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We studied the two known works on stability for isoperimetric inequalities of the
first eigenvalue of the Laplacian. The earliest work is due to A. Melas who proved
the stability of the Faber–Krahn inequality: for a convex domain � contained in
�n with λ close to λ̄, the first eigenvalue of the ball B of the same volume, the
domain must be close to the ball B with respect to the Hausdorff distance. Later,
Y. Xu studied the stability of the Szegö–Weinberger inequality for convex domains
in �n and �n where �n denotes hyperbolic space. Our work consists of extending
A. Melas’ result to the spaces of constant curvature �2 and �2 and Y. Xu’s result
to domains contained in the polar cap Bπ/4 in �n.  2002 Elsevier Science (USA)
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0. INTRODUCTION

In the 1920s, Faber [7] and Krahn [9] proved that for all plain domains
� with fixed volume, the ball B has the minimum first eigenvalue of the
Dirichlet Laplacian

λ�B� ≤ λ����
with equality only when � ≡ B. This physical isoperimetric inequality gives
us information about how a characteristic value of the Laplacian behaves
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2 Current address: Dep. de Ing. Matemática, Universidad de la Frontera Casilla 54-D,

Temuco, Chile. E-mail: aavila@ufro.cl.

760

0022-247X/02 $35.00
 2002 Elsevier Science (USA)
All rights reserved.



stability of first eigenvalue of the laplacian 761

if we know information about the domain (fixed volume). Moreover, if �
is close to B in the Hausdorff distance sense, we know that λ��� is close
to λ�B�. But, can we say that � looks like B if λ��� is close to λ�B�? This
is the idea of stability that we will study here.

In [10], Melas proved that for a convex domain � ⊂ �n, n ≥ 2, with fixed
volume, and

λ��� ≤ λ�B� + ε�

with ε > 0 small, then there exist two balls Br1 and Br2 such that Br1 ⊂
� ⊂ Br2 and the volume of each ball approaches the volume of � if ε →
0, that is, � is close to a ball in the Hausdorff distance sense. We will
extend this stability result to 2-dimensional spaces of constant curvature
κ. It is well known [6, Chap. 2] that we can reduce the possible cases to
κ = −1� 0, and 1. For κ = 1, we denote the space by �n. For κ = −1, we
denote the space by �n. We will also denote by �n

+ = �x ∈ �n � xn+1 ≥ 0�
the hemisphere in �n. Here we denote by �·� the 2-dimensional Lebesgue
measure on �2 or �2 and the 1-dimensional Hausdorff measure on �2 or
�2.

Our first two results are the following:

Theorem 0.1. Let � be a convex domain with C2 boundary contained in
the hemisphere �2

+. Let Bθ̄ be the ball of the same volume as �. Let λ and
λ̄ be the first eigenvalues of the Dirichlet Laplacian on � and Bθ̄, respectively.
Then, for ε > 0 sufficiently small and such that

λ ≤ λ̄+ ε�

there exist two balls Br1 and Br2 such that Br1 ⊂ � ⊂ Br2 and

�Br1 � ≥ �1 − Cε
1
6 ����� ��� ≥ �1 − Cε

1
12 ��Br2 ��

where C > 0 is a constant, C = C����� �∂��� θ̄�.
Theorem 0.2. Let � be a convex domain with C2 boundary contained

in �2. Let Bθ̄ be the ball of the same volume as �. Let λ and λ̄ be the first
eigenvalues of the Dirichlet Laplacian on � and Bθ̄, respectively. Then, for
ε > 0 sufficiently small and such that

λ ≤ λ̄+ ε�

there exist two balls Br1 and Br2 such that Br1 ⊂ � ⊂ Br2 and

�Br1 � ≥ �1 − Cε
1
6 ����� ��� ≥ �1 − Cε

1
12 ��Br2 ��

where C > 0 is a constant, C = C����� �∂��� θ̄�.
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Remark 0.1. The restriction to 2-dimensional spaces shows some lack
of control in the geometry of sets on spaces of higher dimension. See our
remark after the proofs.

The question about stability can be extended to other physical isoperimet-
ric inequalities. In [18], Xu studied the stability of the Szegö–Weinberger
inequality: for all bounded domains � with fixed volume, the ball B has the
maximum first nonzero eigenvalue for the Neumann Laplacian,

µ��� ≤ µ�B��
with equality only for the case � ≡ B. He considered � contained either in
�n or �n. He extended Melas’ result; that is, there exist two balls Br1 and
Br2 such that Br1 ⊂ � ⊂ Br2 and their volumes approach the volume of �
as ε → 0.

We could extend partially Xu’s result to some sets on the hemisphere
�n

+. Let Bα = �x ∈ �n � 0 ≤ xn+1 ≤ cosα� be the polar cap where α is
the angle measured with respect to the positive side of the xn+1 axis. We
obtained the following result:

Theorem 0.3. Let � be a convex domain contained in the polar cap Bπ/4
and let Bθ̄ be a ball of the same volume, �Bθ̄� = ���. Let µ and µ̄ be the
first nonzero eigenvalues of � and Bθ̄, respectively. Then, for ε > 0 there exists
δ = δ�ε� n� θ̄� > 0 such that if µ > µ̄− ε then there exist two balls Bθ̄−δ and
Bθ̄+δ such that

Bθ̄−δ ⊂ � ⊂ Bθ̄+δ

in �n, and limε→0 δ = 0.

Remark 0.2. We think that the restriction � ⊂ Bπ/4 can be avoided. See
our remark after the proof.

In Section 2 we will prove Theorems 0.1 and 0.2 following Melas’ idea of
using Bonnesen-style inequalities. In Section 3 we will prove Theorem 0.3
based on Xu’s work. For information about spaces of constant curvature
and the Laplacian, see [6, Chap. 2 and 4].

1. STABILITY OF THE FABER–KRAHN INEQUALITY

The Faber–Krahn inequality on spaces of constant curvature on �n was
studied by Sperner [15] and Friedland and Hayman [8]. On �n, Chavel [6]
has a proof for Riemannian manifolds which includes this and the previous
case. To prove our theorems, we need more information about the geometry
of sets in �2 and �2. Some of these facts used here are in the work of
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Ashbaugh and Benguria [2], who studied the PPW inequality on �n. We
can divide Melas’ work in three main parts: first, information given by the
hypothesis on the eigenvalues; second, closeness of the level sets to their
inner balls through a Bonnesen-style isoperimetric inequality; and finally,
relation of one of the inner balls, Br1 , with �. About Br2 , it can be obtained
as in the third step.

1.1. The Case of �2

We will prove Theorem 0.1 using the Faber–Krahn proof in Chavel’s
book (see [6]) and an Bonnesen-style inequality in �2 proved by Osserman
[11].

We will consider � convex in �2 if for any two points in � the geodesics
connecting the two points belong to �.

Let u > 0 be the first eigenfunction of � such that
∫
� u

2 dw = 1. Let
T = maxx∈� u�x�; for 0 ≤ t ≤ T we denote

�t = �x ∈ � � u�x� > t�� ∂�t = �x ∈ � � u�x� = t��
Let Bθt be the geodesic ball of radius θt such that ��t � = �Bθt �. From the

co-area formula [6, p. 86] we can define

V �t� ≡ ��t � =
∫ T

t

∫
∂�t

1
�∇u� dAdt�

where dA denotes the 1-dimensional Hausdorff measure on �2. Using this
formulation, we can write λ in terms of the new coordinates as

λ =
∫
�
�∇u�2 =

∫ T

0

∫
∂�t

�∇u�dAdt� (1)

We want to get an inequality involving λ and geometrical quantities. First,
note that

− V ′�t� =
∫
∂�t

1
�∇u� dA� (2)

Using the Cauchy–Schwarz inequality and (2),

�∂�t �2 =
(∫

∂�t

�∇u� 1
2

�∇u� 1
2

dA

)2

≤ −V ′�t�
∫
∂�t

�∇u�dA� (3)

Using (3) and the classical isoperimetric inequality (see �4� 12� 13���∂�t � ≥
�∂Bθt �, we get from (1) the lower bound

λ =
∫ T

0

∫
∂�t

�∇u�dA ≥
∫ T

0

1
−V ′�t� �∂�t �2 ≥

∫ T

0

1
−V ′�t� �∂Bθt �

2 = λ̄�
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Subtracting λ̄ from both sides, we get from the last inequality and the
hypothesis for λ that for 0 ≤ t0 ≤ T ,

ε ≥
∫ T

0

1
−V ′�t�

(�∂�t �2 − �∂Bθt �2
) ≥ ∫ t0

0

1
−V ′�t�

(�∂�t �2 − �∂Bθt �2
) ≥ 0�

For some t̄ ∈ �0� t0�, �∂�t �2 − �∂Bθt �2 attains its minimum, so our last
inequality reduces to

ε ≥ (�∂�t̄ �2 − �∂Bθt̄ �2
) ∫ t0

0

1
−V ′�t� � (4)

We need to find a lower bound for
∫ t0

0
dt

−V ′�t� with t0 close to 0. Because �
has a smooth boundary, it satisfies the inner ball property. Then, by using
Hopf’s theorem with u > 0 in � and u = 0 on ∂�, we get for each point of
the boundary that the normal derivative of u is negative; then �∇u� > 0 on
∂� [6, Section XII.11]. Using the continuity of ∇u, there exists a t̂ such that
�∇u� ≥ c for t ≤ t̂ and c > 0 a constant independent of t. Let us choose t0
small enough such that

�∇u�x�� ≥ c > t
1/2
0 � x ∈ �\�t̂� (5)

Note that in �0� t̂� there are only regular values and c is independent of t0.
On the other hand, notice that �∂�t � ≤ c� (see our remarks).

From (5) and the definition of V ′�t� we get

−V ′�t� ≤ 1

t
1/2
0

∫
∂�t

dA = �∂�t �
t
1/2
0

≤ c�

t
1/2
0

�

and using this inequality in the integral of 1
V ′�t� we obtain

∫ t0

0

1
−V ′�t� ≥ t

3/2
0

c�
� (6)

with t0 near to zero. Using (6) in (4) we get

ε >
t
3/2
0

c�

(�∂�t̄ �2 − �∂Bθt̄ �2
)
� (7)

In addition to this inequality, we get the bound for the difference of areas
by substituting the inequality for V ′�t�

��\�t0
� =

∫ t0

0
−V ′�t�dt ≤ c�t

1/2
0 � (8)

Choosing t30 = ε in (7), we get

c�ε
1/2 >

(�∂�t̄ �2 − �∂Bθt̄ �2
)
� (9)
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Denote by θ the angle such that �∂�t̄ � = 2π sin θ if �∂�t̄ � < 2π and θ = π
2

if �∂�t̄ � ≥ 2π. Using the fact that if a ≥ b ≥ 0, then a2 − b2 ≥ b�a− b� we
find that inequality (9) changes to

c�ε
1/2 > 4π2 sin

(
θ̄

2

)(
sin θ− sin θt̄

)
� (10)

for ε small enough such that θt̄ >
θ̄
2 , where θ̄ is the radius of the ball of

the same volume as ��� given in the hypothesis and t̄ ∈ �0� ε1/3�.
Now we use the classical isoperimetric inequality to obtain

c1ε
1/2 + �∂Bθt̄ � ≥ �∂�t̄ � ≥ �∂Bθt̄ ��

where c1 can be obtained from (10). Applying the mean value theorem to
(10) we obtain

c2ε
1/2 > θ− θt̄ > 0� (11)

We have proved that the angle radii of �t̄ and Bθt̄ are close. This implies
that �t̄ has not only length close to the length of Bθt̄ , but also area close to
the area of Bθt̄ . To conclude that the geometry of � is close to a disk, we
need information about how close is the inner circle of �t̄ to �. First, we
will compare the areas ��� and ��t̄ � and then we will compare the areas of
Bθt̄ and �.

For this purpose, we can obtain by using (8) that ��t � ≥ ����1 − c3t
1/2�.

In terms of ε = t
1/3
0 we get

��t̄ � ≥ ���(1 − c3ε
1
6
)
� (12)

To prove that the inner ball Br of �t̄ has radius close to θ̄, we need a
Bonnesen-style inequality like the one used by Melas. Osserman proved the
isoperimetric inequality in �2 [11, Theorem 6],

L2 − 4πA+A2 ≥ �L− L̂�2 + �A− Â�2�

where L and A are the length and the area of � and L̂ and Â are the
length and area of the inner ball Br . In our case, we need an inequality as

�∂�t̄ �2 − 4π��t̄ � + ��t̄ �2 ≥ ��∂�t̄ � − �∂Br ��2 (13)

for regular values of t̄. Because �t̄ has length and area close to a ball,
the right-hand side of this inequality is close to zero. Using (10), we have
for �∂�t̄ �, �∂�t̄ � ≤ 2π sin�θt̄ + c1ε

1/2�� and for ��t̄ �, 2π�1 − cos θt̄� ≤ ��t̄ � ≤
2π�1 − cos�θt̄ + c1ε

1/2��. Using these two inequalities in the left-hand side
of (13) we get the upper bound

�∂�t̄ �2 − 4π��t̄ � + ��t̄ �2 ≤ c4ε
1
2 �
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For the right-hand side we conclude using the mean value theorem that

c4ε
1
2 ≥ ��∂�t̄ � − �∂Br ��2 ≥ c5 sin

θ̄

2
�θt̄ − r��

Finally,

c6ε
1
2 ≥ θt̄ − r�

Hence we compare �Br � and ��t̄ �,

�Br � ≥
∫ θt̄−c6ε

1
2

0
2π sin θ dθ ≥ �1 − c7ε

1
2 ���t̄ �� (14)

From (12) and (14) we get

�Br � ≥ �1 − c8ε
1
6 ����� (15)

Thus, we get the inclusion Br ⊂ �t̄ ⊂ �, with �Br � close to ���. We can
choose the ball contained in � and close to it as Br1 = Br .

Now, we need to find a ball Br2 = Bθ̄+h for some h, including � with
volume close to the volume of �.

First, consider the farthest point x∗ in ∂� with respect to the center of
Br . Now, consider the connected component D of �\Bθ̄ which contains x∗

and consider the geodesic triangle C with vertex at x∗, height h, base of
length α, and tangent to Bθ̄.

Then, using the convexity, this geodesic triangle is contained in D. On
the other hand, because ��� = �Bθ̄�, it follows that

�Bθ̄\�� = ��\Bθ̄� ≥ �C� = α�1 − cosh��
Notice that

�Bθ̄\�� ≤ �Bθ̄\Br � ≤ 2π�θ̄− r��
Let us find an upper bound for �C� in terms of ε. Using (15) we can

obtain the inequality

c9ε
1
6 ≥ cos r − cos θ̄ ≥ c10�θ̄− r��

Now, we need to get a lower bound in terms of h. First

1 − cosh ≥ h2

2
cos

θ̄

2
� (16)

On the other hand, we need to show that α is bounded below by a constant.
Projecting the geodesic triangle on a flat circle, we get the arc relation
r = α sinh, and it follows that for ε small such that r ≥ θ̄

2 ,

α = r

sinh
≥ r ≥ θ̄

2
�
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From the last three inequalities we finally conclude that

h ≤ c11ε
1
12 �

Then, if we consider the ball Br2 with radius θ̄ + h, all points in �\Bθ̄ are
close to Bθ̄. Using the ideas in (14) we get

�Br2 � ≤ �1 + c10ε
1
12 ���� or ��� ≥ �1 − c10ε

1
12 ��Br2 ��

For ε small, � satisfies the desired inequalities for volumes.

1.2. The Hyperbolic Case

Now we proceed to prove Theorem 0.2. The geometry behaves similarly.
In this space form, the length of a circle of radius θ is given by 2π sinh θ
and the area is given by 2π�cosh θ − 1�. Moreover, cosh θ is increasing in
contrast with the �2 case, where cos θ is decreasing and its domain was
restricted to angles less than π

2 .
We can follow the proof of the first inclusion on �2 in Section 1.1. The

main difference from the previous case is the Bonnesen-style inequality.
We will use a different inequality given in Osserman [11], but equivalent to
the isoperimetric inequality in �2. We will use

L2 − 4πA−A2 ≥
(

2π

L̂
�A− Â�

)2

�

We get analogous bounds for length and area by using (11):

�∂�t̄ �2 − 4π��t̄ � − ��t̄ �2 ≤ c1ε
1
2 �

On the other hand, for the lower bound we obtain(
2π
�∂Br �

���t̄ � − �Br ��
)2

≥ c2�θt̄ − r��

We can derive the inequality

c3ε
1
2 ≥ θt̄ − r�

Following an analogous inequality as (14) we get

�Br � ≥ �1 − c4ε
1
6 �����

So we can conclude that Br ⊂ �t ⊂ � and Br1 =Br .
For the exterior ball, we just need to change sin θ to sinh θ and 1 − cos θ

to cosh θ− 1; we conclude the existence of Br2 ,

��� ≥ �1 − c10ε
1
12 ��Br2 ��

With this last inequality we have proved the stability case for �2.
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Remark 1.1. Using the convexity of the level sets for �n (see [3, 5])
and in �n [14], we have that c� ≤ �∂��. Unfortunately, in �n there is no
convexity of the level sets (see [14]), so we must bound c� ≤ maxt �∂�t �, or
by continuity of �∂�t � we can bound by �∂�� + ε̃ for t close to zero.

Remark 1.2. The power for ε in (15) is given by choosing t30 = ε. For the
exterior ball, the power is a square root given by the geometric behavior of
the area on �2 in (16). If we keep the constant c in (5) as a lower bound
and consider t20 = ε we can improve our exponent to 1

2 instead of 1
6 in the

bounds of volumes given in our theorem. The problem is that our constant
C gets worse. Moreover, we can still leave t0 independent of ε, and we can
improve the exponent to 1.

Remark 1.3. We could not extend the results for n > 2 because of lack
of knowledge of Bonnesen-style isoperimetric inequalities for spaces of con-
stant curvature in higher dimensions. The key point in stability is to know
how we can relate the volumes of the set and an inner ball, that is, a
Bonnesen-style inequality.

2. STABILITY OF THE SZEGÖ–WEINBERGER INEQUALITY

The proof of the Szegö–Weinberger inequality [16, 17] on �n was done by
Ashbaugh and Benguria [1]. This work has very helpful information about
the growth of the functions involved in the numerator and denominator
of the Rayleigh–Ritz characterization of µ. Our proof uses several results
given in this work. We divide the proof of Theorem 0.3 in three steps.

2.1. The Rayleigh-Ritz Formula

We will first use a trial function related to the solution to the radial
problem and then, using the Rayleigh–Ritz characterization of eigenvalues,
we will find bounds for µ in terms of µ̄.

Let g be the solution to

− 1

sinn−1 θ

d

dθ

(
sinn−1 θ

dg

dθ

)
+ n− 1

sin2 θ
g = µ̄g�

g�0� finite� g′�θ̄� = 0�

In �n, we define

G�θ� =
{
g�θ� 0 ≤ θ ≤ θ̄,
g�θ̄� θ̄ ≤ θ ≤ π

2

and then extend by reflection about π
2 to �0� π�.
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Consider the set of functions G�θ�ui�θ��i=1···n with ui�θ�=xi/sinθ∈
�n. For i=1···n��xi�i=1···n+1 is a Cartesian coordinate system with θ repre-
senting the angle from the positive side of the axis xn+1. Defining G̃�θ� =
G�θ�
sin θ and using the center of mass argument in Theorem 2.1 [1], we can
choose �xi�i=1�����n such that the integrals on � are zero; that is,∫

�
G�θ�ui�θ� = 0� for i = 1 · · ·n�

Using each function fi = Gui on the Rayleigh–Ritz characterization of
µ and then summing up we get

µ ≤
∫
� &�θ�∫
� G

2�θ� � (17)

where

&�θ� =



(
dg

dθ

)2

+ �n− 1� g2

sin2 θ
0 ≤ θ ≤ θ̄,

�n− 1�g
2�θ̄�

sin2 θ
θ̄ ≤ θ ≤ π

2 .

By Lemma 3.2 in [1], it was proved that g is strictly increasing on �0� θ̄�
if θ̄ ≤ π

2 . By assumption, we can choose g positive in �0� θ̄�. By Theorem
4.1 in [1], we get that & is decreasing and G is increasing on �0� π2 �.

Because � is contained in a hemisphere, we need to move our integrals
to the hemisphere centered at the center of mass (which we have placed
at the north pole). Let �+

− = �x ∈ � � +−xn+1 > 0�. Notice that since −� is
contained in a different hemisphere than �, −�− ∩�+ = �. Let us define
�̃ = �+ ∪ �−�−�, which is contained in the hemisphere centered at the
center of mass.

Because of the definition of G, the integrals over � have the same value
as the integrals over �̃, so we can consider on �n

+

µ ≤
∫
�̃ &�θ�∫
�� G

2�θ� � (18)

Moreover, note that (17) and (18) are equal because G and & are symmetric
with respect to π

2 .

2.2. Inclusion � ⊂ Bθ̄+δ

Let us get an upper bound for the numerator and a lower bound for
the denominator with respect to the integrals on the ball Bθ̄ of the same
volume as �.
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We study the denominator and the numerator separately. From the
denominator in (17) we split � = �Bθ̄ ∪�\Bθ̄�\�Bθ̄\��,∫

�
g2�θ� =

∫
Bθ̄

g2�θ� +
∫
�\Bθ̄

g2�θ� −
∫
Bθ̄\�

g2�θ��

Since ��� = �Bθ̄�, we get that ��\Bθ̄� = �Bθ̄\��. From Section 3.1 we know
that G�θ� is nondecreasing on �0� π2 �, then the sum of the last two integrals
is positive, which implies that∫

�
g2�θ� ≥

∫
Bθ̄

g2�θ�� (19)

For the numerator, we consider a ball Bθ̄+r1 containing � centered at
our origin such that it is tangent at least to one point of ∂�. Let us call
one of these points x+. Notice that our condition � ⊂ Bπ/4 implies that
θ̄+ r1 <

π
2 . Now, let us split the integral as we just did in the numerator∫

�
&�θ� =

∫
Bθ̄

&�θ� +
∫
�\Bθ̄

&�θ� −
∫
Bθ̄\�

&�θ�� (20)

For our purposes, we want to get a negative bound for the last two inte-
grals. We will refer to an intermediate value for the radius to get that
condition. Let us split

�\Bθ̄ = M1 ∪M2�

where M1 = �\Bθ̄+ε1
and M2 = � ∩ �Bθ̄+ε1

\Bθ̄� with 0 < ε1 < r1. Note that
&�θ� = ��n− 1�g�θ̄�2�/ sin2 θ if θ > θ̄ and is decreasing. We get∫

�\Bθ̄
&�θ� ≤ �n− 1�g�θ̄�2

( �M1�
sin�θ̄+ ε1�2

+ �M2�
sin2 θ̄

)
�

Adding and subtracting �M1�&�θ̄� we get∫
�\Bθ̄

&�θ� ≤ �n− 1�g�θ̄�2
( �M1�

sin�θ̄+ ε1�2
− �M1�

sin2 θ̄

)
+

∫
�\Bθ̄

&�θ̄��

Now our bound for the numerator is∫
�
&�θ� ≤

∫
Bθ̄

&�θ� + �n− 1�g�θ̄�2�M1�
(

1
sin�θ̄+ ε1�2

− 1

sin2 θ̄

)

+
∫
�\Bθ̄

&�θ̄� −
∫
Bθ̄\�

&�θ��

Because &�θ� is decreasing, the sum of last two integrals is less than zero.
Using the fact that sin θ is increasing, we finally get the upper bound∫

�
&�θ� ≤

∫
Bθ̄

&�θ� − �n− 1�g�θ̄�2�M1�
(

1

sin2 θ̄
− 1

sin�θ̄+ ε1�2

)
� (21)



stability of first eigenvalue of the laplacian 771

Using (17), (19), and (21) we get

µ < µ̄− c0�M1�
(

1

sin2 θ̄
− 1

sin�θ̄+ ε1�2

)
�

By our hypothesis µ̄− ε < µ we can conclude that

ε > c0�M1�
(

1

sin2 θ̄
− 1

sin�θ̄+ ε1�2

)
> 0� (22)

for 0 < ε1 < r1.
Notice that if ε1 increases, then �M1� decreases and 1/ sin2 θ̄− 1/�sin�θ̄+

ε1�2� increases. If ε1 decreases, then �M1� increases and 1/ sin2 θ̄ −
1/�sin�θ̄ + ε1�2� decreases. So we can guess that the right-hand side of
(22) has an upper bound depending on r1. Moreover, we can control r1 with
ε, which is our goal. Using the same idea as in Section 1, we can inscribe
a cone C ⊂ M1 with vertex at x+ and angle γ and tangent to Bθ̄+ε1

. Again,
the convexity of � is needed to ensure the existence of such a cone. Let us
get a lower bound for the volume of C in �n,

�M1� ≥ �C� = c1

∫ r1−ε1

0

∫ θγ
2

0
sinn−2 t dt dθ�

> c2

∫ r1−ε1

0
θn−1dθ = c3�r1 − ε1�n�

where c3 is a positive constant and it depends only on n and γ.
Now, let us study the difference of sines. Using the mean value theorem

and �cos θ�′ < 0� we obtain the lower bound

1

sin2 θ̄
− 1

sin�θ̄+ ε1�2
≥ c4ε1�

where c4 involves a term cos θ̂ with θ̄ + r1 ≤ θ̂ < π
2 , θ̂ fixed. Finally, using

the last two inequalities in (22) we get

ε > c5ε1�r1 − ε1�n�

Considering that 0 < ε1 < r1 we maximize for ε1 the right-hand side and
replace ε∗1 = r1/�n+ 1� in the last inequality to get

ε > c6r
n+1
1 � (23)

We conclude that r1 must be small and it goes to zero if ε goes to zero.
Notice that c6 depends on n� θ̄, and θ̂.
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2.3. Second Inclusion

Now let us consider Bθ̄−r2 to be the ball centered at our origin contained
in � such that it is tangent at least to one point x− in ∂�. We will use the
same argument as that in the last section, but we will need to be careful
about the use of the properties of g�θ� and &�θ�. In this case &�θ� is bigger
in Bθ̄\� than in �\Bθ̄; then we will fix our calculations on Bθ̄\�.

We will find a lower bound for the last integral in (20). Let us split
Bθ̄\� = N1 ∪N2, with N1 =�Bθ̄\Bθ̄−ε2

�\� and N2 =Bθ̄−ε2
\� for 0 < ε2 <

r2. Because &�θ� is decreasing we get &�θ� > &�θ̄� in N1 and &�θ� > &�θ̄−
ε2� in N2. Then∫

Bθ̄\�
&�θ� >

∫
N1

&�θ̄� + �n− 1��N2�g2�θ̄− ε2�
sin2�θ̄− ε2�

�

Adding and subtracting �N2�&�θ̄� we get∫
Bθ̄\�

&�θ� >
∫
Bθ̄\�

&�θ̄� + �n− 1��N2�
(
g2�θ̄− ε2�

sin2�θ̄− ε2�
− g2�θ̄�

sin2 θ̄

)
�

Then

µ
∫
Bθ̄

g2�θ� <
∫
Bθ̄

&�θ� − �n− 1�
∫
N2

(
g2�θ̄− ε2�

sin2�θ̄− ε2�
− g2�θ̄�

sin2 θ̄

)

+
∫
�/Bθ̄

&�θ� −
∫
Bθ̄\�

&�θ̄��

Because & is nonincreasing, the sum of the last two integrals of & is negative
and, thus, using the hypothesis on µ̄, we obtain

ε > c7�N2�
(
g2�θ̄− ε2�

sin2�θ̄− ε2�
− g2�θ̄�

sin2 θ̄

)
�

The difference involving g2�θ�/ sin2 θ is the different term here compared
to (22). Following the same analysis as in the previous section, we bound
the volume of N2 by another cone C ⊂ N2 of angle γ small and vertex in
x− ∈ ∂� ∩ Bθ̄−ε2

. We get a bound for the volume

�N2� ≥ �C� = c8�r2 − ε2�n�
For the difference between sines we use again the mean value theorem.

We need to know whether g�θ�
sin θ is decreasing or not in �θ̄ − ε2� θ̄�. Using

the auxiliar function q�θ� = sin θg
′�θ�
g�θ� given in [1] and using the property

that q < cos θ [1, Theorem 4.1], we notice that(
g�θ�
sin θ

)′
= g�θ�

sin2 θ
�q�θ� − cos θ� < 0
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in �0� θ̄�. Moreover, q′ is negative. We can find a lower bound such that

g2�θ̄− ε2�
sin2�θ̄− ε2�

− g2�θ̄�
sin2 θ̄

≥ c9ε2�

with c9 depending on a term g�θ̂��cos θ̂− q�θ̂�� with 0 < θ̂ ≤ θ̄− r2 fixed.
The value θ̂ is positive because � is convex, and then it contains the center
of mass. Thus we can find the inequality for ε2,

ε > c10ε2�r2 − ε2�n� ε2 ∈ �0� r2��
We can choose ε2 = r2/�n+ 1� and then ε > c11r

n+1
2 .

We get a result similar to (23) to conclude a bound for the size of r2;
that is, r2 must be small. The constant c11 depends on n� θ̂, and θ̄.

Choosing δ = max�r1� r2� we can conclude our result in the theorem.

Remark 2.1. We notice that our power for ε is better than the one given
by Melas. We notice that in his case, the choice of t20 = ε gave him the
factor 1

2n .

Remark 2.2. Notice that convexity is not a necessary condition. The key
point is to get an upper bound of �M1� which goes to zero as ε1 → r1.
Moreover, we can think about small non-convex perturbation of the surface
of the ball, keeping volume and surface area small.

Remark 2.3. We think the restriction � ⊂ Bπ/4 can be avoided. Melas
[10] proved the stability for the ratio of the first two eigenvalues of the
Dirichlet Laplacian, that is, the stability of the Payne–Pólya–Weinberger
inequality on �n. This proof uses a framework similar to the proof of the
Szegö-Weinberger inequality on �n. So, we expect that if we can extend the
stability result for the ratio of the first two eigenvalues on �n

+, then we will
have some idea about how we can extend the stability result of µ to �n

+.
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