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Abstract We demonstrate that the recently introduced lin-
ear equation, reformulating the first Friedmann equation, is
the first-order WKB expansion of a quantum cosmological
equation. This result shows a deeper underlying connection
between General Relativity and Quantum Mechanics, point-
ing towards a unified framework. Solutions of this equation
are built in terms of a scale factor encapsulating quantum
effects on a free-falling particle. The quantum scale factor
reshapes cosmic dynamics, resolving singularities at its van-
ishing points in several cases of interest. As an explicit exam-
ple, we consider the radiation-dominated era and show that
the quantum equation is dual to the one in Seiberg–Witten for-
mulation, recently applied to black holes, and incorporates
resurgence phenomena and complex metrics, as developed
by Kontsevich, Segal, and Witten. This links to the invari-
ance of time parametrization under �(2) transformations of
the dual wave function.

1 Introduction

It is widely recognized that the domains of the physical world
governed by gravity and those governed by quantum pro-
cesses are challenging to reconcile [1,2]. General Relativ-
ity (GR) is a highly non-linear theory, whereas Quantum
Mechanics (QM) is fundamentally based on linear equa-
tions, with the superposition principle playing a crucial role
in describing quantum phenomena. Another often-stressed
difference concerns the probabilistic interpretation of QM,
in contrast with the deterministic structure of GR. However,
there are compelling arguments suggesting a deep connec-
tion between GR and QM. An example arises in the loop
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expansion of the effective action in Quantum Field Theory,
which assumes that the ratio of masses to h̄ is independent of
h̄. In other words, there exists a relation of the form m = νh̄,
with ν being h̄-independent. For instance, in the case of a
scalar field ϕ with mass m and scale μ, we have

�[ϕ; νm, νμ] =
∑

k≥0

h̄k�k[ϕ; νm, νμ] , (1)

where νm := m
h̄ , νμ := μ

h̄ are h̄ independent (sect. 8.3 of [3]).
As highlighted by Itzykson and Zuber, even for the Klein–
Gordon equation, one considers (p. 288 of [4])

[∂2
x + (mc/h̄)2]ϕ = 0. (2)

Thus, dimensional analysis reveals that even at the classical
level, a constant with the dimension of action is necessary,
indicating that mass has a quantum origin. Since mass also
serves as the gravitational charge, this suggests that QM and
GR share a common foundation.

Here, we highlight key similarities between GR and QM
emerging at the cosmological level. The reduction of GR to
a system with finite degrees of freedom via cosmological
configurations enables direct comparison with QM, leading
to the framework of quantum cosmology [5–13]. It is widely
anticipated that a quantum framework for gravity may help
resolve fundamental issues in modern cosmology [14–23].

In this setting, the Friedmann equations play a central
role, describing the fundamental dynamics of cosmic evo-
lution. While the second Friedmann equation is linear, the
first is not. However, as shown in [24], it can be reformu-
lated as a second-order linear differential equation that, for
nonzero spatial scalar curvature 3R, is unique. This naturally
selects the conformal time, which plays a role analogous to
the Hamilton’s characteristic function.

We start from the key insight that redshift causes solu-
tions of the linear equation to correspond to the first-order
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WKB approximation of a quantum cosmological equation.
This correspondence uniquely yields the quantum Friedmann
equation
(

24

c2

d2

dt2 + 3R(t)

)
�(t) = 0 , (3)

where 3R(t) is explicitly expressed in terms of t , that is on
shell. A similar form holds in the case of vanishing spatial
curvature. Quantum effects are fully encoded in geometry,
particularly in the quantum scale factor, which, in several
cases of interest, resolves singularities at its zeros and enables
continuous transitions between geometries. We illustrate the
formulation in the radiation-dominated case, where quantum
solutions connect to the Seiberg–Witten (SW) approach: the
Higgs vev equation matches the quantum Friedmann equa-
tion with k → −k. Here, complexified time exhibits a �(2)

invariance,

t (�̃) = t (�) , (4)

suggesting analogies with particle physics phenomena like
instantons and monopole condensation. These results tie into
resurgence theory and complex metrics, as developed by
Kontsevich, Segal, and Witten.

2 Friedmann equations as Schwarzian equations

Let us consider Einstein’s equations,

Rμν − 1

2
gμνR + �gμν = 8πG

c4 Tμν , (5)

where � is the cosmological constant. Assuming the
Friedmann–Lemaître–Robertson–Walker metric

ds2 = −c2dt2+ak(t)
2
[

dr2

1−kr2 + r2
(
dθ2+ sin2 θdϕ2

)]
,

(6)

and requiring that the matter sector shares its symmetries,
i.e. a comoving, homogeneous and isotropic perfect fluid of
energy density ρ and pressure p, with uμ = (1, 0, 0, 0), Ein-
stein’s equations reduce to the two independent Friedmann
equations [25]

F1 : �c2

3
− κ

a2
k

+ 8πG

3
ρ − ȧ2

k

a2
k

= 0 , (7a)

F2 : �c2

3
− 4πG

c2

(
p + c2ρ

3

)
− äk

ak
= 0 , (7b)

where κ = t−2
P k = �−2

P c2k, k = −1, 0, 1, tP = √
h̄G/c5

the Planck time and �P is the Planck length.

Symmetries of the Friedmann equations have been exten-
sively studied in [24,26–29]. Let

ηk(t) =
∫ t0

t
dt ′a−1

k (t ′) , (8)

denote the conformal time, with t0 today’s value of proper
time. If the lower integration bound is fixed at the beginning
of the universe, ηk gives the conformal age of the universe,
i.e. the particle horizon. A transformation from t to ηk brings
the spacetime metric to the form

ds2 = ak(ηk)
2

[
−c2dη2

k + dr2

1 − kr2 + r2
(
dθ2 + sin2 θdϕ2

)]
,

(9)

which makes apparent the conformal flatness of the space-
time for k = 0. The k �= 0 case needs an additional spatial
transformation [30].

In [24] it has been observed that, using the identity

äk
ak

− 1

2

(
ȧk
ak

)2

= −{ηk, t} , (10)

the linear combination

F3 = F2 − F1

2
= 0 , (11)

corresponds to

κ

4
η̇2
k − 2

3
πG

(
2ρ + 3p

c2

)
+ �c2

12
+ 1

2
{ηk, t} = 0 , (12)

where {ηk, t} := ...
η k/η̇k − 3(η̈k/η̇k)

2/2 is the Schwarzian
derivative of ηk . In the case k = 0 we then have

1

2
{η0, t} = 2

3
πG

(
2ρ + 3p

c2

)
− �c2

12
, (13)

and, for k = ±1,

1

2
{ei

√
κηk , t} = 2

3
πG

(
2ρ + 3p

c2

)
− �c2

12
, (14)

where we used the basic identity

{ei
√

κηk , t} = {ηk, t} + κ

2
η̇2
k . (15)

It follows that the two Friedmann equations can be replaced
by (13), for k = 0, and by (14) for k = ±1, together with any
other nontrivial linear combination AF1 + BF2 = 0, with
constants A and B such that A/B �= −1/2.

As shown in [24], even the second Friedmann equation is
equivalent to a Schwarzian equation. Namely,

{t1, t} = 8

3
πG

(
ρ(t) + 3p(t)

c2

)
− 2�c2

3
, (16)
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where

tβ(t) =
∫ t

dt ′ a−2β
k (t ′) , (17)

are the β-times. Explicitly expressing ρ(t)+ 3p(t)
c2 as a func-

tion of t , Eq. (16) becomes a Schwarzian equation.
We then have that the Friedmann equations are equivalent

to the Schwarzian equations. In particular, for k = 0, the
Friedmann equations are equivalent to (13) and (16), whereas
in the case k = ±1, they are equivalent to (14) and (16).

Later we will show that for k = ±1, the Eqs. (14) and
(16) are the unique Schwarzian equations equivalent to the
two Friedmann equations.

In the case k = 0, there are, besides (16), infinitely many
equivalent Schwarzian equations [24].

A well known property of the Schwarzian equations, used
above and, for example, in the case of the Quantum Sta-
tionary Hamilton–Jacobi Equation (QSHJE) [31], is that the
solutions of the highly non-linear ODE

{ f (t), t} = g(t) , (18)

are given by

f (t) = Aφ1(t) + Bφ2(t)

Cφ1(t) + Dφ2(t)
, (19)

where the constants A, B,C and D must satisfy the condition
AD − BC �= 0, and φ1 and φ2 are two arbitrary linearly
independent solutions of the second-order linear differential
equation
(
d2

dt2 + g(t)

2

)
φ(t) = 0. (20)

Note that this also shows the invariance of the Schwarzian
derivative under the Möbius transformations of f (t). We then
have that solving the Schwarzian equations is equivalent to
solve the associated second-order linear differential equation.

In the case of the stationary Schrödinger equation
(

− h̄2

2m

d2

dx2 + V (x) − E

)
φ(x) = 0 , (21)

setting φ = ReiS/h̄ , one gets the QSHJE

1

2m

(
dS

dx

)2

+ V (x) − E + Q(x) = 0 , (22)

together with the continuity equation

d

dx

(
R2S′) = 0 , (23)

where

Q = − h̄2

2m

R′′

R
, (24)

is the quantum potential. Then, observing that by (23)

R(x) = A√
S′(x)

, (25)

with A an arbitrary constant, it follows that the quantum
potential can be equivalently expressed in the form

Q(x) = h̄2

4m
{S, x} , (26)

that plays the role of particle’s self-energy. We then have that
the QSHJE can be expressed as a unique differential equation

1

2m

(
dS

dx

)2

+ V (x) − E + h̄2

4m
{S, x} = 0. (27)

Also note that, due to the reality of the Schrödinger equa-
tion, it follows that if � is a solution then �D = �̄ is
still a solution, which is linearly independent of �, unless
it is proportional to a real function. Also note that by Wron-
skian arguments one may easily show that given a solu-
tion �, any other linearly independent solution has the form
�(x) = �(x) + A

∫ x dx ′�−2(x ′), with A a non-vanishing
constant. It follows that any solution of the Schrödinger equa-
tion is a linear combination of the two linearly independent
solutions

� = 1√
S′ e

−i S/h̄ �D = 1√
S′ e

i S/h̄ . (28)

Let us consider the Schwarzian equation associated with the
Schrödinger equation (21)

{
e2i S/h̄, x

}
= −4m

h̄2 (V − E) , (29)

and observe that, while this equation is invariant under the
Möbius transformation

e2i S/h̄ → e2i S̃/h̄ = Ae2i S/h̄ + B

Ce2i S/h̄ + D
, (30)

this invariance does not extend to the individual terms {S, x}
and (S′)2. In fact, although the combination {e2i S/h̄, x} =
{S, x} + 2

h̄2 (S′)2 remains invariant, both {S, x} and (S′)2

transform nontrivially under such a map. Naturally, these
transformations correspond to different solutions of the
Schrödinger equation.

Let us now show how the solutions of the QSHJE, equiva-
lent to the non-linear ODE (29), are obtained. First, from the
above remarks, it follows that it is always possible to choose
two real linearly independent solutions of the Schrödinger
equation, that we denote by φ(x) and φD(x). It follows that
given a real solution φ of the Schrödinger equation, there is
always an associated real S, namely

φ = 1√
S′

(
Ae− i

h̄ S + Be
i
h̄ S

)
, (31)
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where B = Ā. Note that if S′ < 0, then iφ is real. The
expression of φD is the one of φ with B replaced by −B.
Then the phase can be expressed as (for more details see
sect. 14.4 of [31])

e
2i
h̄ S = eiα

w + i �̄

w − i�
, (32)

where w = φD/φ ∈ R, α is a real integration constant and
� = �1 + i�2, �1, �2 ∈ R, is a constant with the condition
�1 �= 0. Note that the inverse of (32) reads

w = i
�e

2i
h̄ S + �̄eiα

e
2i
h̄ S − eiα

. (33)

By (32) the conjugate momentum then is

S′ = h̄W (� + �̄)

2
∣∣φD − i�φ

∣∣2 , (34)

where W = φφD ′ − φ′φD ∈ R\{0} is the Wronskian.

3 Linear form of the Friedmann equations

Let us now go back to Eq. (12). A key point of our construc-
tion is that, as observed in [24], the term 1

2 {ηk, t} has the
same form as the quantum potential, which is a characteris-
tic property of the QSHJE. This suggests that the Friedmann
equations are related to QM. Next, note that (as illustrated
above), a direct inspection shows Eq. (12) is equivalent to
a linear differential equation. In particular, besides the sec-
ond Friedmann equation (which is already a linear ODE for
ak), the first Friedmann equation can also be replaced by an
equivalent linear form [24]. Thus, we have
[
d2

dt2 + 2

3
πG

(
2ρ(t) + 3p(t)

c2

)
− �c2

12

]
ψk(t) = 0 , (35)

[
d2

dt2 + 4

3
πG

(
ρ(t) + 3p(t)

c2

)
− �c2

3

]
ak(t) = 0 , (36)

where, in terms of ak , the solutions of Eq. (35) are the linearly
independent functions

ψk = √
ake

− i
2
√

κηk , ψD
k = √

ake
i
2
√

κηk , k = ±1 , (37)

and, for k = 0,

ψ0 = √
a0 , ψD

0 = √
a0η0/tP . (38)

Let us recall that performing the second derivative with
respect to t in (35) we get (12). Moreover, by (11) we have
F1 = 2(F2+F3) = 0, so that the above linear system is com-
pletely equivalent to the Friedmann equations. This remains
true once ρ(t) and p(t) are evaluated on shell.

As already noted, the above linear system is equivalent
to the one where (36) is replaced by any nontrivial linear
combination AF1 + BF2 = 0, with A �= 0. For k = ±1,

any choice with A/B �= −1/2 yields an equation that is
not a second-order linear differential equation, as we shall
demonstrate shortly.

Once 2ρ(t) + 3p(t)/c2 in Eq. (35) is given by its explicit
expression in terms of t , one obtains time-dependent solu-
tions which, when compared with (37) (for k = ±1) and
(38) (for k = 0), yield the expression for ak(t), which is
further constrained by Eq. (36). We will explicitly illustrate
this procedure below.

We emphasize that, by construction, Eq. (35) together
with (36), encapsulates the full content of the two Fried-
mann equations. The key physical novelty lies in the fact that
Eq. (35) unveils a deep connection with quantum mechanics
that remains hidden in the standard formulation.

As observed in [24], we have the following result that
reveals the deep structural rigidity of the system.

Proposition For k = ±1, other than (36), Eq. (35) is the
only second-order linear differential equation derivable from
the Friedmann equations. Furthermore, for k = ±1, the
Eqs. (14) and (16) are the only possible Schwarzian equa-
tions which are equivalent to the two Friedmann equations.

The key point in proving this is that in the linear com-
bination AF1 + BF2 = 0, unless A = 0, the curvature
term k/a2

k always appears. On the other hand, such a term
can be absorbed into the Schwarzian derivative only in the
case A/B = −1/2 [24]. This implies that only in this case
we have a Schwarzian equation, and therefore an associated
second-order linear differential equation, that is Eq. (35). The
rest of the proof follows from the correspondence between
Schwarzian equations and second-order linear differential
equations, reported in Eqs. (18)–(20).

In the case k = 0, there are infinitely many second-order
linear differential equations which are equivalent to the Fried-
mann equations. This also implies that for k = 0 there are
infinitely many hidden symmetries [24].

Using the above findings, we now express ak in terms of
the solutions of (35). Notice that

ψD
k

ψk
= ei

√
κηk , (39)

which is a phase factor for k = 1 and is real for k = −1. It
is clear that a1 is the analogue of the inverse of S′, with h̄
replaced by 2tP . Thus

a1 = |φD
1 − i�φ1|2

WtP (� + �̄)
, (40)

where φ1 and φD
1 are linearly independent real solutions of

(35) andW = φ1φ̇
D
1 −φ̇1φ

D
1 ∈ R\{0} is the Wronskian. Note

that, as expected, due to the properties of the Wronskian, a1

is invariant under a rescaling of φ1 and φD
1 .

Let us now consider the case k = −1. Since ψ−1 and
ψD−1 are real, we turn to (39) and express ψ−1 and ψD−1 as a

123
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general linear combination of real φ−1 and φD−1

e−η−1/tP = ψD−1

ψ−1
= γφD−1 + δφ−1

αφD−1 + ζφ−1
, (41)

leading to

a−1 =
(
αφD−1 + ζφ−1

) (
γφD−1 + δφ−1

)

WtP (ζγ − αδ)
, (42)

where α, ζ, γ, δ ∈ R with αδ − ζγ �= 0.
In the case k = 0, by (38) we have

η0 = ψD
0

tPψ0
= AφD

0 + Bφ0

CφD
0 + Dφ0

, (43)

where φ0 and φD
0 are linearly independent real solutions of

(35). Computing the inverse of the derivative we get

a0 = tP
(CφD

0 + Dφ0)
2

W (AD − BC)
, (44)

where W = φ0φ̇
D
0 − φD

0 φ̇0 is the Wronskian.
Now note that we have expressed ak in terms of real solu-

tions of (35). On the other hand, ak must also satisfy Eq. (36),
which leads to the constraints

O(t)|φD
1 − i�φ1|2 = 0, (45)

O(t)
(
αφD−1 + ζφ−1

) (
γφD−1 + δφ−1

)
= 0, (46)

O(t)(CφD
0 + Dφ0)

2 = 0, (47)

where

O(t) = d2

dt2 + 4

3
πG

(
ρ + 3p

c2

)
− �c2

3
. (48)

The resulting scale factor obtained through this process is
the one satisfying the original Friedmann system since both
Eqs. (35) and (36) have been utilized. Also note that the
highly non linear coupling between ρ(t), p(t) and a(t)
explicitly appears in Eqs. (40)–(48).

As a simple example, we consider a perfect fluid with
a linear barotropic equation of state, i.e. p = wc2ρ, with
k = 0. In this case the energy density decays as the inverse
square of the cosmic time when w �= −1. It is straightforward
to verify that

ρ(t) = 1

6πG

1

[(w + 1)(t − t0)]2 , (49)

where t0 represents some initial time. Equations (35) and (36)
then read

[
d2

dt2 + 3w + 2

9(w + 1)2(t − t0)2

]
ψ0(t) = 0 , (50)

[
d2

dt2 + 2(3w + 1)

9(w + 1)2(t − t0)2

]
a0(t) = 0 . (51)

Solving the first we obtain

ψ = A(t − t0)
1

3w+3 + B(t − t0)
3w+2
3w+3 , (52)

when w �= −1/3 and

ψ = A
√
t − t0 + B

√
t − t0 log(t − t0), (53)

if w = −1/3. In both cases, if we use (44), which implies
a0 ∼ ψ2 in the second equation, Eq. (51), we deduce B = 0.
This results to the well known expression

a0 ∼ (t − t0)
2

3(w+1) , (54)

for a spatially flat universe in the case of a linear equation of
state.

4 Redshift and WKB approximation

A possible interpretation of Eq. (35) would be to consider
it as the analog of the Schrödinger equation. On the other
hand, the corresponding classical equation of motion would
then be given by (12) without the term {ηk, t}/2, resulting
in an equation that lacks an obvious classical interpretation.
Instead, this equation indicates that the solutions (37) are
the first-order WKB expansion of solutions of a quantum
equation. The key point emerges from the redshift relation
λ(t)a(t0) = λ(t0)a(t), which extends to the momentum of
free-falling massive particles, so that Pm ∼ a−1 [32], where

Pm = m

√

gi j
dxi

dτ

dx j

dτ
, (55)

dτ 2 = −c2dt2 + gi j dxi dx j . This relation also holds when
m → 0, dτ → 0, as is the case for photons, so that the
Planck constant emerges as a consistency condition, given
by Pγ = h/λγ . Another suggestive relation between GR
and QM is that, as shown in [33], the redshift relation applies
to the de Broglie wavelength Pm = h/λm as well. Therefore,
for a free-falling particle we have

ak(t)Pk(t) = ak(t0)Pk(t0). (56)

A deeper connection between GR and QM follows from
Eqs. (35), (37) and (56). Namely, choosing the normaliza-
tion

ak(t0)Pk(t0) = 1

2

√
h̄c3/G, (57)

we have

ψk = 1√
Pk

e−i c
√
k

h̄

∫ t0
t Pk , ψD

k = 1√
Pk

ei
c
√
k

h̄

∫ t0
t Pk , (58)

k = ±1. In QM, settingψ = exp(iσ/h̄), the WKB expansion
σ = ∑

j≥0(h̄/ i) jσ j at first-order in h̄ reads

σ = S + i

2
h̄ log S′, (59)

123
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with S = ± ∫ x dx ′√2m(E − V ) the Hamilton’s character-
istic function. Therefore, at first-order

ψWK B = P−1/2 exp

(
i
∫

P/h̄

)
, (60)

with P = ±√
2m(E − V ) = S′ the classical momentum.

5 Quantum cosmological equation

The above analysis shows that the solutions of (35) have
the same structure as the Schrödinger equation, with the
spatial coordinate replaced by t . This suggests interpret-
ing |ψk |2 ∼ 1/Pk as the quasi-classical probability density
of detecting a free-falling particle within the time interval
[t, t + dt]. In this respect, note that the absence of spatial
variables removes the issue of the non-positive definiteness of
the probability density that arises, for example, in the Klein–
Gordon equation due to the Minkowskian signature.

A key point is that the formulation is closely related to the
QSHJE as developed in [31,34]. This equation follows from
an equivalence postulate requiring the Hamilton’s charac-
teristic function to be invariant under point transformations.
Such a requirement imposes a cocycle condition, which in
turn defines the Schwarzian derivative and implies the addi-
tion of the quantum potential to the classical HJ equation.
The main features include tunnelling, with positive definite-
ness of the conjugate momentum across the barrier, energy
quantisation without any probabilistic interpretation of the
wave function, and the absence of trajectories in compact
spaces [35].

We also note that (35) suggests the correspondence

P ∼ d

dt
, (61)

where determining the exact correspondence is linked to the
scale invariance of the Friedmann equations underak → λak ,
which persists even for κ �= 0 through a common rescaling
of ak and

√
κ .

We now derive the exact equation whose solutions repro-
duce (37) and (38) to first-order in tP . As noted above, such
an equation can be directly derived by observing that, by
ak ∼ 1/Pk , the analogous of
(

−h̄2 d2

dx2 + P2
)

ψ = 0, (62)

is just
(
d2

dt2 + α

a2
k

)
� = 0, (63)

with α a constant, that we fix in the case k = ±1. We first
refer to the well-known QM case. Define X in such a way

that the solution of the Schrödinger equation at the first order
in h̄, �WK B , satisfies
(

− h̄2

2m

d2

dx2 + V − E + X

)
ψWK B = 0. (64)

Then note that by (60), we have

ψ−1
WK B

d2

dx2 ψWK B = P2

h̄2 + 1

2
{S, x}, (65)

so that (64) is equivalent to

P2

2m
+ h̄2

4m
{S, x} + V − E + X = 0. (66)

On the other hand, by P2 = 2m(E − V ), we get

X = − h̄2

4m
{S, x}, (67)

so that
(

− h̄2

2m

d2

dx2 + V − E − h̄2

4m
{S, x}

)
ψWK B = 0. (68)

Thus, the exact Schrödinger equation follows by adding
h̄2{S, x}/(4m) inside the round brackets in (68). Similarly,
for k = ±1, the equation whose solutions in the first-order
WKB approximation reproduce (37) is obtained by adding
−{ηk, t}/2 inside the square brackets of (35). Thus, by (12),
the quantum cosmological equations are
(
d2

dt2 + κ

4a2
k (t)

)
�(t) = 0 k = ±1, (69)

where ak(t) denotes the explicit expression in terms of t ,
obtained by solving the Friedmann equations or, equivalently,
Eqs. (35) and (36). The solutions of (69) define the quantum
scale factor aqk(t) by

�k = √
aqke

− i
2
√

κηqk �D
k = √

aqke
i
2
√

κηqk , (70)

where ηqk is the quantum conformal time

ηqk(t) =
∫ t0

t

dt ′

aqk(t ′)
. (71)

Interestingly, in the case k = 0, scale invariance of Fried-
mann’s equations allows α in (63) to remain as a free param-
eter, so that
(
t2
P
d2

dt2 ± β2

4a2
0

)
� = 0, (72)

β ∈ R, with solutions

�0 = √
aq0e

−bηq0/tP , �D
q0 = √

aq0e
bηq0/tP , (73)

with either b = β/2 or b = iβ/2. Setting

� = e
i
√
k

2tP
σk , (74)
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k = ±1, one sees that the WKB expansion

σk =
∑

j≥0

(
tP

i
√
k

) j

σk j , (75)

yields, at first-order in tP ,

σk = ηk − i tP log η̇k . (76)

Thus, as is evident by construction, (70) reduces to (37)
within this approximation. Similarly, one can apply this anal-
ysis to �0 and �D

0 , which then reduce to (73) with aq0 and
ηq0 replaced by a0 and η0, respectively. Note that we used
the WKB expansion of σ to verify that, to first order, aqk
coincides with ak . However, just as in quantum mechanics,
when the energy depends on h̄, the term-by-term compari-
son in powers of tP breaks down once we impose the on-shell
condition. A related issue concerns Eqs. (1) and (2).

One may easily verify that the QSHJEs associated to
Eqs. (69) and (72) read

1

a2
qk

− 1

a2
k

+ 2

κ
{ηqk, t} = 0, k = ±1, (77)

and, for k = 0,

1

a2
q0

− 1

a2
0

± 2t2
P

β2 {ηq0, t} = 0. (78)

Note that, even in this case, ak(t), k = −1, 0, 1, is intended
to be expressed on shell, that is in terms of its explicit time
dependent expression, solutions of the Friedmann’s equa-
tions or, equivalently, of Eqs. (35) and (36).

The above derivation extends to the case of the momentum
Pk . Namely, by (69) we have
(
h̄2 d2

dt2 + kP2
k c

2
)

�(t) = 0, k = ±1, (79)

where Pk(t) denotes the explicit expression in terms of t ,
obtained by solving the Friedmann equations. The solutions
of (79) read

�k = 1√
Pqk

e−i c
√
k

h̄

∫ t0
t Pqk , �D

k = 1√
Pqk

ei
c
√
k

h̄

∫ t0
t Pqk , (80)

k = ±1.

6 Phases of quantum curvature

A key property of Friedmann’s equations is that, for k �= 0,
the k-factor can be absorbed through the rescaling ak →
a := ak/

√
κ . The lack of explicit k-dependence of ρ and

p implies that a is also independent of k. By a−1 = ia1 it
follows that when a1 is real, a−1 is purely imaginary, and

vice versa. Notably, Eq. (69) is equivalent to

(
d2

dt2 + 1

4a2

)
� = 0, (81)

that, by

3R = 6κ/(cak)
2 = 6/(ca)2, (82)

takes the suggestive form (3). For any given solution of (81),
the corresponding quantum scale factors are still related by
aq−1 = i aq1. This allows for continuous transitions between
different geometries, as we will show with an example. In
contrast to the classical Friedmann case, real physical solu-
tions exist for both aq1 and aq−1 for all t ∈ R, each corre-
sponding to a distinct solution of Eq. (81). This mechanism
relates to the QSHJE, where the quantum potential ensures
the conjugate momentum remains real, even in classically
forbidden regions [31,34].

7 The quantum radiation era

We now turn to the quantum radiation era (characterized
by p = c2ρ/3 and � = 0), a scenario whose solutions
exhibit further intriguing features. In this case, we have

ρ(t) = ρ(t0)
a4
k (t0)

a4
k (t)

, where

a(t) := ak(t)√
κ

=
√
t2∗ − t2, (83)

and 8πGρ(t0)a4
k (t0) = 3t2∗/t4

P . If k = 1, the solution is valid
within the bounded region |t | < t∗. For t < 0, there is an
expansion, starting from an initial singularity, a1(−t∗) = 0,
a “big bang”, followed by a contraction when t > 0, leading
to a “big crunch” at another singular point, a1(t∗) = 0. This
behavior is represented in Fig. 1 by the continuous blue curve.
If k = −1, the scale factor is given by a−1 = ia1. Here, the
solution applies to the disjoint regions |t | > t∗, represented
by the two cyan-colored lines.

In the case of (83), Eq. (69) is equivalent to (t∗ = 1)

[
d2

dt2 + 1

4(1 − t2)

]
� = 0. (84)

The solutions are expressed in terms of Gauss hypergeomet-
ric functions 2F1, see [36,37] for an excellent account on
related topics. In the region t ∈ [−t∗, t∗]

� = A 2F1

(√
2 − 1

4
,−

√
2 + 1

4
; 1

2
; t

2

t2∗

)

+ B t 2F1

(√
2 + 1

4
,

1 − √
2

4
; 3

2
; t

2

t2∗

)
,

(85)
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Fig. 1 ak versus aqk for the radiation solution

while for |t | > t∗,

� = C |t |
1
2

(
1−√

2
)

2F1

(√
2 − 1

4
,

√
2 + 1

4
; 1 + 1√

2
; t

2∗
t2

)

+ D|t |
1
2

(√
2+1

)

2F1

(
−√

2 − 1

4
,

1 − √
2

4
; 1 − 1√

2
; t

2∗
t2

)
,

(86)

with A, B,C, D complex constants. All 2F1’s are real in
their domains. In each region we construct the aqk , whose
square root appears in the wave function, following the pro-
cess described in [34] and in sect.14.4 of [31].

We are here interested in deriving the quantum modified
scale factor aqk and compare with the ak of Eq. (83), which
satisfies the two Friedmann equations (7) in the case of radi-
ation. Now that we have expressed the solutions of the quan-
tum equation (84) in terms of real, linearly independent func-
tions, we need only use Eqs. (40) and (42) to reverse-engineer
aqk . The difference now is that the φk and φD

k here correspond

to the linearly independent branches of the solutions (85) and
(86). Thus, we write

aq1 = |φD
1 − i�φ1|2

WtP (� + �̄)
, (87)

for k = +1, and

aq−1 =
(
αφD−1 + ζφ−1

) (
γφD−1 + δφ−1

)

WtP (ζγ − αδ)
, (88)

for k = −1, with the φk and φD
k being given in terms of the

hypergeometric functions that solve Eq. (84).
In Fig. 1, we plot a±1 and aq±1 for various linear com-

binations of hypergeometric functions. Some of the integra-
tion constants are fixed by requiring continuity at ±t∗. The
rest of the constants allow the quantum solutions to reveal
a richer framework, offering deeper insights into spacetime
and dynamics. In particular, the singularity ak(±t∗) = 0 is
replaced by aqk(±t∗) > 0. In many cases of interest, singu-
larities do not arise, as will be shown in an upcoming paper.
Moreover, quantum solutions extend into regions where ak
corresponds to Euclidean-signature spacetime (dashed lines).

8 Cosmological scenario and Seiberg–Witten approach

Equation (69) is defined via solutions of the Friedmann equa-
tions. Given the variety of cosmological models, analyzing
this equation requires diverse techniques. These often involve
topological configurations, drawing parallels to particle the-
ory phenomena like instantons and monopole condensation.
A notable example is the rescaling

a → ia, (89)

that by (81) and (84) maps (1 − t2) into (t2 − 1), yielding
a dual differential equation matching the one governing the
moduli space of quantum vacua in SW theory [38]

[
d2

du2 − 1

4(1 − u2)

]
a = 0, (90)

that follows from the uniformization equation for the thrice-
punctured Riemann sphere �0,3 [39]. Here, t is replaced by
the quantum vacuum parameter u := 〈Tr(φ2)〉, where φ is
the Higgs field, and we define 〈φ〉 = a σ 3/2 with σ 3 =
diag(1,−1). The map (89) can be seen as either the complex
transformation ak → iak , equivalent to a Wick rotation to
Euclidean signature, or as curvature interchange k → −k.
Thus, in the Friedmann equations, a Wick rotation of the
FLRW metric corresponds to scalar curvature interchange.
This insight appears linked to the work of Kontsevich, Segal,
and Witten [40,41].
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The above analysis implies that t and � of the dual quan-
tum Friedmann equation (90) satisfy the relation [39]

t = π i

(
F − �

2

dF
d�

)
, (91)

where the prepotential F is defined by �D = ∂�F . Here,
� and �D are linearly independent solutions of Eq. (90),
denoted in SW approach by a and aD , respectively. Further-
more, t (�) is �(2) invariant

t (�̃) = t (�), (92)
(

�̃D

�̃

)
=

(
a b
c d

) (
�D

�

)
,

(
a b
c d

)
∈ �(2), (93)

with a, d ≡ 1 (mod 2) and b, c ≡ 0 (mod 2). �(2) is the
uniformizing group of the thrice-punctured Riemann sphere,
i.e., �0,3 ∼= H/�(2), where H is the upper half-plane [39].
The �(2) invariance of the dual quantum Friedmann equa-
tion (90) suggests that cosmic time evolution may be peri-
odic. This raises the possibility that observed structures, like
the Big Ring [42], are related to uniformization theory at a
fundamental level. For an introduction to uniformization and
Liouville theories, see [43], and for discussions in the SW
approach, refer to [39,44–50]. Recently, relation (91) and its
generalization [51] have been applied in various contexts,
including black hole studies [52–76] and resurgence theory
[77].

9 Conclusion and outlook

Unlike the second Friedmann equation, the first one is non-
linear. However, in [24], it was shown that the first Fried-
mann equation can be reformulated as a linear equation. This
result resolves, within this context, a conceptual discrepancy
between GR and QM: while the former is highly nonlinear,
the latter is intrinsically linear.

Here, we have shown that the redshift implies that this
equation corresponds to the first-order WKB expansion of
the full quantum equation (69) for k = ±1 and (72) for
k = 0. Remarkably, (72) retains the structure of (69) but with
a free parameter, suggesting possible maps between different
curvatures.

These results highlight that GR and QM emerge from a
broader framework that, in the cosmological context, is gov-
erned by Eqs. (69) and (72), deepening our understanding of
fundamental physics. Its link to quantum Hamilton–Jacobi
theory, closely tied to GR [31,34,35,78–83], is particularly
significant. This framework opens new avenues of research.
In particular, it implies that multi-fluid cosmologies [84,85]
and the universe’s evolution should be described within the

quantum cosmological equations (69) and (72). This follows
from the fact that multiple fluids can be treated as a single
effective fluid [86], making it compatible with our approach.

Moreover, the modified quantum scale factor may provide
insights into unexpected experimental results, such as the
observed tension in the universe’s expansion rate. Note that
certain gravitational theories are also used to model quan-
tum effects. In some modifications to GR (e.g. dilaton and
Weyl gravity), the conformal invariance is restored at trans-
Planckian energies, with the symmetry then spontaneously
broken in analogy with the Higgs mechanism [87].

Our findings emphasize the relevance of studying this
structure within Einstein’s field equations for general met-
rics and matter content. It would be interesting to explore
its implications in the Wheeler–DeWitt quantization frame-
work [88], widely applied in cosmology [89–94], including
mini-superspace approximations and the quantization of low-
dimensional gravitational theories [95–100].

Finally, it should be noted that, in our investigation, the
Schwarzian derivative plays a crucial role. This is closely
related to the idea that, like GR, QM also has a geometri-
cal origin. In particular, as we said, the QSHJE is derived
by imposing the existence of point transformations that con-
nect different states. This leads to a cocycle condition that
uniquely determines the Schwarzian derivative and then the
QSHJE (see the theorem in Section 9.2 of [31]). Remark-
ably, the Schwarzian derivative also appears in related con-
texts such as the Jackiw–Teitelboim gravity [101–103] and
the Sachdev–Ye–Kitaev model [104–109].
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