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 a b s t r a c t

We report on some properties of a quantum black hole obtained recently. The correction to the Newtonian grav-
itational potential is proportional to a coupling 𝛼, which is the only free parameter of the theory. We constrain 
the coupling using the perihelion advance, we compute the quasi-normal modes for scalar (both massless and 
massive) and electromagnetic perturbations. We find that all modes computed here are complex numbers char-
acterized by a positive real part and a negative imaginary part, while both parts increase with the mass of the test 
scalar field. Also thermodynamics properties are investigated from the classical and topological point of view. In 
this regard, the quantum black hole exhibits the same behavior as the classical Reissner-Nordström space-time, 
that is, it presents stable/unstable branches in the Gibbs potential, one generating point and a topological charge 
𝑊 = 0.

1.  Introduction

Ideal black holes (BHs) are supposed to be isolated objects. Realistic 
BHs of Nature, however, are in constant interaction with their environ-
ment. We may think, for instance, matter accretion onto a BH from its 
donor in binaries. When a BH is perturbed due to a certain interaction, 
the geometry of space-time undergoes damped oscillations. How a sys-
tem responds to small perturbations as well as normal modes of oscil-
lating systems have always been important topics in physics. Regarding 
BH physics in particular, the work of [1] long time ago marked the birth 
of BH perturbation theory, and later on it was extended by other people 
[2–6]. Nowadays the state-of-the art in BH physics and perturbations 
is nicely summarized in the comprehensive review of Chandrasekhar’s 
monograph [7]. The information on how a given BH relaxes after the 
perturbation has been applied is encoded into the quasi-normal (QN) fre-
quencies. The latter are complex numbers, with a non-vanishing imag-
inary part, that depend on the details of the background geometry as 
well as the spin of the propagating field at hand (scalar, Dirac, vector 
(electromagnetic), tensor (gravitational)), but they do not depend on 
the initial conditions. Therefore, QN modes (QNMs) carry unique in-
formation about black hole physics. Black hole perturbation theory and 
QNMs of black holes are relevant during the ringdown phase of binaries, 
in which after the merging of two black holes a new, distorted object is 
formed, while at the same time the geometry of space-time undergoes 
damped oscillations due to the emission of gravitational waves. For a 
review on QNMs of BHs see e.g. [8,9].
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Another way to test the stability of BHs solutions, besides the QNMs 
approach, is the thermodynamics framework. The thermodynamics set-
ting of gravity and vice versa, was put forward by seminal articles by 
Bardeen, Carter and Hawking [10], Bekenstein [11], Hawking [12], Gib-
bons and Hawking [13] and York [14]. In these articles, the BH ther-
modynamics laws were developed, yielding a very important interpre-
tation, such as the BH temperature as surface gravity [12,13] and the 
BH entropy as surface area [11]. These results were obtained within 
the framework of General Relativity (GR). Later, Jacobson was able to 
obtain Einstein field equations from a pure thermodynamic description 
[15]. Although this methodology was derived in the 3+1 dimensions, 
Myers and Simon in [16] extended its usage to Lovelock gravity [17]. 
Furthermore, the idea that the mass of an AdS BH should be understood 
as the enthalpy of the spacetime marks a significant advancement in 
the field. This concept arose from geometric derivations of the Smarr 
formula for AdS BHs, which indicated that the cosmological constant 
could be treated as a thermodynamic variable, analogous to pressure 
in the first law of thermodynamics [18,19]. A recently introduced con-
cept in BH thermodynamics is the notion of thermodynamic topology. 
Since its inception [20,21], this idea has been further developed in sev-
eral notable works [22–28] (and references therein). Within this frame-
work, BH solutions are interpreted as topological defects in their ther-
modynamic space. Both local and global topology can be studied by 
calculating the winding numbers at these defects. BHs are then classi-
fied according to their total topological charge. Moreover, BH thermal 
stability is linked to the sign of its winding number. A central feature of 
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thermodynamic topology is the association of topological defects with 
their corresponding topological charges.

Based on the ground of these schemes to theoretically test BH sta-
bility, the main aim of this article is to analyze whether the seminal 
loop quantum cosmology (LQC) static BH provided in [29], is stable un-
der mechanical perturbations and the thermodynamics setting. In this 
regard, interesting articles have been devoted to elucidate the main as-
pect of this corrected quantum Schwarzschild BH under different ap-
proaches. For example, [30] was the first to investigate the quasinor-
mal modes of quantum-corrected black holes, [31] initially proposed the 
concept of a quantum black hole with a cosmological constant, and [32] 
was the first to derive such a quantum black hole solving the quantum-
corrected dynamical equations. What is more, in [33,34] a QNMs study 
has been carried out, in [35] and [36] some optical features have been 
considered, such as gravitational lensing and the shadow, in [37] and 
extension of this model including the cosmological and thermodynamics 
related properties were studied. In addition, novel wormhole solutions 
have been found within this framework [38]. The main a major dif-
ference between the present study and these antecedents is that in all 
these cases, the value of the quantum parameter 𝛾 (or 𝛼) has been fixed 
to its theoretical value reported in [39,40]. This represents a limitation, 
in studies, because we force the results to satisfy only theoretic restric-
tions1 So, in this work, we first bound the quantum parameter using the 
perihelion advance phenomenology, and from this analysis we chose the 
value for this important parameter. On the other hand, for the QNMs 
analysis, only one value of overtone number 𝑛 has been used. As far 
as we know, the overtone number 𝑛 measures how the different QNMs 
contribute to the decay and oscillation of the BH perturbed field, reflect-
ing the complex dynamics of space-time around these extreme objects. 
Furthermore, we consider massless and massive scalar field and the elec-
tromagnetic one. From the point of view of thermodynamics analysis, 
we perform the topological approach. However, to properly applied this 
off shell protocol, one needs to ensure that the usual thermodynamics 
first law is valid, that is, the BH horizon mass 𝑀 coincides with the 
BH energy, and Hawking temperature coincides with the temperature 
obtained from the first law. Clearly, this is not the case because the 
entropy of this LQC static BH does not meet the holographic principle 
(the Bekenstein entropy [11]). This is problematic since the topological 
approach must coincide with the classical thermodynamics description 
once the parameter 𝜏 is recognized as the inverse of the BH temperature. 
In this regard, we have “regularized” the first law to get a temperature 
matching Hawking expression.

The article is organized as follows: Section 2 presents a short re-
view about the quantum BH. In Section 3, the quantum parameter 𝛼
is bounded using the perihelion advance phenomenology. Also, it is 
discussed how this quantum correction is affecting the Newtonian po-
tential. Sections 4 and 5 present the stability analysis via QNMs using 
the WKB scheme and the thermodynamics study using the classical and 
topological approaches, respectively. Finally, Section 6 concludes the 
work. Throughout this article the mostly positive signature has been 
used {−;+; +; +}, and geometrical units where 𝑐 = 𝐺 = 1, then 𝜅 = 8𝜋, 
have been adopted.

2.  Schwarzschild-like black hole in LQG

In this section, we briefly review the main aspect of quantum BH 
provided in [29]. This space-time is being described by the following 
line element

d𝑠2 = −𝑓 (𝑟)d𝑡2 + 1
𝑓 (𝑟)

d𝑟2 + 𝑟2 d𝜃2 + 𝑟2 sin2 𝜃 d𝜙2, (1)

1 In [35], the authors constrained the quantum parameter using the EHT ob-
servational data. This represents a more realistic scenario on the possibility of 
having a quantum BH solution.

with

𝑓 (𝑟) = 1 − 2𝑀
𝑟

+ 𝛼𝑀2

𝑟4
, (2)

where 𝛼 = 16
√

3𝜋𝛾3, with 𝛾 being the Barbero-Immirzi parameter in 
LQG [39–41]. The coupling 𝛼 has units of square length and 𝛾 is a 
dimensionless parameter. Some studies such as [39,40] suggest that 
𝛾 ≈ 0.2375, therefore 𝛼 ≈ 1.1663. The causal structure of this space-time, 
is quite similar to the Reissner-Nordström BH, that is, it has a Cauchy 
and event horizon. Despite the fact that the polynomial expression is of 
fourth order, given the constraints imposed on 𝛼, the polynomial has 
two complex roots, while the remaining two real roots represent the 
horizons. From the blacken function Eq. (2) the horizon mass of this BH 
reads

𝑀(𝑟+) =
𝑟2+

(

𝑟+ ±
√

𝑟2+ − 𝛼
)

𝛼
. (3)

with 𝑟−, 𝑟+ being the inner and outer horizon, respectively.
It is worth mentioning that from this expression, the upper branch 

should be discarded because it does not reproduce the adequate 
Schwarzschild limit when 𝛼 → 0. Hence, the correct branch is the lower 
one. This branch defines a minimum values for the event horizon 𝑟+
given by [29]
𝑟+ ≥

√

𝛼 = 𝑟min+ , (4)

then the minimum horizon mass is

𝑀𝑚𝑖𝑛(𝑟+) =
4
√

𝛼

3
√

3
. (5)

So, it is clear that the minimum horizon radius and horizon mass, 
strongly depend on the values of the parameter 𝛼. In this study, we are 
going to bound 𝛼 (consequently 𝛾) using the perihelion advance phe-
nomenology (see next Section 3), and in view of this result, we are going 
to study the stability of this model using the QNMs and thermodynamic 
approaches.

3.  Perihelion advance for quantum corrected BH

In this section, we present the first part of the analysis performed in 
this work, namely how to constrain the parameter 𝛼 using observational 
data coming from the perihelion advance of the planet Mercury around 
the Sun.

In the non-relativistic limit, the following relation holds [42,43]:

2Φ(𝑟) + 1 = 𝑓 (𝑟) = 𝑔00(𝑟) = 1 − 2𝑀
𝑟

+ 𝛼𝑀2

𝑟4
(6)

with Φ(𝑟) being the gravitational potential. Thus, in the theory of gravity 
with quantum corrections, the total gravitational potential consists of 
two terms

Φ(𝑟) = −𝑀
𝑟

+ 𝛼𝑀2

2𝑟4
(7)

while the gravitational potential energy, 𝑉 (𝑟), is simply given by 𝑉 (𝑟) =
𝑚Φ(𝑟), with 𝑚 being the mass of a test particle in the fixed gravitational 
background. Therefore, there is a single perturbing potential beyond the 
Newtonian one, namely the one due to quantum corrections.

A generic and useful expression for the perihelion advance, Δ𝜃𝑝, due 
to any perturbative potential energy, 𝑉 (𝑟), beyond the Newtonian one, 
is found to be (setting 𝐺 = 1 = 𝑐) [44]

Δ𝜃𝑝 =
−2𝐿
𝑚𝑀𝑒2 ∫

+1

−1

𝑑𝑧𝑧
√

1 − 𝑧2
𝑑𝑉
𝑑𝑧

(8)

where 𝐿 = 𝑎(1 − 𝑒2), the perturbing potential energy is evaluated at 𝑟 =
𝐿∕(1 + 𝑒𝑧), and 𝑒 and 𝑎 are the eccentricity and the semi-major axis of 
the orbit, respectively. Let us mention that, as was indicated in [45], 
the above expression is still valid in modified theories of gravity. The 
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Fig. 1. Observational bound on the parameter 𝛼 coming from the perihelion advance of Mercury. The solid line corresponds to the prediction of the model, while 
the strip corresponds to the observationally allowed range.

study of the motion of test particles in a given gravitational background 
(geodesic equations via the Christoffel symbols) remains the same in all 
metric theories of gravity, irrespectively of the underlying theory. The 
general expression for the precession angle in terms of the perturbing 
potential has been derived considering the orbit 𝑢(𝜃), where 𝑢 = 1∕𝑟, and 
this expression does not depend on the underlying theory of gravity.

In the present work, clearly there are in total two contributions, 
namely (i) the Newtonian potential (Δ𝜃𝑝(𝐺𝑅)) and (ii) the new term 
coming from quantum corrections (Δ𝜃𝑝(𝑄𝐺)). The GR contribution is 
computed to be (setting 𝐺 = 1 = 𝑐) [44]

Δ𝜃𝑝(𝐺𝑅) =
6𝑀𝜋
𝐿

(9)

while the other contribution is found to be

Δ𝜃𝑝(𝑄𝐺) =
−3𝛼𝜋𝑀(4 + 𝑒2)

2𝐿3
(10)

The total contribution is given by
Δ𝜃𝑝 = Δ𝜃𝑝(𝐺𝑅) + Δ𝜃𝑝(𝑄𝐺). (11)

From the observational point of view, here, we shall use the precession 
angle of the planet Mercury [46,47]
Δ𝜃𝑝 − Δ𝜃𝑝(𝐺𝑅) = (−0.002 ± 0.003)εper century. (12)

Finally, regarding the details of the orbit, in the case of Mercury we 
use the following numerical values [46]
𝑀 = 1.99 × 1030𝑘𝑔 (13)

𝑎 = 5.79 × 107𝑘𝑚 (14)

𝑒 = 0.20563. (15)

In Fig. 1 we show the perihelion advance versus 𝛼, both the theoreti-
cal prediction (solid red curve) and the allowed region (horizontal strip) 
according to observations. It should be mentioned that the parameter 𝛼
has dimensions (𝑙𝑒𝑛𝑔𝑡ℎ)2, although in the plot it is dimensionless, and 
it is to be understood that it is expressed in units of 𝑙𝑝𝑙 ∼ 10−33 𝑐𝑚, with 
𝑙𝑝𝑙 being the Planck length. In order to demonstrate that the correction 
is indeed small, we shall compare it to the usual Newtonian term of the 
well-known Schwarzschild geometry, i.e.
𝛼 (𝐺𝑀)2∕𝑟4

𝐺𝑀∕𝑟
∼ 10−10 ≪ 1 (16)

for 𝛼 ∼ 1087 𝑙2𝑝𝑙, for distances up to the size of the orbit of Mercury, 𝑟 ∼
𝑎 ∼ 1045𝑙𝑝𝑙, and for a solar mass 𝑀 ∼ 1038 𝑚𝑝𝑙, with 𝑚𝑝𝑙 being the Planck 
mass.

Notice that the value of the coupling 𝛼 (in natural units 𝑐 = 𝐺 = ℏ =
1) proposed in [36,37]
𝛼 = 16

√

3𝜋𝛾3, 𝛾 ≈ 0.2375 (17)

falls within the bound obtained here. As it is of order one, and therefore 
much lower than 1087, it would be practically zero in the plot shown 
here.

4.  Stability via quasi normal modes

We study the propagation of test particles in a fixed gravitational 
background. First, regarding scalar perturbations, we consider a min-
imally coupled scalar field, Ψ, in the above background with lapse 
function 𝑓 (𝑟). The equation of motion is the standard Klein-Gordon
equation
1

√

−𝑔
𝜕𝜇(

√

−𝑔𝑔𝜇𝜈𝜕𝜈Ψ) = 𝑚2Ψ, (18)

with 𝑚 being the mass of the scalar field. Using as usual the ansatz 
Ψ(𝑡, 𝑟, 𝜃, 𝜙) = 𝑒−𝑖𝜔𝑡𝑅(𝑟)𝑌 𝑚𝑙 (𝜃, 𝜙), where 𝑌 𝑚𝑙  are the standard spherical har-
monics, we obtain the radial equation

𝑅′′ +
(

𝑓 ′

𝑓
+ 2
𝑟

)

𝑅′ +
(

𝜔2

𝑓 2
−
𝑙(𝑙 + 1)
𝑟2𝑓

− 𝑚2

𝑓

)

𝑅 = 0. (19)

To see the potential that the scalar field feels we define new variables 
as follows
𝑅 =

𝜓
√

𝑟
, (20)

𝑥 = ∫
𝑑𝑟
𝑓 (𝑟)

, (21)

where 𝑥 is the so called tortoise coordinate. We recast the equation for 
the radial part into a Schrödinger-like equation of the form [8,9,48]
𝑑2𝜓
𝑑𝑥2

+
[

𝜔2 − 𝑉 (𝑥)
]

𝜓 = 0, (22)

with 𝜔 being the QN frequencies, and we obtain for the effective poten-
tial barrier the expression

𝑉𝑠𝑐 (𝑟) = 𝑓 (𝑟)
(

𝑚2 +
𝑙(𝑙 + 1)
𝑟

+
𝑓 ′(𝑟)
𝑟

)

, (23)

with 𝑙 = 0, 1, 2,… being the angular degree, and the prime denotes dif-
ferentiation with respect to 𝑟.

Regarding electromagnetic perturbations, the starting point is 
Maxwell equations. Following similar steps as before for the case of the 
scalar field, one finally obtains a Schrödinger-like equation, where this 
time the effective potential barrier is given by

𝑉𝐸𝑀 (𝑟) = 𝑓 (𝑟)
𝑙(𝑙 + 1)
𝑟2

. (24)

Therefore, the potential barrier for massless perturbations of spin 
𝑠 = 0, 1 is found to be [8]

𝑉𝑚=0(𝑟) = 𝑓 (𝑟)

[

𝓁(𝓁 + 1)
𝑟2

+
𝑓 ′(𝑟)
𝑟

(1 − 𝑠2),

]

, (25)
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Table 1 
Quasinormal frequencies for massless scalar perturbations (varying 𝓁 and 𝑛) fixing 𝑀 = 1, 𝛼 = 0.02 for the model considered in 
this work.
𝑛 𝓁 = 1 𝓁 = 2 𝓁 = 3 𝓁 = 4 𝓁 = 5

 0  0.293028-0.097691 I  0.483827-0.096691 I  0.675621-0.096427 I  0.867740-0.096319 I  1.060010-0.096264 I
 1  0.464086-0.295382 I  0.660964-0.292055 I  0.856163-0.290651 I  1.050460-0.289932 I
 2  0.633954-0.495588 I  0.834096-0.489924 I  1.031960-0.486958 I
 3  0.803672-0.696880 I  1.005700-0.689348 I
 4  0.973387-0.898706 I

Table 2 
Quasinormal frequencies for massive scalar perturbations (varying 𝓁 and 𝑛) fixing 𝑀 = 1, 𝛼 = 0.02, 𝑚 = 0.1 for the model 
considered in this work.
𝑛 𝓁 = 1 𝓁 = 2 𝓁 = 3 𝓁 = 4 𝓁 = 5

 0  0.297503 - 0.0949935 I  0.486984 - 0.095609 I  0.677979 - 0.095858 I  0.869609 - 0.095970 I  1.061550 - 0.096029 I
 1  0.465707 - 0.293046 I  0.662672 - 0.290615 I  0.857706 - 0.289708 I  1.051820 - 0.289274 I
 2  0.634759 - 0.493869 I  0.835114 - 0.488643 I  1.033000 - 0.486003 I
 3  0.804156 - 0.695551 I  1.006370 - 0.688258 I
 4  0.973713 - 0.897632 I

Table 3 
Quasinormal frequencies for massive scalar perturbations (varying 𝓁 and 𝑛) fixing 𝑀 = 1, 𝛼 = 0.02, 𝑚 = 0.2 for the model 
considered in this work.
𝑛 𝓁 = 1 𝓁 = 2 𝓁 = 3 𝓁 = 4 𝓁 = 5

 0  0.311031 - 0.086646 I  0.496498 - 0.092332 I  0.685071 - 0.094143 I  0.875223 - 0.094922 I  1.066180 - 0.095324 I
 1  0.470532 - 0.285974 I  0.667797 - 0.286268 I  0.862338 - 0.286868 I  1.055900 - 0.287298 I
 2  0.637150 - 0.488690 I  0.838165 - 0.484785 I  1.036120 - 0.483131 I
 3  0.805592 - 0.691557 I  1.008370 - 0.684981 I
 4  0.974682 - 0.894404 I

Table 4 
Quasinormal frequencies for electromagnetic perturbations (varying 𝓁 and 𝑛) fixing 𝑀 = 1, 𝛼 = 0.02 for the model consid-
ered in this work.
𝑛 𝓁 = 1 𝓁 = 2 𝓁 = 3 𝓁 = 4 𝓁 = 5

 0  0.248343-0.092579 I  0.457792-0.094937 I  0.657161-0.095544 I  0.853426-0.095787 I  1.048310-0.095909 I
 1  0.436796-0.290485 I  0.642042-0.289499 I  0.841630-0.289090 I  1.038650-0.288882 I
 2  0.614169-0.491642 I  0.819142-0.487437 I  1.019920-0.485259 I
 3  0.788134-0.693636 I  0.993321-0.687076 I
 4  0.960588-0.895967 I

while for massive scalar perturbations the potential barrier is given by

𝑉𝑚(𝑟) = 𝑓 (𝑟)

[

𝑚2 +
𝓁(𝓁 + 1)

𝑟2
+
𝑓 ′(𝑟)
𝑟

]

. (26)

Finally, the wave equation must be supplemented by the following 
boundary conditions [9,48]
𝜓 → exp(𝑖𝜔𝑥), 𝑥 → −∞ , (27)

𝜓 → exp(−𝑖𝜔𝑥), 𝑥 → ∞. (28)

Before we proceed with our analysis a comment is in order here. 
To study the propagation of test particles we are using the usual Klein-
Gordon and Maxwell equations without any modifications, despite the 
fact the BH solution discussed in the present work is a quantum cor-
rected one. This may be justified as follows: Both the Klein-Gordon and 
the Maxwell equations are wave equations compatible with relativity 
and quantum mechanics. In any metric theory of gravity, to take into 
account gravitational effects, as is well known from standard textbooks, 
one needs to make the following two replacements
𝜂𝜇𝜈 → 𝑔𝜇𝜈 , 𝜕𝜇 → 𝐷𝜇 , (29)

where 𝜂𝜇𝜈 is the Minkowski metric tensor of flat space-time, while 𝐷𝜇
is the covariant derivative. The details of the gravitational theory and 
of how the given gravitational background is obtained are irrelevant. 

Therefore, within Einstein’s classical theory of gravitation the fixed 
gravitational background is the usual Schwarzschild geometry, whereas 
when quantum corrections are included the new gravitational back-
ground is the one discussed here.

In this study, we have computed the QNMs numerically adopting the 
extensively used semi-analytical WKB method [49,50]. The numerical 
values of the frequencies are shown in the Tables 1, 2, 3 (scalar per-
turbations) and 4 (electromagnetic perturbations). We observe that all 
frequencies computed here are characterized by a positive real part and 
a negative imaginary part. For all modes, for a given angular degree, 
both the real part and the imaginary part decrease with the overtone 
number. What is more, for a given 𝑛, the real part and the absolute 
value of the imaginary part increases with 𝑙, whereas the behavior of 
the imaginary part depends on the case. In particular, in the case of 
electromagnetic perturbations as well as in the case of massive scalar 
perturbations 𝑚 = 0.1, the absolute value of the imaginary part of the 
excited modes (𝑛 = 1, 2,…) decreases with 𝑙, whereas that of the fun-
damental mode (𝑛 = 0) increases with 𝑙. In the case of massless scalar 
perturbations the imaginary part of all modes decrease with the angular 
degree, while for the massive scalar perturbations 𝑚 = 0.2 it is observed 
the following pattern: For the fundamental and first excited modes the 
imaginary part increases with 𝑙, whereas for the higher excited modes 
the imaginary part decreases with 𝑙.
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Fig. 2. The trend of the BH temperature versus the BH horizon (left panel). The behavior of the Gibbs free energy against the temperature (right panel). As can be 
observed there a large BH (blue branch) and a small BH (red branch). The first one correspond to an unstable branch and the second one to a stable branch. This fact 
is coming from the signature acquire by the heat capacity at constant pressure. To build these plots, we used 𝑀 = 1 and 𝛼 = 0.02. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of this article.)

5.  Thermodynamics analysis

In this section, we perform a thermodynamical analysis using the 
classical approach, that is, by computing the usual thermodynamic prop-
erties such as the Hawking temperature, Gibbs free energy, and using 
a novel technique based on topological charges. In the following sub-
section, we tackle the classical scheme, by correcting the first thermo-
dynamic law in order to obtain a well-posed description. This step is 
necessary because the horizon mass of the quantum BH percolates into 
the energy-momentum tensor component, leading to an incompatibil-
ity of the BH temperature obtaining from the first thermodynamic law 
and Hawking approach. This is a usual problem when BH entropy is not 
matching Bekenstein-Hawking formula. Next, we proceed characteriz-
ing the thermodynamic description using Duan’s [51] scheme, recently 
translated into the BH arena [20,21].

5.1.  Classical approach

It is well known that when the BH mass 𝑀 percolates into the com-
ponents of the energy-momentum tensor, the first thermodynamic law 
ceases to be valid [52,53]
𝑑𝑀 ≠ 𝑇𝑑𝑆. (30)

Furthermore, the BH entropy does not meet the Bekenstein-Hawking 
form, leading it to a discrepancy between the Hawking temperature 𝑇𝐻
and the one obtained from the first thermodynamics law 𝑇ℎ

𝑇𝐻 =
𝑓 ′(𝑟+)
4𝜋

≠ 𝑇ℎ = 𝜕𝑀
𝜕𝑆

. (31)

One way to reconcile at least the standard definitions for the entropy 
𝑆 and temperature 𝑇 , is by modifying the thermodynamics first law 
Eq. (30) introduction a correction term (𝑀, 𝑟+) as follows2

𝑑𝑀 = 𝑇𝑑𝑆 ⇒ 𝑑 = 𝑇𝑑𝑆, (32)

where the correction factor (𝑀, 𝑟+) is defined by

(𝑀, 𝑟+) = 1 + 4𝜋 ∫

+∞

𝑟+
𝑟2
𝜕𝑇 0

0
𝜕𝑀

𝑑𝑟, (33)

with 𝑇 0
0  the temporal component of the energy-momentum tensor. In 

this way, 𝑇 = 𝑇𝐻 , then 𝑇𝐻 = 𝑇ℎ, and 𝑆 = 𝜋𝑟2+, where all new contri-
butions carrying out by the black hole are included in 𝑟+. However, in 

2 Notice that the parameter 𝛼 has not be considered in the first law. This is so 
because 𝛼 is taken to be constant, then 𝑑𝛼 = 0.

doing this, the black hole mass 𝑀 cannot be recognized as the energy 
𝐸 of the system, instead of it one has
𝑑𝐸 = (𝑀, 𝑟+)𝑑𝑀. (34)

For the present case, the horizon mass 𝑀 and the factor  are given
by

𝑀(𝑟+) =
𝑟2+

(

𝑟+ −
√

𝑟2+ − 𝛼
)

𝛼
, (35)

and

 =

√

𝑟2+ − 𝛼

𝑟+
, (36)

respectively. In obtaining the factor  we have used 𝑇 0
0 = −3𝑀2𝛼∕𝑟6

and then replaced Eq. (35). It should be pointed out that the horizon 
mass Eq. (35) corresponds to the smaller branch, leading it a well-
defined BH mass at large enough distances. Now, using Eqs. (36) and 
(35) along with Eq. (34), one gets the following expression for the en-
ergy 𝐸

𝐸(𝑟+) =
1
𝛼
[

2𝛼𝑟+ − 𝑟3+ + (𝑟2+ − 𝛼)3∕2
]

. (37)

It is worth mentioning that, although the space-time is asymptotically 
flat,3 its horizon mass cannot be considered as the energy of the system if 
one wants to keep a healthy relation between the Hawking temperature 
and the one coming from the first thermodynamic law. Moreover, it is 
necessary to preserve the Bekenstein-Hawking entropy formula. In this 
case, the quantum correction enter via the energy and temperature (see 
below).

Next, the temperature is given by the following expression

𝑇 (𝑟+) =
𝑓 (𝑟+)
4𝜋

= 1
2𝜋

⎡

⎢

⎢

⎢

⎢

⎣

2
𝑟+

+
3
(

√

𝑟2+ − 𝛼 − 𝑟+

)

𝛼

⎤

⎥

⎥

⎥

⎥

⎦

. (38)

As can be observed from the left panel of Fig. 2, the temperature is posi-
tive defined as should be. Classically speaking, this BH is not presenting 
first order phase transitions, instead one can discriminate between an 
unstable BH (large BH) and stable BH (small BH). This fact is evident 
from the behavior of the Gibbs potential against the temperature exhib-
ited in the right panel of Fig. 2. Here one has a branch where the heat 

3 In this case, the parameter 𝑀 coincides with the ADM mass. Of, course one 
needs to take into account the lower branch.
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capacity at constant pressure is negative (blue line), this corresponds to 
the unstable branch and the stable branch where the heat capacity is 
positive (red line). Therefore, the classical thermodynamic approach re-
veals that this model has a large and small BH branches. It is remarkably 
to note that this quantum BH, behaves thermodynamically speaking in 
a similar way as the classical well-known Reissner-Nordström BH [19].

5.2.  Topological approach

To further understand the thermodynamics behavior of this quantum 
BH model, we are going to explore its topological interpretation follow-
ing Duan’s procedure [51]. Here, the main concept related to defects is 
the topological charge. In order to analyze the thermodynamic topol-
ogy of a BH, we compute the topological charge and use it to identify 
the topological classes. The specific method we employ to calculate the 
topological charge is known as Duan’s 𝜙 mapping technique [20,21]. To 
do so, we need to construct the 𝜙 mapping as follows [20,21]

𝜙 =
(

𝜙𝑟, 𝜙𝜃
)

=
(

𝜕
𝜕𝑟+

,−cot 𝜃 csc 𝜃
)

, (39)

where  is the off-shell free energy, given by

 =𝑀 − 𝑆
𝜏
. (40)

Here, the 𝜙𝜃 component, the trigonometric function is chosen so that 
one zero point of the vector field can always be found at 𝜃 = 𝜋

2 . The 
other zero point can also be found by simply solving the equation 𝜙𝑟 = 0, 
which always results in 𝜏 = 1

𝑇 . The basic topological property associated 
with the zero point or topological defect of a field is its winding number 
or topological charge. In this work, we use Duan’s 𝜙 mapping technique 
[51] to calculate the winding number. To find the topological charge 
we first determine the unit vector n of the field in Eq.  (39), which are

𝑛1 =
𝜙𝑟

√

(𝜙𝑟)2 +
(

𝜙𝜃
)2
,

𝑛2 =
𝜙𝜃

√

(𝜙𝑟)2 +
(

𝜙𝜃
)2
.

(41)

For the vector field, a topological current can be constructed in the co-
ordinate space 𝑥𝜇 = (𝜏, 𝑟+, 𝜃) as follows [51]

𝑗𝜇 = 1
2𝜋
𝜖𝜇𝜈𝜌𝜖𝑎𝑏𝜕𝜈𝑛

𝑎𝜕𝜌𝑛
𝑏. (42)

The fundamental conditions that have to be fulfilled by the normalized 
vector 𝑛𝑎 are
𝑛𝑎𝑛𝑎 = 1  and 𝑛𝑎𝜕𝜈𝑛

𝑎 = 0. (43)

The current given in Eq.  (42), is a conserved quantity, which can be 
verified by applying the current conservation law
𝜕𝜇𝑗

𝜇 = 0. (44)

where we use the following properties of Jacobi tensor

𝜖𝑎𝑏𝐽𝜇
(

𝜙
𝑥

)

= 𝜖𝜇𝜈𝜌𝜕𝜈𝜙
𝑎𝜕𝜌𝜙

𝑏. (45)

the topological charge 𝑊  is related to the 0th component of the current 
density of the topological current through the following relation

𝑊 = ∫Σ
𝑗0𝑑2𝑥 =

𝑁
∑

𝑖=1
𝛽𝑖𝜂𝑖 =

𝑁
∑

𝑖=1
𝑤𝑖, (46)

where 𝑤𝑖 is the winding number around the zero point. Also, 𝛽𝑖 y 𝜂𝑖
are the Hopf index and the Brouwer degree, respectively. The detailed 
derivation of the above formula can be referred to [20,21].

Hence, the topological charge is also nonzero only at the zero points 
of the vector field. To find the exact zero point where the topological 
charge is to be calculated, we plot the unit vector field n and find out 

the zero point at which it diverges. The zero point always turns out 
to be ( 1𝑇 ,

𝜋
2 ). Next, a contour is chosen around each zero point and is 

parametrized as
{

𝑟+ = 𝑟1 cos 𝜗 + 𝑟0,

𝜃 = 𝑟2 sin 𝜗 +
𝜋
2 ,

(47)

where 𝜗 ∈ (0, 2𝜋). In addition 𝑟1 y 𝑟2 re the parameters that determine 
the size of the contour to be drawn. Also, 𝑟0 is the point around which 
the contour is drawn. 𝑟1, 𝑟2 and 𝑟0 are chosen in such a way that the 
contour 𝐶 encloses the defect or zero point of the vector field 𝑛. After 
that, the deflection of the vector field 𝑛 is found along the contour 𝐶 as

Ω(𝜗) = ∫

𝜗

0
𝜖12𝑛

1𝜕𝜗𝑛
2 𝑑𝜗, (48)

this is followed by the calculation of the winding number wi around the 
𝑖𝑡ℎ zero point of the vector field, as follows

𝑤 =
Ω(2𝜋)
2𝜋

. (49)

Finally, the topological charge 𝑊  can be determined by summing the 
winding numbers calculated along each contour around the zero points, 
ı.e.

𝑊 =
∑

𝑖
𝑤𝑖 (50)

It is worth noting that when the parameter region does not have any 
zero points, the total topological charge is set to zero.

Now that the full picture is clear, we proceed in analyzing the topo-
logical thermodynamic behavior of the quantum BH model. However, to 
be consistent with the classical approach, we need to take into account 
that the horizon mass 𝑀 cannot replace the energy in the expression 
for the off-shell free energy  . Instead be need to employ the expression 
Eq. (37), in this way the off-shell free energy for this model reads

 = 𝐸 − 𝑆
𝜏

= 1
𝛼
[

2𝛼𝑟+ − 𝑟3+ + (𝑟2+ − 𝛼)3∕2
]

−
𝜋𝑟2+
𝜏
. (51)

So, using the definition Eq. (39), the components of the Duan’s mapping 
are

𝜙𝑟 = 2 +
3𝑟(−𝑟 +

√

𝑟2 − 𝛼)
𝛼

− 2𝜋𝑟
𝜏
,

𝜙𝜃 = −cot 𝜃 csc 𝜃.
(52)

The unit vectors (𝑛1, 𝑛2) are computed using the Eq. (41). Now we cal-
culate the zero points of the 𝜙𝑟 component by solving the following 
equation (𝜙𝑟 = 0) and find an expression for 𝜏 in the following form

𝜏 = 2𝜋𝑟𝛼

−3𝑟2 + 3𝑟
√

𝑟2 − 𝛼 + 2𝛼
. (53)

Next, we plot the horizon radius 𝑟+ against 𝜏 in Fig. 3. We observe two 
branches of BHs. For large 𝜏 = 𝜏1 > 𝜏𝑐 there are two intersection points. 
The intersection points exactly satisfy the condition 𝜏 = 𝑇 −1, and there-
fore denote the on-shell BH solutions with temperature 𝜏 = 𝑇 −1. For 
𝜏 = 𝜏𝑐 = 13.95 (the critical value), the two intersection points for the BH 
coincide and then disappear for 𝜏 < 𝜏𝑐 . Based on the local property of a 
zero point, we have the topological number 𝑊 = 1 − 1 = 0. This fact is 
clear from the Fig. 4, where the vector plot is shown for the components 
of the unit vector 𝑛𝑎. The left panel shows the case below 𝑡𝑐 , which does 
not exhibit any zero points of the vector 𝑛. The middle panel exhibits, 
the generating point located at 𝑟+ = 0.7870 (the first zero point of the 
vector field). Finally, the right panel displays the zero points for 𝜏 > 𝜏𝑐 , 
of the vector field observed at 𝑟+ = 0.5672 and 𝑟+ = 1.9049, respectively. 
The smallest one has a winding number 𝑤 = +1 and the other other 
𝑤 = −1. Noting that each zero point of the unit vector has a winding 
number 1 or -1, from this, we conjecture that winding number is related 
to local thermodynamic stability, with positive/negative values corre-
sponding to stable/unstable BH solutions. The red and blue contours 
are closed loops enclosing the zero points (ZPs), while the green closed 
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Fig. 3. Zero points of the vector 𝜙 shown in the 𝑟+ − 𝜏 plane. To build this plot we have used 𝑀 1[km] and 𝛼 = 0.02 [km2]. The black dot with 𝜏 given by Eq. (53) 
denotes the generation point for the black hole. At 𝜏 = 𝜏1, there are two black holes.

Fig. 4. The black arrows represent the unit vector field 𝑛 on a portion of the 𝜃 − 𝑟+. (𝑟+, 𝜃) = (0.7870, 𝜋∕2) for the critical case (middle panel) and (𝑟+, 𝜃) = (0.5672, 𝜋∕2)
and (𝑟+, 𝜃) = (1.9049, 𝜋∕2) (right panel) for 𝜏 > 𝜏𝑐 . The blue contours are closed loops enclosing the zero points. For these plot we have chosen 𝑀 = 1, 𝛼 = 0.02 and 
𝜏 = 60. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. The Ω vs 𝜗, for the contours exhibited in Fig. 4 (right panel). For these 
plot we have chosen 𝛼 = 0.02 and 𝜏 = 25.

loop is enclosing both ZPs. The trend of the deflection of the vector field 
Eq. (49), is displayed in Fig. 5. As can be observed, it gives +1 for the 
topological charge Eq. (49) (red line corresponding to the red closed 
loop) and −1 (blue line, corresponding to the blue closed loop). These 
provides 𝑊 = 0 as shown by the green line (corresponding to the green 
closed loop). Thus this quantum BH system has the same topology from 
the viewpoint of the thermodynamics as the Reissner-Nordström space-
time.

6.  Conclusions

In summary, in the present work we have studied a certain type 
of quantum BH that was recently proposed in the literature [29]. The 
gravitational potential consists of the standard Newtonian one plus a 
correction that is proportional to a coupling 𝛼 (see Eq.  (6)), the only 
free parameter. First, using observational data we put an upper bound 
on the coupling (see Fig. 1). This analysis revealed that 𝛼 can take 
greater values than those reported in [39,40] and also, we found that 
this correction is not substantially affecting the Newtonian regime (see 
Eq.  (16)). However, we have chosen and small value than the re-
ported in [39,40] to see how this small correction is affecting the clas-
sical background. After that, assuming a numerical value of 𝛼 = 0.02
within its allowed range, we studied its QNMs for scalar and electro-
magnetic perturbations. Tables 1–4 show that this quantum BH is com-
pletely stable under scalar (massive and massless) and vector fields. 
Furthermore, we explore the stability from the thermodynamic point 
of view, using the classical approach [19] and the topological approach 
[20,21]. These results show that after “regularizing” the thermodynamic 
first law, both approaches reveal that this quantum BH behaves as the 
Reissner-Nordström space-time. This means that this quantum BH has a 
stable and unstable branches, the small and large BH respectively (see 
right panel of Fig. 2). In the topological approach, this fact is reflected 
on the existence of a generating point at 𝜏𝑐 (see Fig. 3). So, Duan’s map 
displayed by Fig. 4 (right panel), shows that the unstable branch is rep-
resented by the blue closed loop with topological charge equal to −1, 
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and the stable branch corresponds to the one enclosed by the red loop, 
providing a topological charge +1. Therefore, the global charge for this 
model is 𝑊 = 0. Finally, we can say that the quantum BH model is sta-
ble under mechanical perturbations, but its thermodynamical stability 
depends on the values of the parameter space {𝑀 ; 𝑟+; 𝛼}, which deter-
mines the stable branch.
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