rotating wormhole. The wormhole spacetime we investigate is characterized by
the ability to separate variables in the equations governing null geodesics. This feature
simplifies the process of analyzing how light travels in this spacetime. As a result, we can
analytically compute the boundary of the shadow, which is essentially the image created by
the lensing effect of unstable spherical photon orbits around the wormhole. This approach
provides a detailed understanding of the shadow’s shape and structure, which is crucial
for interpreting observational data and theoretical predictions. The unstable null orbits
are categorized into two separate classes known as inner and outer spherical orbits. The
inner unstable orbits are situated at the wormhole’s throat, whereas, the outer unstable
orbits are found at a greater radial distance from the throat. The formulation for the
shadow curves corresponding to the outer null orbits was established in [16]. Nevertheless,
the analysis of the shadow presented in that study was not fully detailed. Later, in [17]
investigated the shadows for the inner unstable orbits. However, these shadow curves are
flawed because of an inaccurate estimation of the mass of the wormhole, resulting in both
qualitative and scale discrepancies from realistic representations. This problem was also
addressed in ref. [18], the existing results were summarized and the structure of the shadow
curves was understood.

To capture the main features about the optical properties of this particular model, we
analyze in detail the gravitational lensing effect in the so-called strong regime. In this concern,
it should be taken into account that an analysis for such a wormhole structure is quite
different from that for a BH. This is because for wormholes, their throat plays a pivotal
role [19]. Here, as a first approach in this subject, we consider the case where the observer and
source are on opposite side of the wormhole throat. Through Bozza’s procedure [20-22], we
explore in detail the behavior of the deflection angle, Einstein rings, and lensing observables,
that is, the angular position of the asymptotic relativistic images (0 ), angular separation
between the outermost and asymptotic relativistic images (s) and relative magnification of
the outermost relativistic image with other relativistic images (rmag) [23, 24].

The article is organized as follows: In section 2, a short revision of the original wormhole
solution and Bopp-Podolsky electrodynamics is provided. The section 3 provides the rotating



model, Sections 4 and 5 are devoted to the analysis of the optical properties of the wormhole
spacetime, and finally section 6 concludes the work.

Throughout the article, we use units where ¢ = G = 1 and the mostly negative signature
(+—=—5-)-

2 Bopp-Podolsky electrodynamics and the static wormhole

We begin with a brief overview of the Einstein-Hilbert-Podolsky action describing the coupling
of gravity and Bopp-Podolsky electrodynamics [11]. Mathematically, it is given as

S:%/d‘*x\/fg (—f+cm>, 2.1)

where, g is the determinant of the metric tensor, R is the Ricci scalar, and £, is the matter
Lagrangian for the Bopp-Podolsky electrodynamics field given as

1 1,
TP F 5 (@ +26%) V, P B,y 4 6 (Rou FOVFY + Ry F7TF™) - (22)

such that F,, = V,A, — V, A, is the Maxwell’s field tensor with A, and V, being the
four-potential and covariant derivative, respectively. Here, R,, and R,y are Ricci and
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Riemann tensors, respectively with a and b as the coupling constants. Besides the Maxwell’s
term in the matter Lagrangian for the Bopp-Podolsky electrodynamics, the other two terms
are invariant and independent [10]. Therefore, the Lagrangian obeys four properties, that
is, it becomes invariant under Lorentz transformations, becomes gauge invariant under the
symmetry group U(1), is quadratic in the gauge field and its derivatives, and is dependent on
gauge field and its derivatives of order one and two. By varying the action (2.1) with respect
to the metric tensor g,,, one gets the following Einstein field equations:

1 ~
Ry = 59 R = 87T, = & (Tjﬁ + T8, + T[;V) , (2.3)

where, the components of energy-momentum tensor 7),, are

1
M _ - o af
Tt = 1o [4Fua Py + 9 F** Fag) (2.4)
_ ~2
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b2
b le%
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(2.6)

where, the notation (...) represents the symmetrization with respect to the indices existing
inside the brackets. Under the variation of the action (2.1) with respect to the four potential
A,,, one can obtain the Bopp-Podolsky equations for curved spacetime given as

V, [P = (@2 4+ 20%) (VIKY = VY K") 4 2% (FP Ry — F*7 Ry + 2R, P07 )| =0, (2.7)
where, K* = V,F" . The energy-momentum tensor is conserved, that is,

VI =V, (T + T, +T8,) =0 (2.8)



by utilizing the constraint given in the eq. (2.7). It must be noted that any valid solution in
the context of Bopp-Podolsky framework must satisfy field equations (2.3) or (2.7). Despite
of not deriving the exact form of the spacetime metric, the authors of ref. [10] incorporated
the Bekenstein method and showed that the exterior of a spherically symmetric BH must be
Reissner-Nordstrom solution when b = 0. This satisfied the no-hair conjecture. The authors
also proposed that hairy BH solutions can be obtained only if b = 0 and % > 0, where,
r denotes the radial coordinate. However, Frizo et al. [11] showed that by incorporating
a perturbative approach, b # 0 generates a wormhole solution instead of a BH one. They
considered the static and spherically symmetric spacetime given as

dr?
g(r)

where, f(r) # g(r) in general. The values of these functions can be obtained by considering

ds? = f(r)de® — — r2d6? — r?sin® 0d¢?, (2.9)

the first order approximations,

f(r) = folr) +efi(r), (2.10)
g9(r) = go(r) + €g1(r), (2.11)
E(r) = Eo(r) + eEq (1), (2.12)

to keep the perturbation up to linear order. Here, E(r) is the electric field and € = €(a, b)
is a small parameter. Since, the required geometry must deviate from Reissner-Nordstrom
metric by a small amount, therefore, it can be assumed that

o) = o) = 1= 22 & (213
Ey(r) = 1%7 (2.14)

whereas, the field strength is considered as
Fiu = E(r) (5460 — 620}) , (2.15)

where, (5% is the Kronecker delta function. By considering all of these assumptions and solving
the field equations, the metric (2.9) then takes the required approximate spacetime form as

oM Q% 202Q% 6Mb2Q? 18h2Q*
ds* = 1——+Q—2+ ? _SMbQ 18 GQ dt?
r r T rd 57

2M Q% 40*Q? 6MDBQ? 120%Q*
—\1-—*3 I T35 T %
r r r T or

-1
> dr® —r2df* —r’sin®0d¢*,  (2.16)

such that f(r) # g(r). It can be noted that by setting b = 0, one can recover Reissner-
Nordstrom metric. Moreover, by considering ¢Q = 0, the metric behaves as Schwarzschild
BH. The electric field becomes

E(r):g (1—

3 i (2.17)

SMb?  116%Q?
r2 + ’



such that under the limit b — 0, one gets E(r) — Ey(r). We can see that at large distances,
the effect of b on electric field is very small. Therefore, the asymptotic behavior of the electric
field is also the usual field Ey(r). It is worth mentioning that the approximate spacetime
metric (2.16) is asymptotically flat, that is, f(r) — 1 and g(r) — 1 as r — oo.

As mentioned above that Cuzinatto et al. [10] without deriving an explicit final form of
the metric showed that under the conditions b # 0 and % > 0, the solution describes a hairy
BH in Bopp-Podolsky electrodynamics. In this context, if f(r) = 0 and g(r) = 0 have same
roots, then the roots of g(r) = 0 are horizons of the spacetime. In particular, for M > @, the
equation g(r) = 0 admits three real and positive roots out of which, the largest root is the
event horizon. We know that f(r) # g(r) and the metric signature is Lorentzian. However,
for the values r < ry, the metric signature is non-Lorentzian because the largest roots of f(r)
and ¢(r) are not equal. This can be seen in figure 1. For various combinations of parametric
values for b and @, we have plotted the metric functions f(r) and g(r) with respect to r.
The inset plots show the difference in roots of the functions f(r) and g(r). In all plots, we
can see that there are three roots of g(r). Moreover, the behavior of the metric functions
f(r) and g(r) with respect to b and @ is very much same near the largest root of g(r) in
all plots. Furthermore, the largest root of g(r) decreases with increase in @), whereas, no
significant impact of b is observed on the size of the largest root of g(r). The metric functions
f(r) and g(r) are not much different from each other near the largest root of g(r) under the
prescribed limit of b. In this context, we can regard b as a less sensitive parameter unlike Q.
However, Frizo et al. [11] mentioned that the surface r = r, would not be a null surface for
which the largest root of g(r) cannot be regarded as an event horizon. Therefore, ds?|. L #0
for constant values of r, § and ¢. To overcome this problem, the approximate metric (2.16)
is regarded as a wormhole solution instead of a BH solution. Considering this, the radial
coordinate r is valid outside the surface r and hence, r; = r¢ is interpreted as wormhole
throat point. Therefore, corresponding to each combination of values of parameters b and
@, the largest root of g, = g(r) = 0 generates a wormhole throat at ry instead of an event
horizon. Consequently, the functions f(r) and g(r) are positive-definite for » > ro. Moreover,
the spacetime metric is Lorentzian and the chart (¢,7,0, ¢) is valid in the interval r € [rg, 00).

3 Morris-Thorne form and the rotation

The Morris-Thorne wormbhole is describe by the metric [25]

dr?
_ b(n)

T

— r2dh?* — r? sin? 0d¢?, (3.1)

ds* = A(r)dt* — n

where, A(r) and b(r) define the lapse and the shape functions, respectively. The throat point

ro of the wormhole is determined by the roots of the equation 1 — @ = 0 and is defined by

the equation r = ro = b(rg). Interestingly, the wormhole spacetime (2.16) can be converted
into the form (3.1) by appropriately choosing the functions A(r) and b(r) in terms of f(r)

and ¢(r), respectively. That is, if we consider

Afr) = f(r), (3.2

Q?  4’Q* 6Mb*Q*  120%Q*
b(r):r(l—g('r)):2M—7+ 3 i + RGN

(3.3)
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Figure 1. The behavior of f(r) and g(r) vs r for different values of b and @ with M = 1.

then the metric (2.16) can be interpreted as Morris-Thorne wormhole (3.1). The functions
A(r) and b(r), and hence f(r) and g(r) satisfy the following properties:

Jim A(r) = Jim f(r)=1, (3.4)

Jim b(:) = lim (I1—g(r)) =0, (3.5)

lim. b(r) = lim 7 (1—g(r)) =2M, (3.6)

9pb(ro) <1 or 9pg(ro) >0, (3.7)

b(r)<r or g(r)>0 if r>rg, (3.8)

royb(r) < b(r) or Org(r)>0 if r>rg. (3.9)

It is worth mentioning that the metric (2.16) thus satisfies all of the conditions given
in the egs. (3.4)—(3.9) for certain parametric values. We performed a careful analysis
for M = 1, b; € {0,0.02,0.04,0.06,...,1} and Q; € {0,0.02,0.04,0.06,...,1} for each
combination (b;,@;). We found that the conditions (3.7)—(3.9) are not satisfied for the
combinations (0, Q;) (of course, this corresponds to the Kerr-Newman BH), (b;,0), (0.02,0.02),
(0.02,0.04) and (0.04,0.02). This ultimately provides us limits for the parametric values.
Moreover, the valid parametric values also satisfy the property that the largest root of g(r)
is greater than the largest root of f(r). This fact is also obvious from the plots in figure 1.
For smaller values of b and @, a very small difference in roots of f(r) and g(r) is observed.
Whereas, for larger values of the parameters, the difference in these roots becomes more visible.

Azreg-Ainou [15] derived the exact rotating counterpart for the static Morris-Thorne
wormhole (3.1) by incorporating the modified Newman-Janis algorithm constructed by
himself [13, 14]. He developed this algorithm by a slight modification in the Newman-Janis
algorithm [12] in order to resolve the issue of its applicability in modified theories of gravity.



In mid 60s, the Kerr and Kerr-Newman BH metrics were derived from the Schwarzschild and
Reissner-Nordstrom metrics, respectively, by using Newman-Janis algorithm. Though, it was
mainly designed to convert the static BH spacetimes of GR into their rotating counterparts.
However, some problems occurred in using this algorithm outside of GR. As we know that
the Schwarzschild and Kerr BHs are vacuum solutions, whereas the Reissner-Nordstrom
and Kerr-Newman BHs are sourced by the electric field. In this context, we can propose
that the NJA may not alter the source when applied to BHs in GR. However, Hansen and
Yunes [26] found that it is not true in the case of BHs in theories of modified gravity because
they encountered some extra sources in the field equations. The complexification of the
radial coordinate is not taken into account in the modified method. Instead, some arbitrary
functions are defined that are determined as the algorithm proceeds. Therefore, it makes
the modified method easier to deal with and is useful in determining numerous rotating BH
as well as wormhole solutions in GR and beyond. The rotating counterpart of the static
metric (3.1) and hence the metric (2.16) as derived in ref. [15] is given in Kerr-like form as

2 102
ds? = (1 - 25(2’")) ar— A ga g A0CU)STE
p A(r) (1-22) p

.2
_ 0 r? + a? 2—A r)a®sin® 0 | d¢?, 3.10
2

where,

20°Q* 6Mb2Q2+18b2Q4
A

_ 2,2 _ 2 2 2

Alr)=a*+r°A(r) =r"+a” —2Mr + Q° + = e (3.11)

p? =1*+a’cos? 0, (3.12)
r? (1 — A(r

¢(r) = (2()), (3.13)

with a defining the spin of wormhole. The rotating metric (3.10) can be written in the
following Kerr-like form as well:

A(r) —a?sin? 2 A 2asin2
ds? — M dtk%dr?_pwe%r%ne <r2+a2—A(T)) dtde
sin® 6 5 9\2 2.2 2
— e (7' +a ) —A(r)a“sin“0 ) do=, (3.14)

where, A(r) and p? are defined by the eqs. (3.11) and (3.12), respectively. Since, the
metric (3.14) is the exact rotating counterpart of the static metric (3.1). Therefore, it is
also the rotating counterpart of the static metric (2.16).

It must be noted that under the limit a — 0, the rotating metric (3.14) reduces to
the static metric (2.16). When we consider b = 0 in the rotating metric (3.14), we get
the Kerr-Newman BH in the same way as we get Reissner-Nordstrom BH in the static
case. Furthermore, under the limit @ = 0, the metric (3.14) reduces to Kerr BH as we get
Schwarzschild BH in the static case. Since, the metric (3.14) exhibits the ratio ggg/g,r to be



independent of the coordinate #. Therefore, the metric (3.14) can be written in the form
A(r) .2 2 PP A(r) 2 o siI?O oo g 2
dt —asin®0do) — dr — p“df* — r“+a”)d¢ —adt| .
p2 ( ) A(T) (1 _ @) p2 [( ) }

(3.15)
Following the form in the metric (3.15), the symmetry properties of the stationary and

ds®> =

axisymmetric spacetime are satisfied. Moreover, the metric (3.14) is independent of the
coordinates t and ¢. Therefore, the metric possesses two Killing vector fields, Xl(lt) = ()" and
X/(L 5 = (0p)!" known as the time translational and azimuthal Killing vectors, respectively. If

A(r) (1 - 40

then the metric (3.14) is reduced to the Morris-Thorne form and the function b, (r, §) will define
the shape function of the rotating wormhole. Under the analogy with the static wormholes,

the throat is defined by the surface b,(rg,0y) = ro. Since the equation b,(rg,0p) = ro implies
that the function 1 — b,(r,6)/r = 0 at the throat. Therefore, following the eq. (3.16), we get
b(rg) = 7o because in general, A(r) # 0 at the throat. Therefore, the throat is formed at
the radial distance r = 9 which is same as the throat point of the static wormhole (2.16),
that is, the spin has no effect on the location of the throat. In the static case, the functions
A(r) and b(r) satisfy some properties given in the egs. (3.4)—(3.9). Likewise, the rotating
metric (3.14) also satisfies the corresponding conditions. That is,

lim (A(T) - ‘;2 Sin29> =1, (3.17)
r—00 p
~b(re) A (1 - M) B
Jim =2 =1 PAG 0, (3.18)
) (1 - b
lim by (r,0) =7 (1 A )pgilm : )) = 2M. (3.19)

To check the validity of the flare-out and other remaining conditions, we take derivative of
the eq. (3.16) with respect to r, then we get

by (r,0) — r0pb,.(r,0 A(r) b(r) —ro.b(r b(r Ar
(1) =rab0) A0 M)Zr0H0) (MY (B0LY g

72 — p2A(r) 72
Since 1 — @ — 0 as r — rp, so the second term on the right hand side in above eq. (3.20)
A(r)
p?A(r)
condition in the eq. (3.9) implies that the corresponding flare-out condition for rotating

wormhole (3.14) also holds. That is,

vanishes and the factor

> 0 everywhere on and outside the throat, then the flare-out

rOpbr(1,0) < by(r,0) if r > 1. (3.21)

Now, if we consider b, (rg,0p) = ro and b(rg) = ro in the eq. (3.20), the second term on the
right hand side in the eq. (3.20) vanishes and we get

A(ro)

1 —0,br(r0,00) =
(7o, o) p*Alro)

(1= 8,b(ro)) (3.22)



A(ro)
P2 A(ro)

and from eq. (3.7), 0,b(ro) < 1 with the factor > 0 as mentioned above, we get

1— 8rb7«(7’0,00) Z 0 or arbr(To,eo) S 1. (323)

Lastly, from the condition b(r) < r outside the throat in the static case, the left hand side
of eq. (3.20) is greater than zero. This implies that the right hand side of eq. (3.20) is also
greater than zero. Therefore, we get

by(r,0) <r if r>rg. (3.24)

Since the properties satisfied in the eqs. (3.21), (3.23) and (3.24) are exactly analogous to
those for the static case in the eqs. (3.7)—(3.9). Therefore, the rotating wormhole (3.14)
satisfies all of the properties corresponding to the eqs. (3.4)—(3.9) for the static case.

4 Shadow

Photons emerging out of a luminous source are trapped in a critical region around the throat
of a wormhole. This region is made up of circular null trajectories that are either stable
or unstable. Since, the shadow formation is due to the unstable null orbits, therefore, we
are only interested in the unstable null circular trajectories. The circular photon orbits
are described by the effective potential function and the local maximum exhibited by this
function describes the unstable orbits. The light particles in the unstable orbits either
disappear into the wormhole or scatter away from the gravitational field of the wormhole
throat towards infinity. Hence, due to the absence of photons, a 2D dark silhouette is formed
better known as the shadow. We aim to study the shadow of the rotating wormhole in the
Bopp-Podolsky electrodynamics. For which we need to study the properties of null geodesics
and effective potential. We develop the mathematical scheme for the analysis by employing
the Hamiltonian and Hamilton-Jacobi formalisms. The system of equations are completely
integrable if we determine four constants of motion as system comprises four coordinate
variables. The Hamiltonian method generates only two constants known as the energy F
and angular momentum L along z direction. The mass of the particle can be considered
as the third constant. However, the Hamilton-Jacobi formalism is helpful in obtaining the
fourth constant that we call as Carter constant Z [27]. To proceed, it is important that the
mixed terms in r and 0 are separated for which the Hamilton-Jacobi method is useful. The
Hamiltonian describing the motion of photon is written as

(r2+a2)27a2A(r)sin29 5 A)(b(r)—7) 5 1 5 a®sin?0-A(r) ,

A(r)p? et rA(r)p? pr—p2p9+ A(r)p?sin? 0 P
2a (r?+a?—A(r))

2H= Q”Vpupu =

4.1
A(T)p2 ptp¢7 ( )
where, p, is momentum of the particle. The Hamilton’s equations
ijlt — 87-1‘” = 8p#7-[’ p‘u = an,LL = _axl’«H (42)

are required to solve the Hamiltonian (4.1) for the equations of motion. Note that the
symbol 7 is denotes an affine parameter. Therefore the velocity equations corresponding



to t and ¢ coordinates come out to be

r2+a2

p°t = NG ((7“2 + aQ) E — aL) +a (L — aE sin® 0) , (4.3)
pPd = ﬁ ((r2 + a2> E— aL) + (L csc? O — aE) . (4.4)

The constants E and L have been obtained as the energy and angular momentum of the
particle, respectively in above eqs. (4.3) and (4.4). Whereas, we assume photon mass m, = 0
as the third constant such that the Hamiltonian H = 0. Therefore, the relation p, = 0,:S7
enables one to write the Hamilton-Jacobi equation in the following form

g“yaxuSJavaj =0 (4,5)
such that the Jacobi action
Sy = —Bt+T,(r) + To(0) + Lo (4.6)

comprises the unknown functions 7, (r) and Ty(#) that will be determined later. Expanding
the Hamilton-Jacobi equation by using the Jacobi action, we get

A(r) (r —b(r)) ((r2 +a?) E — aL)?

2 2
r/r - L—aF
TA(T) (a T(T)) A(r) + ( a )
+(05T5(0))” + (L? esc?0 — a*E?) cos? 0 = 0, (4.7)
which is clearly separable in the coordinates r and 0. Therefore, it is separated as follows:
A(r) (r —b(r)) 2 (" +a?) E—alL)? )
=i O Te(n) ~ L—aB)’ = -Z, 4
rA(r) (8 T(T)) A(r) + ( aF) (4.8)
(307'9(9))2 + <L2 csc? 6 — a2E2> cos’l = Z. (4.9)

On further simplification using the definitions of Hamilton’s equations, we obtain the other
two geodesic equations in r and 6 directions as

p°r = \/R(r), (4.10)
p?0 = 1/0(8), (4.11)
where,
R(r) = T;lz(’g) [((ﬂ +a?)E-aL)’ ~AG) (24 (L - aE)Q)} , (4.12)
0l)=2- (L2 csc? 6 — a2E2) cos® 6. (4.13)

If we rename the constants of motion in terms of impact parameters as u = % and ¥ = %,
then the functions R(r) and () become

R(r) = T;f(}g) [(72 ra?—au)’ = AW (T4 (- a)Q)] , (4.14)
0)=%X - (u2 csc? 6 — a2) cos? 6. (4.15)
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Figure 2. Effective potential curves showing the behavior of unstable circular null orbits for different
values of @, b and a corresponding to each curve in respective plots with M = 1.

In order to analyze the effective potential, we consider the equatorial motion, that is, 0 = 5
must be considered throughout the analysis. The radial geodesic equation is connected with
the effective potential Vg in the form given as

1
L4 Vi) =0, (4.16)
where, Vog(r) is the effective potential of the moving particle (photon) which is explicitly
given as
_ R(r) _b(r)=r /o o 2 2
Vet (1) = — o1~ 3A() {(7‘ +a° — au) — A(r) (E + (u—a) )] . (4.17)

The effective potential describes the behavior of the particle under motion in the photon
region. It also describes the characteristics of the orbits in the photon region. Since, we are
mainly interested in investigating the shape and size of the wormhole shadow that is solely a
property of the light particles disappearing as a result of falling in the throat of the wormhole
from the unstable circular photon orbits. Since the photon trajectories are circular orbits,
therefore, the photons must satisfy the equation » = constant. Therefore, these circular light
trajectories satisfy the conditions 7 = 0 = #, or equivalently, Veg(rp) = 0 = 0, Veg (), such
that 7, is the radius of photon region. By the virtue of eq. (4.17), the circular light orbits
must obey the conditions R(rp) = 0 = 0,R(rp). The local maxima of the effective potential
describes the unstable orbits that is mathematically expressed as 02Veg(rp) < 0.

The effective potential Veg has been plotted with respect to r in figure 2 showing the
variation in the unstable orbits around the throat of the wormhole in comparison with Kerr
and Kerr-Newman BHs. The upper left plot corresponds to the fixed values of a and b, while
() varies for each curve. For ) = 0, the curve shows the light orbit outside the event horizon.
Whereas, for other values of ), the curves correspond to the orbits outside the wormhole
throats. It is found that the unstable light orbit reduces in size with increase in ) and each
of which is attained at increasing effective potentials. Moreover, the deviation of unstable
orbits and the respective effective potential for the wormhole in comparison with the Kerr
BH is evident from the figure. The central plot corresponds to the fixed values of a and
Q, whereas b varies for each curve. Contrary to the left plot, it can be deduced that the
parameter b is less sensitive because the variation in the curves is very small with increase
in the value of b. However, it can be found that the size of unstable orbits increase with
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increase in the value of b attained at decreasing values of effective potentials. The plot also
shows the comparison of location of unstable orbits and effective potentials for the wormhole
with the Kerr-Newman BH for b = 0. The right plot shows the variation of spin a for each
curve with fixed values of b and ). With increase in spin, the unstable orbits decrease in
size, whereas each of such orbit is attained at increasing effective potential.

In order to calculate the shadow of the rotating wormhole in Bopp-Podolsky electro-
dynamics, we employ Bardeen’s procedure for which the impact parameters can also be
written in terms of r, as

TI% +a? ArpA(rp)
a  al(r)’
12 (87,8 A (1) — 16A(ry) (Alry) — ) =2 (A(r))?)
a2 (A'(ry))”

(4.18)

u(rp) =

(4.19)

X(rp) =

The new definitions for the impact parameters may also be considered as Ly = % and

_ 2
Kg = Z+(ZE72‘1E) that are explicitly written in terms of r, as

r2A(r
Kg(rp) = 1(25’(%())’;), (4.20)
a? 1y AdrpA(r
Li(ry) = u(ry) = 12— 2 () (421)

a alN'(rp)

that are essentially helpful in calculating the shadows for static cases. For the rotating
wormhole, we may calculate the shadows by incorporating the parametric equations with
Tp € L = [Ipmin, "p,max) as the parameter having upper and lower bounds. These boundary
points of r, can be calculated by solving the equation ¥(r),) = 0 for the positive real roots. If
the wormhole is non-rotating, the value of r, and hence Kg(rp) is unique so that r, cannot
be treated as a parameter. Moreover, setting a = 0 for the static case, we cannot calculate
the value of Lg(ry) as it becomes indeterminate. Therefore, it remain unknown and hence
we may treat it as a parameter. Note that its allowed values are positive real numbers in an
interval with upper and lower bounds as the roots determined by the equation ©(7/2) = 0.
The 3D wormhole is projected onto the celestial plane a-f3 as a shadow image by the relations

a(rp) = — lim {dd)rQ sin 9} , (4.22)
r—oo | dr 056,
de
B(rp) = lim [7«2] : (4.23)
PR rses Ldr 0—0o

where, the observer’s location according to the symmetry of the spacetime is given by the angle
6. Using the geodesic equations, the celestial parameters in the egs. (4.22) and (4.23) become

a(rp) = —u(rp) csc by, (4.24)

B(rp) = :I:\/E(rp) + a2 cos? 0y — u(ry)? cot? O (4.25)
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Figure 3. Variation of @ for each curve showing the variation in shadows in celestial plane a-f for
different values of b and fixed a in upper panel, and for different values of a and fixed b in lower panel
with M = 1.

and since, the shadow is observed at the inclination (6 = %), therefore, the celestial parameters
are reduced to

a(rp) = —u(rp), (4.26)
B(rp) = £4/X(rp). (4.27)

We have considered different cases for the parameters a, b and @ for obtaining the
optical shadow images of the rotating wormhole in Bopp-Podolsky electrodynamics that
have been plotted in the figures 3, 4 and 5. In figure 3, the variation in the shadow size
and shape has been depicted with respect to the variation in ) corresponding to each
curve. It can be found that for each plot, the shadow shrinks as () increases. The case
@ = 0 corresponds to the Kerr BH which has the largest shadow size among all other
curves. From which we can infer that the inclusion of the charge @) reduces the size of
the shadow image of the wormhole and transforms it to the wormhole for @ # 0 as being
a BH for the case Q = 0. Moreover, increasing the values of b in the upper panel and a
in the lower panel, mainly affect the distortion in the shadows that is obvious from the
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Figure 4. Shadow plots for different values of b corresponding to each curve while keeping a fixed
and varying ) in upper panel, and keeping @ fixed and varying a in lower panel with M = 1.

figure 3. In figure 4, the variation of b corresponding to each curve shows a rigid behavior
in the variation of the shadow size, that is, the shadow size is not much altered by varying
the parameter b. However, the shapes of the shadows vary for some cases as can be seen
in the right panel. The case b = 0 corresponds to the Kerr-Newman BH for which the
distortion in the shadows is the highest among all other curves that correspond to the
wormhole case for b # 0. Therefore, the parameter b reduces the flatness in the shadow
images of the wormhole which is more visible for the large values of () and «a in the right
panel. In figure 5, a comparison of the static and the rotating wormhole shadows has been
generated for the fixed values of b and @) in each plot. It can be seen that the static wormhole
shadow is an exact circle, whereas, with the increase in spin a, the shadows are shifted
towards the right and with increased flatness. Since this property of spin parameter in
BHs is due to the existence of an ergosphere. However, in this study, despite the rotating
wormhole (3.14) does not have any ergosphere, still the shadows are flattened due to increase
in the spin parameter. Unlike BHs, the rotating wormhole (3.14) does not have an extremal
spin value. However, there exist an upper limit a = a®!* that can be termed as critical
value of spin, above which the shadows are not formed because the curves obtained are
not closed.
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Figure 5. Behavior of a corresponding to each shadow curve for different ) and fixed b in upper
panel, and different b and fixed @ with M = 1.

Now, we discuss the shadows of rotating wormhole (3.14) for critical value of spin. As
said before, there exist an extremal value of spin in case of BHs above which there exist a
naked singularity instead of an event horizon. However, for the wormhole (3.14), we can
determine a critical value of spin above which shadows are not formed as closed curves.
We consider it as maximum allowed value of spin in our case. For rotating wormholes, the
unstable photon orbits are divided into two distinct classes for critical and near critical values
of spin. That is, the inner unstable orbits located at the wormhole throat, and the outer
unstable orbits that are located radially outside the throat. The wormhole solution (3.14)
generates cuspy shadows for certain values of spin. Since, the merging of the two families of
unstable orbits is not smooth for critical and near critical spin values. Therefore, these cusps
are formed at the intersection of the shadow curves determined from the above mentioned
classes of unstable null orbits. In fact, for lower values of spin, the shadows are formed by
the contribution of only outer unstable orbits for which there does not exist cusps and the
shadows are smooth curves as can be seen in figure 5. The family of unstable null orbits
lying outside the throat of the wormhole is obtained from the local maxima of the effective
potential such that the function ¢"" # 0 and the conditions

R(r)=0, 9R(r)=0, 9*R(r)>0 (4.28)

must be satisfied. The other family of unstable null orbits are located at the wormhole
throat that are determined from the local maxima of the effective potential such that the
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Figure 6. The plots showing the shadows with cusps for critical value of spin and near critical values
for fixed values of b and ) while keeping M = 1.

function ¢"" = 0 and the conditions
1—-—==0, R(r)=0, OR(r)>0 (4.29)

are satisfied. The left branch of the shadow curve is located at the throat rg, whereas, the
right branch is located well outside the throat at some radial distance r > ry. Due to the
presence of disjoint families of orbits, the cusps are formed in the shadows. The critical value
of spin can be determined by solving the system

B(r)=0, 9B(r)=0 (4.30)

for some fixed values of b and (). We have calculated it for b = 0.4 and @) = 0.7 that comes

out to be a = ¢

~ 1.1058. The shadows obtained for this particular case and for some near
critical values of spin have been plotted in figure 6 that clearly show the formation of cusps at
the shadow boundaries. The interface of both branches of shadows is more clearly visualized
in zoomed-in plot in figure 7 corresponding to the left-most plot in the figure 6. We found
that the branch of the shadow curve generated by the unstable orbits residing at the throat
is defined for both positive and negative values of the celestial coordinate a. However, the
branch of the shadow curve determined by the unstable photon orbits outside the throat is
defined only for the positive values of «e. Therefore, the junction of both branches of the curves
is located at some o > 0. From the figure 6, it can be inferred that for a = a"* ~ 1.1058,
the cusps are formed at the largest possible value of o and when the value of a decreases, the
cusps are shifted towards the axis a = 0. Moreover, as the value of spin decreases from the

crit

maximum value a = ™" =~ 1.1058, the cusps are also reduced in size and thus are diminished

for some value of a < a°t

generating smooth shadows that are ultimately due to the outer
unstable orbits only. A detailed image of the cusps are shown in figure 7. The branch of the
shadow curve associated with the outer family of unstable orbits is denoted by A’A and turns
stable at point A where a cusp is formed. The other branch associated with the inner family
of photon orbits at the throat is denoted by C’C having the stability point denoted by C

where another cusp is formed. Both branches intersect each other at point B.
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Figure 7. A detailed plot for cuspy part of the shadow in the left plot in figure 6 highlighting the
intersection point and the stability points.

In general, we can distinguish wormhole and BH shadow formation taking into account
the following points: i) There are no photon spheres around wormholes as in the BH cases,
instead those are photon regions. ii) Here, shadows are formed by the smooth matching
of light rings on and away from the throat. For small values of the parameters, the light
rings of both classes exhibit a smooth matching for which the shadow loops appear similar
to the ones around BHs. iii) For larger values of parameters (critical and near critical
values), the difference in f(r) and g(r) functions, starts becoming prominent. This causes
the matching of light orbits of both classes to be cuspy. Since, there is no concept of outer
and inner light orbits in BH cases. Therefore, the formation of shadows in wormhole cases
is entirely different from the BHs.

5 Strong gravitational lensing

In this section, we study the strong gravitational lensing produced by the rotating worm-
hole (3.10). However, the lensing phenomenon for wormholes is different from the BHs
because the photon orbit radius is not uniquely defined. Namely, as was studied in [19] for
the static case (it is not the exception for the rotating one), the strong gravitational lensing
for wormholes takes into account the following situations:

e a. The observer and the source are on the same side of the wormhole throat. Three
sub-cases may also arise here:
al. Strong lensing occurs due to the presence of a photon region outside the throat.
a2. The throat itself acts as a photon region in strong lensing.
a3. Strong lensing occurs due to both a photon region and an anti-photon region.

e b. The observer and the source are on opposite sides of the throat, that is, the observer
sees the light coming from another universe. Two distinct sub-cases may take place:
bl. A photon region outside the throat is involved in strong lensing.
b2. The throat itself acts as a photon region in strong lensing.
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As can be seen, the cases al and a2 are the same as the cases bl and b2 (see [19] for further

details). Keeping in view the above situations, we intend to consider the case when the

observer and the source are on opposite sides of the throat, besides the photon region is

outside the throat, that is, 79 < rp. For this, we follow the analysis presented in [21, 22]

and its extension to wormhole spacetimes given in [28, 29]. Therefore, to begin with, we
s

restrict to the equatorial plane at = § which implies 0 = 0. This allows us to express
the most general rotating line element as

ds®> = +A(z)dt? — B(z)da? — C(x)d¢?* — D(z)dtds, (5.1)

where, for this particular case, the coefficients {A, B, C, D} can be considered as in eq. (3.14).
For rotating bodies, the deflection angle is given by [20]

(@0) = 2 , «/AOB(MLJFD)
ap (To) = —_

= dx —m, (5.2)
o T \4AC + DQ\/AOC ACy+L (ADO — A0D>

with {Ag, Co, Do} = {A(xg),C(z0), D(x0)}, that is, the coefficients are evaluated at the
distance of closest approach. Besides, L represent the projection of the angular momentum.
In the case of strong deflection limit (SDL), the argument of the integral (5.2) is expanded near
the photon region! 7, = x,,. As it is well-known (see also the discussion provided in section 4),
from the radial geodesic equation the following conditions hold Veg(x,) = 0 = 0, Veg(2m)
at the photon region locus. These conditions allow us to get two important equations, one
defining the photon region radius given by

A(2)C'(z) — A'(2)C(x) + ug [A'(x)D(z) — A(z)D'(z)] =0 (5.3)
and the second one is the so-called impact parameter u = %

—Dg + 1/4A¢Co + D?

24, ’

where, the energy has been fixed to be F = 1. It is worth mentioning that the photon
region corresponds to the critical impact parameter. After replacing the expression (5.4) into
the equation (5.3), one gets an equation for determining the radius of the photon region
independent of the impact parameter ug. As we are interested in the case g = x,,, we have
replaced ug = u,, to determine the radius of the photon region. The behavior of the photon
region radius is displayed in the top row (left panel) of figure 8 versus the rotation parameter
a and taking different values for the electric charge (). It can be observed, as both the rotation
parameter a and electric charge () decrease in magnitude, the radius of the photon region
also decreases in magnitude. Therefore, the photon region size strongly depends upon the
magnitude of the rotation parameter ¢ and electric charge ). Moreover, the photon region
increases to its maximum size for small electric charge () and counter-clockwise rotation, that
is, when @ < 0. On the other hand, the impact parameter u,,, behavior is depicted on the right

'As we are following the procedure given in [20, 21], from now on the photon region radius r, will be
denoted by x,.
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panel on the top row of figure 8. In this case, the situation is similar to that for the variable
Tm, in particular, it decreases with increasing rotation parameter a and electric charge Q.

Once the equations for the photon region radius and impact parameter are solved, the
integral (5.2) can be expanded around z¢ = z;, to get more information about the deflection
angle. To do this, it is necessary to introduce the following change of variable z =1 — xy/z,
where this time the variable z¢ is coinciding with the wormhole throat rg, leading to [28-30]

ap(u) = —aln (;—1)+B+O[(£R—1) In (&-1)} (5.5)

where, {(i,l_)} are the gravitational lensing coefficients given by

__ R(O,z,) + _ cx?
=——> b=- b In | 2 .
a Wik T+ R+an<u$n>, (5.6)

where, bg is the regular part of the integral (5.2) given by

br = /0 IR (2 0m) £ (22 0m) — R (0,20m) o (2, 0m)] d2, (5.7)
with
R o) = 202V B (Moilu + AOD) o) 1 655
o wy/oavaacTD? 4 v a% g (AD-aD)
with

1
flem) = e

Here, the terms ¢; and ¢y are obtained by expanding the argument of the square root in f(z, zg)

(5.9)

around x = x,,, and the coefficient ¢ is obtained by Taylor expansion of u—u,, = ¢ (xg — xm)z.
As can be seen, the deflection angle (5.5) blows up at u = u,,. This fact is observed from
the bottom row in figure 8 (dots are representing the critical impact parameter where the
deflection angle blows up). The left panel shows the trend of the deflection angle versus the
impact parameter for a < 0. As can be seen, the value u,,, where the divergence appears
decreasing with decreasing impact parameter v and electric charge ). The same behavior
is shown in the right panel for ¢ > 0, however, in this case, the different critical impact
parameter values for the different values of the electric charge are closer than the previous
case. In both cases, the deflection angle is super-passing 27, exhibiting a decreasing behavior
with increasing impact parameter. In this concern, those values of the impact parameter
drifting apart from the critical one are not relevant for SDL, because this technique is valid
only in close vicinity to the critical impact parameter. Nevertheless, for each case near the
critical values, the deflection angle becomes negative in nature. This fact is not acceptable in
the BH case, since in such a case, this is related to a repulsive gravitational force. In the
present case, as we are dealing with a wormhole, the presence of exotic matter at the throat
and its neighborhood could in principle produce a repulsive gravitational interaction, making
the path of the light or particles bend opposite to the wormhole throat, causing photons to
be deflected away from the wormhole location. Although, this is not the case here, because
our configuration contemplates the wormhole lying between a light source and observer, it is
possible for a wormhole to obtain a complete negative deflection angle.
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5.1 Lens equation and observables

To further understand the lensing phenomenon, it is essential to study the lens geometry,
since in particular, we can identify the exact position and magnification of the relativistic
images. As the light source and observer are placed far enough from the wormhole such that
the gravitational forces around them are insufficient, the lens configuration we are interested
concern position of the wormhole between a light source and observer [21, 22]. Suppose that
the source and observer are almost aligned, the lens equation reads

Aay, (5.10)

where, instead of using a full deflection angle, we used an offset of deflection angle given
by Aa, = ap — 2nm, with n € N and 0 < Aa,, < 1. Furthermore, 8 and 6 represent
the angular positions of the source and image from the optical axis, respectively. On the
other hand, the distances of the source and lens from the observer are given by Dyg and
Doy, respectively. This information allows us to estimate some observables for the strong
gravitational lensing [20-22]. Using the expressions (5.5) and (5.10), the angular separation
between the lens and the n'® image is given by [20]

0, = 00 + AG,, (5.11)
with,
m DOL + DLS UmEn (5
90 = " (1 4e, Ab,, = Ty 5.12
" DOL ( e )’ DLS &DOL (ﬂ n) ’ ( )
such that

en = exp (l_) — 27_177) . (5.13)
a a
Here 09 is the angular position of the image when a photon encircles complete 2nm and
A6, is the extra term exceeding 2n7 such that 69 > A#@, [20]. Now, considering a perfect
alignment between the source and observer, that is 8 = 0, the lens deflects the light equally in
all directions such that a ring-shaped image is produced, which is known as Einstein ring [31].

It should be noted that when the lens is exactly halfway between the observer and source,
the angular radius of the Einstein rings can be obtained by solving eq. (5.11), for the source,
lens and the observer being perfectly aligned [20, 32|, obtaining

E = 2™ (14e,). (5.14)
Dor,

The value n = 1 is the angular radius of the outermost Einstein ring. For the present
wormhole model (3.15), the outermost Einstein rings are illustrated in figure 9. The left and
middle panels correspond to a < 0 and a > 0, respectively. As can be observed, the ring
increases its size as the electric charge @) decreases in magnitude. On the other hand, in
transition from a < 0 to @ > 0, that is changing the rotational direction, one can see the
effect of the rotation where Einstein rings are not perfect circles as the static case. Here,
they are distorted by the dragging effect producing elliptical shapes.
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Figure 8. Top row: The left panel shows the trend of the radius photon region x,, versus the
rotation parameter a, while the right panel is depicting the impact parameter u,, against the rotation
parameter a. Middle row: The left and right panels are illustrating the trend of the deflection
angle ap(u,,) in the strong field regime versus the impact parameter w,,. In this case, the rotation
parameter has been fixed to be a = —0.8 (left panel) and a = 0.8 (right panel). For all these plots we
have considered M =1 and b = 0.5.
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Figure 9. Left panel: Einstein rings for ¢ < 0. Middle panel: Einstein rings for a > 0. Right
panel: A comparison between cases a > 0 and a < 0. Here the dashed ellipses correspond to a < 0
and the solid ones to a > 0. For all these plots we have considered M =1 and b = 0.5.

Interestingly, in the gravitational lensing phenomenon, the light is deflected while main-
taining the surface brightness, however, the appearance of the solid angle is continuously
changing. This enhances the brightness of the images. The magnification for n-loop images
is evaluated as the quotient of the solid angles subtended by the n'" image and the source
as follows [20, 21]

= [“m (1+en) (DOL + Dis Umen )] . (5.15)
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Figure 10. The trend of the lensing observables 0., (left panel), s (middle panel) and ry.g (right
panel) versus the rotation parameter a. For all these plots we have considered M =1 and b = 0.5.

Considering the case when the source and the observer are perfectly aligned (5 = 0), the
expression (5.15) diverges, suggesting that the perfect alignment maximizes the possibility
of the detection of the images. Nevertheless, it is not an easy task to deal with it, then
following [20], one reduces the complexity of the computations by considering the simplest
situation in which only the outermost image, 6, is resolved as a single image, while the
subsequent images are all piled up together at 6.,. Therefore, if 1-loop image can be
distinguished from the rest of packed images, we can have three characteristic observables [20,
21], namely

U b 2r 1 T
Ooo = —— =0; — 0o =0 -— = mag = ~ . (5.16
T Doy CTUTE “exp<é ) T = S~ Tlgae) 019

In the above expression, 6; is the angular position of the outermost single image, 0., is the
angular position of the rest of packed images, s is the angular separation between the 6 and
0o, Tmag is the ratio of the flux of the first image and the all other images. In figure 10, we
have plotted the trend of the lensing observables 6, (left panel), s (middle panel) and 7mag
(right panel) versus the rotation parameter a and different values of the electric charge Q. It
is clear from the panel exhibiting in figure 10 that all the lensing observables are attaining
their maximum values for ¢ < 0 and small electric charge Q.

6 Concluding remarks

Certainly, the study of wormhole structure and all their feature still constitute a rich branch
for theoretical studies and their connection with potential observational data [33-45] (and
references therein). Particularly, in this work, using the algorithm given in [15], a new
rotating wormhole solution has been obtained starting from the static wormhole spacetime
provided in [11]. This solution is sourced by a non-conventional electrodynamics, the so-called
Bopp-Podolsky electrodynamics [5, 6]. The rotating wormhole model given in the Kerr-like
form (3.14), is consistent with the static limit, that is, when a — 0 the original static solution
is recovered. Moreover, taking the limit b — 0 in the rotating version (3.14), one recasts the
well-known Kerr-Newman BH and taking both @ — 0 and b — 0 the Kerr BH is recovered.
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Therefore, non-trivial charged rotating wormhole in the Bopp-Podolsky electrodynamics
scenario are possible only if @) # 0 and b # 0. However, in this case, the main geometric
features that any wormhole topology must satisfy, are not guarantee for all (@, b) pair (for a
given mass M and rotation parameter a). In this concern, we have performed a thorough
analysis about the possible combinations of (Q,b) to have a well-defined wormhole geometry.
This analysis reveals that for increasing ) and b, the wormhole throat increases its size.

To further validate the feasibility of this theoretical wormhole model, we performed a
detailed analysis about some optical properties, such as the shadow and the strong gravitational
lensing. The former was performed using the well-known Hamilton-Jacobi approach, where
the null geodesics are determined by the technique of separation of variables in r and 6
coordinates. Thus, allowing us to study the effective potential and the behavior of unstable
photon orbits. Keeping a simple scenario in the equatorial region, we computed the effective
potential with respect to radial distance r. It was found that the spin and charge had
identical impact on the variation and behavior of the effective potential and the unstable
orbits. That is, with an increasing in ) and a, the effective potential increases, while the
unstable orbits shifted towards the throat. In contrast to this behavior, with increasing
parameter b, the effective potential decreased and unstable orbits shift away from the throat.
In addition, we found shadow images for the prescribed parametric values. These images
are found to be identical to those for the BHs which is due to the fact that the parametric
values of a are kept sufficiently smaller than its critical values above which no shadow is
formed. The shadows became smaller with respect to @@ and shifted to the right with respect
to a. However, a significant variation in shadows was observed with respect to b only for
larger values of either a or Q. For critical and near critical spin values, it was found that
the inner and outer unstable orbits did not merge smoothly and the formed shadow curves
were cuspy as displayed in figures 6 and 7.

Regarding the strong gravitational lensing study, here we have considered the case
where the observer and source are on opposite side of the wormhole throat. Using Bozza’s
procedure [20-22] and its extension to wormhole geometries [28, 29], the deflection angle has
been determined and depicted in figure 8 versus the impact parameter u,,,, where the incidence
of the electric charge and rotating parameter on its behavior is relevant. In this concern, a
small amount of electric charge induces divergence of the deflection angle for smaller values
of the critical impact parameter. Besides, the size of Einstein rings is also reduced for larger
values of the electric charge 9. Additionally, for the lensing observables, such as angular
position of the formed images, their angular separation and ratio of the flux of the first image
with respect to the all other images have been explored. Interestingly, the angular separation
between the outermost and asymptotic relativistic images increased as the electric charge
increases in magnitude (see middle panel in figure 10) and the relative magnification of the
outermost relativistic image with other relativistic images decreased with increasing electric
charge (see right panel in figure 10). It is clear that in considering the configuration taken
here to study strong gravitational lensing phenomenon, in principle will be quite difficult to
recognize if the observed object is corresponding to a rotating BH or to a rotating wormhole.

Finally, we can remark that wormholes are considered to be one of the mysteries of the
universe that are yet to be discovered observationally to prove their existence. The concept of
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light deflection and trapping of photons in orbits around a wormhole is quite similar to that
in the case of a BH. However, depending upon the structure and geometry of wormholes, it
is hard to visualize and understand the shadow and lensing patterns formed by the deflection
of light. In this concern, it is clear that optical properties (at least from the theoretical
point of view) behave similarly as they do for BHs, then it is difficult to visualize from this
perspective the main difference between these objects. Therefore, this implies that further
studies are necessary to fully constrain and realize the relevant observational parameter to
distinguish these structures from each other.
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