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1 | INTRODUCTION

Let T be a Schottky group of rank g > 2 (a purely loxodromic Kleinian group, isomorphic to the
free group F, of rank g, and with a non-empty region of discontinuity). Its region of discontinuity
Q is non-empty and connected (the complement of a Cantor set) and S = Q/T is a closed Rie-
mann surface of genus ¢g (we say that I' uniformizes S). As a consequence of Koebe’s retrosection
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theorem [3, 15], every closed Riemann surface of genus g > 2 is uniformized by a suitable Schot-
tky group of rank g. Moreover, by the planarity theorem [16], Schottky groups correspond to their
lowest uniformizations.

The quasiconformal deformation space Q(T') is a complex manifold of dimension 3(g — 1) [3,
27] and its group of holomorphic automorphisms is isomorphic to Out(F ) [6]. As Out(F ) acts
discontinuously on it, the quotient orbifold Q(I')/Out(F,) is a complex orbifold of dimension
3(g — 1). This quotient orbifold can be identified with the Schottky space S, that parametrizes
the PSL,(C)-conjugacy classes of Schottky groups of rank g.

Inside S, is its branch locus B, which consists of the (conjugacy classes of) Schottky groups
which are a proper finite index normal subgroup of some Kleinian group. Note that we may
assume, without loss of generality, that the index is a prime integer. If g > 3, then B, is exactly
the locus of S, where it fails to be a topological manifold. If g = 2, then B, = S,. This last fact
comes from the observation that every rank two Schottky group G = (A, B) is an index two sub-
group of K = (E = AB — BA,EA,EB) 2 7, * Z, * Z, [14]. In [10, 11], it was proved that B, is
always connected.

We will say that a tuple (g, p; ¢,, s) is admissible if (i) p > 2 is a prime integer and (ii) t,7,s > 0
are integerssuch that g = p(t +r+s—-1)+1—r.

Let K be a Kleinian group admitting a Schottky group T" of rank ¢ as a normal subgroup
of index a prime integer p > 2. In [9], it was observed that the geometrical structure of K, in
terms of Klein-Maskit Combination Theorems [18, 24], is uniquely determined by an admissi-
ble tuple (g, p; t,r, s) (see Section 3.3). In this case, we say that K is a cyclic-Schottky group of type
(g, p; t,r,s). This structure description, for example, permits us to observe that: (i) any two cyclic-
Schottky groups of the same type are quasiconformally conjugated, (ii) any admissible tuple is the
type of a cyclic-Schottky group, and (iii) if K is a cyclic-Schottky group of type (g, p; t,, s), with
region of discontinuity Q, and T is a Schottky group inside K as a normal subgroup of index p,
then S = Q/T is a closed Riemann surface of genus ¢ admitting a conformal automorphism 7 of
order p such that S/(r) = Q/K is an orbifold of genus ¢ + s and with exactly 2r cone points, each
one of order p.

Conversely to (iii) above, assume that S is a closed Riemann surface of genus g admitting a
conformal automorphism 7 of order p such that S/(r) has genus ¢ + s and exactly 2r cone points
of order p. If there is a Schottky group I' uniformizing S for which t lifts, then there is a cyclic-
Schottky group K of some type (g, p; ¢t,,s) containing I" as a normal subgroup of index p. In this
way, cyclic-Schottky groups of type (g, p; t,r,s) correspond to the Schottky uniformizations of a
genus g Riemann surface reflecting an order p conformal automorphism with quotient orbifold
as above. A 3-dimensional context (at the level of automorphisms of handlebodies) can be found
in [29].

Associated to an admissible tuple (g, p;t,r,s) is the cyclic-Schottky strata F(g, p;t,r,s) C B 9
formed by the (conjugacy classes of) Schottky groups of rank ¢ which are contained as an
index p normal subgroup of some cyclic-Schottky group of type (g, p;¢t,r,s). The branch locus
Bg is the finite union of those strata F(g, p;t,r,s), where (g, p;t,r,s) runs over all possible
admissible tuples.

Each cyclic-Schottky stratum F(g, p;t,r,s) is a finite union of connected complex orbifolds
(which might or not intersect), called its irreducible components. Each irreducible component is
isomorphic to the complex orbifold Q(K)/Mod(K), where Q(K) is the quasiconformal deforma-
tion space of a cyclic-Schottky group K of type (g, p;t,r,s) and Mod(K) is its modular group. In
particular, any two irreducible components of the same F(g, p; t,, s) are isomorphic complex orb-
ifolds of dimension (3g — 3 — r(p — 3))/p (the dimension of Q(K), see Remark 6). The maximal
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dimension is obtained for p =2, r = g + 1, t = s = 0; in this case, F(g,2;0, g + 1,0) is the locus
of classes of hyperelliptic Schottky groups [14].

In Theorem 1, we provide the number of irreducible components of F(g, p;t,r,s). This, in
particular, gives us upper bounds for the number of its connected components. As different irre-
ducible components might intersect, such an upper bound could be bigger than the number of its
connected components (see Theorem 2).

As a matter of completeness, in Section 7, we describe how to count the number of differ-
ent cyclic-Schottky strata for fixed genus ¢. Explicit formulae are given for p € {2, 3} and a short
algorithm is provided for a general situation.

2 | MAIN RESULTS

Before stating our main results, we need to recall some definitions. Let K be a Kleinian group.
By a geometric automorphism of K we mean a quasiconformal homeomorphism of the Riemann
sphere C that self-conjugates it. Two subgroups of K are called geometrically equivalent in K if
there exists a geometric automorphism of K conjugating them.

Let us now assume that K is a cyclic-Schottky group of type (g, p; t,r,s) (recall that p > 2 is
always assumed to be a prime integer). If p = 2, then in [5] it was proved that any two Schottky
subgroups of index two of K are geometrically equivalent. Our first result provides the number of
geometrical equivalence classes of Schottky normal subgroups of index p in K.

Theorem 1. Let (g, p;t,r,s) be an admissible tuple and let K be a cyclic-Schottky group of type
(g, p; t,r, ). Then the number of index p normal subgroups of K, up to geometric automorphisms of
K, which are Schottky groups (necessarily of rank g), is equal to

1 yp=2.

Mg, D) =19 /1 4 (p—3)/2\ (s + (p — 3)/2 s
(p—3)/2 (p—3)/2 b

Remark 1. Note that M(g, p;t,r,s) is independent of ¢. If either (i) p =2,3 or(ii) p > 5and r =
s = 0, then a cyclic-Schottky group of type (g, p; t, 1, s) has exactly one Schottky subgroup of index
p, up to geometrical equivalence. An interpretation of M(g, p;¢,r,s), in terms of Z,-covers of
handlebodies, is given in Remark 5.

As a consequence of Theorem 1 and Remark 1, one has the following.

Corollary 1. F(g, p;t,r,s) has exactly M(g, p; t,r, s) irreducible components, in particular, at most
M(g, p; t,r,s) connected components.

Two different irreducible components of F(g, p;t,r,s) may intersect. We provide an example
of intersection in Example 6.2. This implies that the number of connected components could be
strictly smaller than M(g, p;t,r, s). Our second result concerns the connectivity of these cyclic-
Schottky groups’ strata and the number of their connected components.
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Theorem 2. Let (g, p;t,r,s) be an admissible tuple.

(1) Ifeither(i) p=2,30r(ii) p > 5andr = s =0, then F(g, p;t,r,s) is connected.

(2) If p = 5, then F(g, p; t,r,s) has at most M(g, p;t,r, s) connected components.

(3) If p = 5 and either (i) r # 0 mod(p) or (ii) s # 0 mod(p), then F(g, p;t,r,s) is not connected
and it has exactly M(g, p; t,r,s) connected components.

Remark 2.

(a) The connectedness, for p = 2, was proved in [5].

(b) If p>5 and ¢ # 1 mod(p), then r # 0 mod(p); so part (3) of Theorem 2 asserts that
F(g, p;t,r,s) consists of exactly M(g, p;t,r,s) connected components, that is, irreducible
components are pairwise disjoint.

(c) In [12], it was observed that there is a prime integer p, (depending on the triple (¢,r,s)) so
that, if p > p, and S is a closed Riemann surface admitting H = Z, as a group of conformal
automorphisms such that S/H has genusy = ¢ + s and 2r cone points, then H is the unique p-
Sylow subgroup of Aut(S). In this situation, F(g, p; t, r, s) will consist of exactly M(g, p; t,7,s)
connected components.

3 | PRELIMINARIES

We use the symbol I' < K (respectively, I <t K) to say that I is a subgroup (respectively, a normal
subgroup) of a group K. We denote by M = PSL,(C) the group of Mdbius transformations (the
full group of conformal automorphisms of €). Each Mébius transformation acts (by Poincaré’s
extension) as an orientation-preserving isometry of the hyperbolic 3-space H* = {(z,t) € C X R :
t > 0} with the hyperbolic metric ds?> = (|dz|? + dt?)/t>. The composition of two maps f and h
is, as usually, denoted by the symbol foh, but if we are composing Mdbius transformations A and
B, we will write AB.

3.1 | Kleinian groups

A Kleinian group is a discrete subgroup K of M. We say that K < M acts discontinuously at p € C
if there is an open neighborhood U of p such that, up to finitely many elements A € K, it holds
that A(U) N U = @ (in particular, the K-stabilizer of p is finite). The region of discontinuity of K
is the open set Q c € (which might be empty) consisting of those points on which K acts dis-
continuously; its complement A = € \ Q is its limit set (if A is finite, then K is called elementary;
otherwise non-elementary).

Remark 3. If K is a Kleinian group and Q is its region of discontinuity, then My = (H* U Q)/K isa
3-dimensional orbifold; its interior H3 /K carries a hyperbolic structure and, if Q # @, its conformal
boundary S = Q/K, a Riemann orbifold structure (a Riemann surface with cone points). If K is
a torsion-free Kleinian group, then My is a manifold (with boundary if Q # @) whose interior is a
hyperbolic 3-manifold, and Sy is a Riemann surface (without cone points). If K has a finite-sided
fundamental polyhedron for its action on H?, then it is called geometrically finite.

If K, < K, <M and K; have finite index in K,, then one is discrete if and only if the other
is (in which case both have the same region of discontinuity). There are examples of Kleinian

85U8017 SUOWILLIOD @A IERID 3[qedl|dde ay) Aq peusenob e sappiie YO ‘88N Jo Sa|n. 1o} Ariq 1T 8UIJUO A8]IM UO (SUO I PUOD-PUR-SWIR)WI0D" A3 | 1M ARId BUTIUO//SH1L) SUORIPUOD PUB SW | 38U} 89S *[G20Z/0T/ST] U0 ARIqIT8uIUO A8]IM ‘31140 8URIYI0D AQ THTET SWIG/ZTTT OT/I0p/L0D A3] 1M ARe1q 1 BUI|UO"D0SLIRWPUO |//:SANY WO14 papeojumoq ‘“TT *¥20Z ‘0212697 T



3416 | HIDALGO and IZQUIERDO

groups with empty regions of discontinuity; for instance PSL,(Z[i]). In this paper, we will only
consider Kleinian groups with a non-empty and connected region of discontinuity. Finitely gen-
erated Kleinian groups with an invariant connected component of the region of discontinuity are
called function groups and their geometrical structure, in the sense of Klein—-Maskit Combination
Theorems, is provided in [20-22]. Generalities on Kleinian groups can be found, for instance, in
the books [23, 25].

3.2 | Schottky groups

Schottky groups are particular examples of Kleinian groups which are obtained from the Klein-
Maskit Combinations Theorem by amalgamating several times cyclic groups generated by
loxodromic transformations.

A Schottky group of rank g > 1 is a Kleinian group I' generated by loxodromic transformations
A, ,Ag, so that there are 2¢ pairwise disjoint simple loops, 21,2’1, ...,Zg,Z;, bounding a 2¢-
connected domain D C C, where AZ) = Zlf, and A;(D)ND =@, fori =1, ..., g. The collection
of loops X, Z;, s D Z; is called a fundamental set of loops for I" with respect to the above gen-
erators. Its region of discontinuity Q is connected (so T'is a function group) and dense in C, the
quotient Sy = Q/T is a closed Riemann surface of genus g (the classical retrosection theorem
states that, up to conformal isomorphism, every closed Riemann surface of genus ¢ is obtained in
this way). The 3-manifold M = (H* U Q)/T is homeomorphic to a handlebody of genus g (con-
versely, every torsion-free Kleinian group I, for which My is homeomorphic to a handlebody of
genus g, is a Schottky group of rank g).

Remark 4. In [4], Chuckrow proved that for any set of g generators of a Schottky group of rank
g = 1, there exists a corresponding fundamental set of loops. In [17], Maskit proved that a Schottky
group of rank ¢ is the same as a purely loxodromic Kleinian group, of the second, isomorphic to
a free group of rank g¢. From the above geometrical construction, any two Schottky groups of the
same rank are quasiconformally conjugated.

3.3 | Cyclic-Schottky groups

A p-cyclic-Schottky group is a Kleinian group K containing a Schottky group I" as a normal sub-
group such that K/T is a cyclic group of order p. A geometrical structure picture (similar as for
Schottky groups) of p-cyclic-Schottky groups, in terms of Klein-Maskit Combination Theorem:s,
was obtained in [8]. Below we recall it for the case when p > 2 is a prime integer.

Theorem 3 [8]. Let K be a p-cyclic-Schottky group, where p > 2 is a prime integer. Then there is an
admissible tuple (g, p;t,r,s) such that K can be constructed, by Klein—-Maskit Combination Theo-
rem, as the free product of “t” cyclic groups, each one generated by a loxodromic transformation, “r”
cyclic groups, each one generated by an elliptic transformation of order p, and “s” abelian groups
isomorphic to Z @ Z,, each one generated by a loxodromic transformation and an elliptic transfor-
mation of order p (in this case, both share the same fixed points). In this case, we say that K is a

cyclic-Schottky group of type (g, p; t,r, S).
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Remark 5 (Uniqueness of the structural description). Let g and p be fixed. If K is a cyclic-Schottky
group of type (g, p; t,7,5), then the values of ¢, r, and s are uniquely determined by K. In fact, if
Ccc (9[3< is the locus of cone points (the branch values of the natural quotient map H> — (913<), then
the number of connected components of C which are simple loops is exactly s and the number of
connected components of C which are simple arcs is r. The number ¢ + s is the genus of the con-
formal boundary Q/K, where Q is the region of discontinuity of K. In these terms, M (g, p;t,r,s)
is the number of Z ,-covers of the orbifold handlebody O3, up to topological equivalence.

3.4 | Quasiconformal homeomorphisms

Let Q,;,Q, C C be non-empty domains. An orientation-preserving homeomorphism W : Q; —
Q, is called quasiconformal if it satisfies the following two conditions:

(i) W has distributional partial derivatives, with respect to z and z, which can be represented by
locally integrable functions W, and W3 on Q,; and

(ii) there is a measurable function u : Q; — C(called a complex dilation of W) with € L°(Q4)
(.e., |l <1, where || ||, denotes the essential supreme norm), and W satisfies the
Beltrami equation

Wz(z) = u(z)W,(z) a.e.z € Q.

The existence and uniqueness of quasiconformal homeomorphisms is due to Morrey [26] and
the continuous variation of the (normalized) solutions was shown by Ahlfors-Bers [1].

Theorem 4 [1, 26].

(1) (Existence). If u € L{°(C), then there is a unique quasiconformal homeomorphism W, € - ¢

u
with complex dilation u, satisfying
W, (0) = o0, W,(0) =0, W, (1) = 1.
(2) (Measurable Riemann Mapping’s Theorem). If u € L1°(Q,) varies continuously (in the Banach

space L®(C)), then W , varies locally uniformly continuously in the space of continuous functions
onC.

Kleinian groups are called (quasiconformally) topologically conjugated if there is a (quasicon-
formal) homeomorphism of the Riemann sphere that conjugates one onto the other.
3.5 | Quasiconformal deformation spaces of Kleinian groups
Let K be a finitely generated, non-elementary Kleinian group with a region of discontinuity Q # @

(we will be mainly interested in the case when K is either a Schottky group or a cyclic-Schottky
group). We proceed to recall the definitions of the quasiconformal deformation space of K, its
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modular group, and its corresponding moduli space (the specialist might skip this section and
just return to it, if necessary, for consulting notations).

3.5.1 | Beltrami coefficients of K

Associated to K is the Banach space L*(K) (with the essential supreme norm || ||,,) whose
elements are those measurable functions i : € — C so that

u(z) =0, VZzEA=C-Q
{ uk(2)k,(z) = k,(2)u(z), ifz € Q(ae)andk € K.

Let L{°(K) be the open unit ball in L*(K); its elements are called the Beltrami coefficients of K.
By Theorem 4, for each Beltrami coefficient 4 € L1°(K), there is a unique quasiconformal homeo-
morphism WM € @, with complex dilation y, that fixes 0, 1, and co. Now, for each k € K, the
element k# = Wu°k°WM_1 is again a Mobius transformation. If we set K W= WMK Wﬂ_l, then the
above provides an isomorphism of Kleinian groups x, : K — K, : k — k, (the image W ,(Q) is
the region of discontinuity of K,).

3.5.2 | The quasiconformal deformation space of K

Two Beltrami coefficients u;, u, € L{°(K) are called quasiconformal equivalent (we denoted it by
My~ Mp), if X, = x,,- As the group K is non-elementary, this is equivalent to say that W, and
W, coincide on the limit set A of K. The quotient space Q(K) = L{°(K) /~ is called the quasiconfor-
mal deformation space of K. As a consequence of the Measurable Riemann Mapping’s Theorem,
Q(K) is connected. As the Kleinian group K has been assumed to be finitely generated, it is well
known that Q(K) is a complex manifold of finite dimension [19].

3.5.3 | The modular group and moduli space of K

If A(K) denotes the group of quasiconformal homeomorphism W : € — € such that WKW ! =
K (i.e., geometric automorphisms of K) and A,(K) is its normal subgroup of those automorphisms
isotopic to the identity, then the quotient group Mod(K) = A(K)/A,(K) is called the modular
group of K. It acts on the quasiconformal deformation space Q(K) by the rule

Mod(K) X Q(K) = Q(K) : ([W], [u]) ~ [v],

where v is a complex dilation of the quasiconformal homeomorphism WﬂoW‘l, where W, is
a quasiconformal homeomorphism with complex dilation u. This action is known to be a dis-
crete action by holomorphic automorphisms of the complex manifold Q(K). The quotient orbifold
M(K) = 9(K)/Mod(K) is the moduli space of K. One may think of the moduli space being defined
by forgetting the marking, that is, the space of PSL,(C)-conjugate classes of quasiconformal defor-
mations of K. We denote by 77 : Q(K) — M(K) the associated Galois quotient map (branched
coverings) induced by the modular group.
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3.6 | Quasiconformal deformation space of Schottky groups

If T is a Schottky group of rank g > 2, then its quasiconformal deformation space Q(T") is a complex
manifold of dimension 3(g — 1) and its moduli space M(T') is a complex orbifold of the same
dimension [2]. Next, we recall classic models for Q(I') and M(T") called the marked Schottky space
and the Schottky space, respectively.

3.6.1 | The marked Schottky space MS,

A marked Schottky group of rank g is a tuple (I Ay, ..., A ), where I is a Schottky group of
rank g and A,, .., A, is a set of generators of I. Two marked Schottky groups of rank g, say
(T3 Aq, .., A,) and (T A\l, ,A\g), are said to be equivalent if there is a Mobius transformation
T so that TAjT‘1 = ﬁj, for every j =1, ..., g. We denote by [(T; A4, ... ,Ag)] the equivalence class
of the marked Schottky group (T A, ..., A,). The space that parametrizes equivalence classes of
marked Schottky groups of rank g is called the marked Schottky space of rank g, denoted by MS,,.
Note that MS; can be identified with the punctured unit disc.

If g > 2, then MS, has a natural structure of a complex manifold of dimension 3(g — 1).
This essentially comes from the following normalization choice. Given a marked Schottky group
A, ..., A g), we may find a Mobius transformation T so that the attracting fixed points of A,
A,, and A, A, are, respectively, oo, 0, and 1. Then the repelling fixed points of A, ..., A, together
with the attracting fixed points of As, ..., A, and the repelling fixed points of A,A;, ..., A, A; pro-
vide a global coordinate. Let us fix some Schottky group I' of rank ¢ and a set of generators of it,
say Ay, ..., A,. Then the map

X0 QM) = MS, ¢ [l = [T, = W IW S W, AW W, AW

turns out to be an isomorphism [3]; so MS, is a model of the quasiconformal deformation of a
Schottky group of rank g.

Earle [6] proved that for g > 2, the group of analytic automorphisms of MS, is isomorphic to
the group Out(F ;) of outer automorphisms of the free group F , of rank g. The action of Out(F ;) on
[T A, ... ,Ag] is just the change of the set of generators, that is, the Out(Fg)-orbit of [[; A, ... ,Ag]
consists of all elements of the form [T; By, ..., B g]. The stabilizer of [T; A4, ..., A g] in Out(F g) canbe
identified with the set of M&bius transformations T normalizing I', in particular, with a Kleinian
group K = (T, T') containing I" as a finite index normal subgroup.

3.6.2 | The Schottky space and its branch locus

If T is a Schottky group of rank g > 2, then we denote by [I'] the equivalent class of PSL,(C)-
conjugates of I'. The space that parametrizes conjugacy classes of Schottky groups of rank g
is called the Schottky space of rank g, which we denote by S,. This space is a model for the
moduli space of a Schottky group of rank ¢ and it is a complex orbifold of dimension 3(g — 1)
for g > 2. In the above explicit models, the natural holomorphic branched cover map 7 :
Q(I') » M(T') whose deck group is Mod(T") = Out(F ) is given by the forgetting generators map
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T:MS, =S, [(T;A,..,Ay] ~ [I]. The branch locus of 7 is exactly B, and it consists of
those [I'] € S, for which there is a Kleinian group K containing T as a proper finite index nor-
mal subgroup. As already said in the introduction, 53, is the union of the sets F(g, p;r, s, t) for all
admissible tuples (g, p;r, s, t) and p prime.

Remark 6 (Quasiconformal deformation space of a cyclic-Schottky group). As a consequence of
Theorem 3, the dimension of the quasiconformal deformation space of a cyclic-Schottky group
of type (g, p; t,r,8) equals to (3g — 3 — r(p — 3))/p. This comes from the fact that a loxodromic
transformation is determined by its two fixed points and its multiplier, an elliptic transforma-
tion of order p is determined by its two fixed points and a choice of angle of the form 2q7/p,
where q € {1, 2, ..., p — 1}. In particular, each irreducible component of F(g, p;t,r, s) has dimen-
sion (3g —3 —r(p —3))/p- A model of this quasiconformal deformation space, similar to the
marked Schottky space, can be obtained as a consequence of Theorem 3; as we do not need it,
we do not describe it here.

4 | PROOF OF THEOREM 1

Let us consider an admissible tuple (g, p;t,r,s) and let K be a cyclic-Schottky group of type
(g, p;t,7,s). By Theorem 3, we know that K is constructed as the free product of “t” cyclic groups
generated by loxodromic transformations Ay, ..., 4;, “r” cyclic groups generated by elliptic trans-
formations E, ..., E,, each one of them of order p, and “s” abelian groups Hy, ..., Hy, where
H; = Z & 7, is generated by a loxodromic transformation T'; and an elliptic transformation F; of
order p, so that T;F; = F;T ;. By Remark 5, the values of t, r, and s are uniquely determined by K.

By Klein-Maskit Combination Theorems, a geometric automorphism of K can only permute
the generators E,, ..., E, (up to conjugation by some element of K and inversion) and can only
permute the generators F, ..., F (up to conjugation by some element of K and inversion).

The normal subgroups of index p of K which are Schottky groups of rank ¢ are obtained
as the kernel of a surjective homomorphism @ : K — (a) = Z,, with a torsion-free kernel. The
torsion-free condition is equivalent to have ®(E;), (Fy) € {a, a?,...,aP~1}. Clearly, @ is uniquely
determined by its kernel, up to post-composition by an automorphism of Z,.

Let I';, ', be two Schottky groups of rank g, both of which are normal subgroups of index p in
K andlet ®; : K — Z, be surjective homomorphisms with ker(®;) = T';. Then ¥(I';) =T, for a
geometric automorphism ¥ of K if and only if Ao®; = ®,0V¥, for some A € Aut(Z,) = Z,,_;, in
which case, we say that the surjective homomorphisms ®; and @, are equivalent. To obtain the
desired result, we only need to count how many torsion-free kernel surjective homomorphisms
® : K — (a), up to equivalence, are there.

Step 1: Starting data

Let us start with a surjective homomorphism @ : K — Z, =(a : a? = 1) whose kernel is torsion-
free. As already observed above, the torsion-free condition implies (®(E;)) = (a) = (P(Fy)), for
every j=1,..,randk =1,...,s.
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Step 2: Applying some geometric automorphisms of K

If s > 0, then (by replacing each loxodromic generator T} by a new loxodromic transformation
F Z" Ty, for a suitable n;) we may assume ®(T}) = 1. Note that this replacement is provided by
a geometric automorphism of K. Similarly, if » > 0 or s > 0, then (by replacing the loxodromic
generator A; by a new loxodromic E:l TA jorF T TA j» for suitable n;) we can assume ®(A;) = 1. This
change is again produced by a geometric automorphism of K. If r = s = 0, then the surjectivity of
@ asserts there issome j € {1, ..., t} so that ®(A4;) # 1. Now, by replacing the loxodromic generator
A; (i # j) by the new loxodromic A;."'Al-, for suitable u;, we may assume ®(A4;) = 1. This change is
also produced by a geometric automorphism of K.

Step 3: A new equivalent homomorphism
By Step 2, we may replace our starting homomorphism ® with an equivalent one (which we still
calling ®) so that:

(1) ifr +s > 0, then CD(Aj) =®(T,) =1forevery j=1,..,tand k =1,...,s;
(2) ifr =5 =0, then ®(A;) # 1 and fID(Aj) =1, forevery j = 2,...,t.

Step 4: The caser +s > 0

The surjective homomorphisms @ satisfy ®(A;) = &(T;) = 1,forevery j = 1,...,tandk = 1,...,s.
Let <I>(Ej) = a" and ®(F;) = a’, where uj, v € {1,2,...,p — 1}, for each j =1,...,r and each
k=1,..,s. A post-composition, by a geometric automorphism of K, will change the tuples
(uy, . ,u,) and (vy, ..., vy) into tuples (4, ..., %) and (0y, ..., Oy), where & € {u,(j), p — ug(j} for
some permutation o € @, and Oy € {v, k), P — Uy} for some permutation 7 € &;. Similarly as
in [13], one obtains that the number of different surjective homomorphisms, up to pre-composing
by a geometric automorphism of K, is

r+(p-3)/2\(s+(p-3)/2
(p—3)/2 (P-3/2 )
Step 5: Thecaser =s =0
We only have one possibility given by the surjective homomorphism @ so that @(A;) = 1, for every
j=2,..,t,and ®;(4)) = a.
5 | PROOF OF THEOREM 2

51

Before providing the proof of Theorem 2, we need a couple of remarks and the definition of some
maps needed in the proof.
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Remark 7. If K, and K, are two finitely generated Kleinian groups that are quasiconformal con-
jugated, and W : € — C is a quasiconformal homeomorphism such that K, = WK, W1, then
there is a natural holomorphic isomorphism

ik k,w - QK = AK)

defined as follows (see [27] for details). If [u] € Q(K;) and W, is a quasiconformal homeomor-
phism with complex dilation u, then we set LKI,KZ,W([/VL]) = [v] € Q(K,), where [v] is the class
of a Beltrami coefficient of the quasiconformal homeomorphism WMoW_l. The quasiconformal
homeomorphism W conjugating K; onto K, above is not unique, but any other is of the form
WoWw !, where W, is a quasiconformal homeomorphism with W K\W ! = K,. The quasicon-
formal homeomorphism W, induces (as above) a holomorphic automorphism tg g w, of Q(K,).
In this way, the isomorphism tg ¢ y is unique up to pre-composition with a holomorphic auto-
morphism of Q(K;), that is, we obtain a well-defined bijection g, : M(K;) - M(K,) making
the following diagram commutative.

Ky Ky, W

9(K;) —— 9(K;)

lﬂkl l”l{z

MK} —= M(K,)

Remark 8. IfT'is a finite index subgroup of K, then each Beltrami coefficient for K is also a Beltrami
differential for I" and, as both K and I" have the same limit set (because of the finite index property)
if two Beltrami coefficients for K are equivalent with respect to K, then they are also equivalent
with respect to I'. In particular, it provides a natural holomorphic embedding i : Q(K) < O(T) :

(1] = [u].

5.2

Let us fix a cyclic-Schottky group K of type (g, p;t, 7, s), where p > 3 is a prime integer. If we set
m = M(g, p;t,r,s), then Theorem 1 ensures that inside K there are exactly m Schottky groups of
rank g,sayI';, ..., I, each one a normal subgroup of index p, no two of them being geometrically
equivalent. The inclusion of T'; inside K induces a holomorphic map yot; : Q(K) - MS , where
i =1tp, @ Q(K) — Q(T)) is the embedding given in Remark 8, and y : Q(T';) - MS is the iden-
tlﬁcatlon defined in Section 3.6.1. The image under 7 : MS, — S, defined in Section 3.6.1, of
the space x(t;(Q(K))) C MS, is a connected subset F;(g, p; t r,s) ofF(g p;t,r,s) C S,. In this

way,

F(g,pst,r,s) = Fy(g,p;t,r,s)U - UF,(g,p;t,r,s).
By Theorem 1, the number of connected components of F(g, p;t,r,s) is bounded above by
M(g, p;t,r,s).Since M(g, 3;t,r,s) = 1,and F(g,2;t,r,s) is connected [5], part (1) is also obtained.

Let us assume, from now on, that p > 5. To prove part (3), let us start with the following:

Lemmal. If p > 5is a prime, then Fjl(g,p; t,r,8)N sz(g,p; t,r,s) # @ ifand only if
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(1) there are two different cyclic-Schottky groups of type (g, p; t, 7, 5), say K, and K,, containing the
same Schottky group T of rank g as index p normal subgroup and

(2) fori € {1, 2}, there is a geometric isomorphism ¥; : K — K; with 1;(T ji) =T (in other words, T’
looks like T'; inside K, and like T in K;).

Proof. The condition Fjl(g,p; t,r,s)N sz(g,p; t,r,s) #@ is equivalent to have a qua-
siconformal homeomorphism Wi, W, : C > C so that Wl-KWi‘1 <M, for i=1,2, and
WL, Wit = AW,T; W;'A™!, for some A € M. We take K; = W KW', K, = AW,KW; A7,
I'=wI; Wi 1,4, is conjugation by W, and 9, is conjugation by AW,. [l

Remark 9. Let p > 5 be a prime integer.

(1) Asaconsequence of Lemma 1, the number of connected components of F(g, p; t,r, s) is strictly
smaller than M(g, p;t,r, s) (the number of the irreducible components) exactly when there
are two different cyclic-Schottky groups of the same type (g, p;t,7,s), say K; and K,, each
one containing a common Schottky group I" of rank g as a normal subgroup of index p, for
which there is no isomorphism (as abstract groups) 3 : K; — K, preserving I'. As noticed
before, this only happens if 7 or s is different from zero. Let Q be the region of discontinuity
of ' and My = (H3 U Q)/T be the uniformized handlebody by I If H;=K;/T'=Z,, then
H,,H, < Aut(Mp) cannot be topologically conjugated. In fact, if there is a homeomorphism
f : My — My conjugating H, into H,, then we may lift f to the universal cover space H*> U Q
to obtain a homeomorphism preserving I" and conjugating K, into K,, a contradiction.

(2) Asnoticed in Remark 2, in [12], the existence of a prime integer p, (depending on ¢ + s and
r) so that, for p > p, prime integer, the groups H, and H, must coincide, that is, K; = Kj;
so the number of connected components of F(g, p;t,r,s) equals M(g, p;t,r,s). Also, if t =
s = 0, then the results in [7], together with (1) above, assert that the number of connected
components of F(g, p;t,r,s) equals M(g, p;t,r,s).

Let K, and K, be two different cyclic-Schottky groups of type (g, p; ¢, ¥, s), both containing
the same Schottky group I' of rank ¢ as an index p normal subgroup. Assume the existence of
two geometric isomorphisms 3; : K — K; with 9;(T'; ) =T, for i = 1,2. Let Q be the region of
discontinuity of T. Then the finite index property of I' in K asserts that Q is also the region of
discontinuity of K;, K, and (K;, K, ). The manifold M = (H* U Q)/T is a handlebody of genus g.
Each K; induces the cyclic group H; = K; /" = Z, of automorphisms of Mr.. Since I jandT; are
geometrically non-equivalent, there is no M6bius transformation B € M satisfying BTB~! = I'and
BK,B~! = K,. In particular, the cyclic groups H; and H, are non-conjugated in the group Aut(M)
of automorphisms of M. So, we may assume that H; and H, belong to the same p-Sylow sub-
group of Aut(My) and that they are in fact different. Let us consider the p-group G = (H;, H,),
which has order p%, where a > 2. In particular, there is a subgroup J < G of order p? with H; < J.
Since J must be abelian, it may happen thatJ = 7, orJ = Z, @ Z,,. The orbifold O, = M/H,
is a handlebody of genus t + s, whose conical locus is formed by r simple arcs and s simple loops
(all of them pairwise disjoint) each one of order p. The group J induces a cyclic group J act-
ing on @, which keeps invariant the conical locus. Since p > 5, none of the loops or arcs can
be kept invariant under J. It follows that r and s are multiples of p; so part (3) of Theorem 2 is
proved.
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6 | EXAMPLES
6.1 | Examplel

As M(g, p;t,0,0) = 1, the locus F(g, p;t,0,0) is connected. Let us assume g = 26, p = 5, and
t = 6. Let K be a Schottky group of rank two, say generated by A and B, and consider the surjec-
tive homomorphism 6 : K — (a,b : a® = b> = aba™'b™! = 1) = 72, defined by A~ a, B~
b. The kernel of 6 is a Schottky group T of rank 26, the group K; = 6~!({a)) is a cyclic-Schottky
group of type (26, 5; 6,0, 0), generated by C; = A,C, = BAB™!,C; = B2AB™2,C, = B’AB—3,Cs =
B*AB~*, C¢ = B>, and the group K, = 6~1({b)) is a cyclic-Schottky group of type (26, 5;6,0,0),
generated by D; = B, D, = ABA™!, D; = A2BA™2, D, = A’BA™3, Dy = A*BA™*, D; = A°. The
group T, seen inside K is generated by C3, CICGC_I, CfC6C_ CCsC3, C{CCy*, and seen
inside K, is generated by D>, D, DDy, D;DgD; > DfDﬁD D4D6D —4. The isomorphism ¥ :
K — K, defined by ¢(A) = B and (B) = A sat1sf1es P(K;) = K, (in fact, P(C;) = D). (Up to
a quasiconformal deformation of K, we may assume that ¢ is defined by conjugation by a
Mbius transformation of order two.) Since (C3) = D3, %(C,C4C; ') = D, DD, %(CiCsC%) =
D?D¢D;%,%(C;C4Cy?) = D;D¢D; >, and 1,D(C4C6 4) = D}D¢D;*, one sees that 3 preserves I.In
other words, 1nduces an automorphism of order two in the handlebody My which conjugates
H, =K,/Tinto H, = K, /T.

6.2 | Example 2

Let p>5 be a prime integer and let m >4 be some integer. Consider any two tuples
(g e s Apy)s By oo s Bry) € (Z;)m = Zg’_l that do not belong to the same orbit under the action
of Z; X &,,, where Z; acts by multiplication on the coordinates and the symmetric group &,,
acts by permutation of the coordinates. Choose pairwise different complex numbers a, ;, a; 5,
()15 Q)35 Ay 15 Ay 25 b1 15 b1 25051, b5 5, .., by 1, by, 5 and consider the Riemann surface (a fiber
product of two p-gonal curves)

S {yf = H;'nzl(x - aj’l)"‘j(x — aj,2)p_aj
y; = H;"zl(x - bj,l)ﬁj(x - bj,z)P‘ﬁj'

Ifw,= e?™i/P then A;(x,y,,y,) = (x, wpy1, ;) and Ay (X, yy1,¥,) = (X, ¥y, @py,) are commut-
ing automorphism of order p on S. The map 7 : S — C : (x,y,,¥,) = x is a branched Galois
covering with deck group (A;,A,) = Zf) whose branch values (each one of order p) are given
by a; 1,0 5,051,8555 > Q15 Ay 25 by 150125021, b5 550, by 1, by 5. Tt follows from the Riemann-
Hurwitz formula that S has genus g = (p — 1)(2mp — p — 1). The fixed points of A, are of the
form

Ujsk = | %600 co H(a15 —b;Pila; s — b )PP |,

and those of A, are of the form

Vjsk = ]5’ H(bjé_all) (bj5_a12)p

where j =1,...,m,k=0,1,..,p—1,and § = 1,2.

85U8017 SUOWILLIOD @A IERID 3[qedl|dde ay) Aq peusenob e sappiie YO ‘88N Jo Sa|n. 1o} Ariq 1T 8UIJUO A8]IM UO (SUO I PUOD-PUR-SWIR)WI0D" A3 | 1M ARId BUTIUO//SH1L) SUORIPUOD PUB SW | 38U} 89S *[G20Z/0T/ST] U0 ARIqIT8uIUO A8]IM ‘31140 8URIYI0D AQ THTET SWIG/ZTTT OT/I0p/L0D A3] 1M ARe1q 1 BUI|UO"D0SLIRWPUO |//:SANY WO14 papeojumoq ‘“TT *¥20Z ‘0212697 T



CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE | 3425

Observe that the rotation number of A; on each u ok with j and ¢ fixed, is the same. Similarly,
the rotation number of A, on each v; 5, with j and 6 fixed, is the same. By results in [9], there is
a Schottky uniformization of S (say given by the Schottky group I') for which (A, A,) lifts; that
is, there is a Kleinian group K containing I" as a normal subgroup and K /T = Zf). Let8 : K —
(A;,A,) be the canonical surjective homomorphism. Then K; = 6-1((A ;2 is a Schottky-cyclic
of type (g, p;t,mp,0), where t = (p — 1)(m — 1). We claim that (A,) and (A,) are topologically
non-conjugated. In fact, the existence of a homeomorphism F : S — S conjugating (A, ) into (A,)
must preserve the rotation numbers (up to the action of Z; X &,,). This is a contradiction with
the choice of the tuples we have done. This asserts that two different irreducible components of
F(g, p;(p — 1)(m — 1), mp, 0) intersect, so the number of connected components will be smaller
than M(g, p; (p — 1)(m — 1), mp, 0). In fact, it can be seen (working with all possible situations)
that F(g, p;(p — 1)(m — 1), mp, 0) is connected.

7 | A FINAL REMARK: COUNTING TOPOLOGICALLY
NON-EQUIVALENT CYCLIC-SCHOTTKY GROUPS

In this last section, for each integer g > 2 and each prime integer p > 2, we are interested in finding
the number N(p, g) of topologically different p-cyclic-Schottky strata for a fixed genus g. It is not
known for the authors, a closed form for N(p, g). Below, we proceed to obtain it for p € {2, 3} and,
for the case p > 5, we describe a simple algorithm. By Theorem 3 (see also Remark 5), N(p, ¢) is
equal to the number of different admissible tuples (g, p;¢,7,s), so we only need to compute the
number of different triples (¢,r,s), where t,r,s >0and g —1=p(t+r+s—1)—r=p(t +s—
1) + r(p — 1). Thus, N(p, g) is exactly the number of pairs (t, s) satisfying:

() t,s€{0,1,...,[(¢g+ p—1)/pl}
(i) t+s<[(¢9+p—1)/p],and
(iii) g —p(t+s)=0 mod (p —1).

The above permits us to observe the following.

(1) If p = 2, then every pair (t,s) with t + s € {0, 1, ..., [(g + 1)/2] satisfies (i)(iii), in particular

A +[ZDe+ [97“1)'

N(Q2,9) = 5

(2) If p = 3, then condition (iii) is equivalent to g — 3(¢ + s) being even, so

c 2
[£2]+2
( } ) s if g is even and [Q—H] is even
4 3
(2101)
} s if g is even and [g_—i—Z] is odd
N(@3,9) =3 4 3
[521(147] +2
( 43 >, if g is odd and [g—;_z] is even
[Z2]+1)([£2]+3
< ’ )4< > ) if g is odd and [g—:z] is odd.
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7.1 | An algorithm

If p > 5 is a prime, then N(p, ¢) and the corresponding triples (¢, 7, s) can be obtained with the
following short program, written for MATHEMATICA [28].

n[p_,g_] := Block[{}, k := 0; Do[ Do[ Do[ If[t + r + s — 1 # O,
Ifi(g+r—-1)/(t+r+s—1)==p, {k =k +1,Print["(", k"Y' ¢ =", ) ) e =
r.// " IIS :// nonon

A 4 =N’ p]}]]’
{r,0,(g+1—2x%(t+9s)).15,0, 931, {t,0, g}]; Print["N(", p,” " , 9.”" ) =", k]]

For instance,
(i) N(5,5) =2and (¢,r,s) €{(0,1,1),(1,0,1)}.
(ii) N(5,10) =3 and (t,r,s) € {(0,2,1),(1,1,1),(2,0,1)}.
(iii) N(11,10) =1 and (t,r,s) = (0,0, 2).
(iv) N(11,100) = 12 and

) (0,0,11), (0, 10,0),(1,9,0),(2,8,0),(3,7,0), (4, 6,0),
18 € (5,5,0),(6,4,0),(7,3,0),(8,2,0),(9,1,0),(10,0,0) |

(v) N(13,157) = 16 and

@.rs) (0,1,13),(0,13,0),(1,0,13),(1,12,0),(2,11,0),(3,10,0),(4,9,0), (5, 8,0),

,1,8) € .
(6,7,0),(7,6,0),(8,5,0),(9,4,0),(10,3,0),(11,2,0),(12,1,0), (13,0,0)

ACKNOWLEDGMENTS

This work is partially supported by Projects Fondecyt 1230001 and 1220261.

JOURNAL INFORMATION

The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
Milagros Izquierdo (® https://orcid.org/0000-0002-9557-9566

REFERENCES

L. Ahlfors and L. Bers, Riemann mapping’s theorem for variable metrics, Annals of Math. 72 (1960), 385-404.
L. Bers, Spaces of Kleinian groups, Lect. Notes Math, vol. 155, Springer, Berlin, 1970, pp. 9-34.

L. Bers, Automorphic forms for Schottky groups, Adv. Math. 16 (1975), 332-361.

. V. Chuckrow, On Schottky groups with applications to Kleinian groups, Ann. of Math. 88 (1968), 47-61.

R. Diaz, I. Garijo, G. Gromadzki, and R. A. Hidalgo, Structure of Whittaker groups and application to conformal
involutions on handlebodies, Topology Appl. 157 (2010), 2347-2361.

. C. Earle, The group of biholomorphic self-mappings of Schottky space, Ann. Acad. Sci. Fenn. 16 (1991), 399-410.
7. G. Gonzalez-Diez, Loci of curves which are prime Galois coverings of P!, Proc. Lond. Math. Soc. 62 (1991), 469—
489.

R W =

(o)}

85U8017 SUOWILLIOD @A IERID 3[qedl|dde ay) Aq peusenob e sappiie YO ‘88N Jo Sa|n. 1o} Ariq 1T 8UIJUO A8]IM UO (SUO I PUOD-PUR-SWIR)WI0D" A3 | 1M ARId BUTIUO//SH1L) SUORIPUOD PUB SW | 38U} 89S *[G20Z/0T/ST] U0 ARIqIT8uIUO A8]IM ‘31140 8URIYI0D AQ THTET SWIG/ZTTT OT/I0p/L0D A3] 1M ARe1q 1 BUI|UO"D0SLIRWPUO |//:SANY WO14 papeojumoq ‘“TT *¥20Z ‘0212697 T


https://orcid.org/0000-0002-9557-9566
https://orcid.org/0000-0002-9557-9566

CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE | 3427

11.

12.

13.

14.

15.

16.

17.
18.

19.
20.
21.
22.
23.

24.
25.

26.

27.

28.
29.

. R. A. Hidalgo, Cyclic extensions of Schottky uniformizations, Ann. Acad. Sci. Fenn. Math. 29 (2004), 329-344.
. R. A. Hidalgo, Automorphisms groups of Schottky type, Ann. Acad. Sci. Fenn. Math. 30 (2005), 183-204.
10.

R. A. Hidalgo and M. Izquierdo, The connectivity of the branch locus of the Schottky space, Ann. Acad. Sci. Fenn.
39 (2014), 635-654.

R. A. Hidalgo and M. Izquierdo, On the connectedness of the branch locus of the Schottky space, Albanian J.
Math. 12 (2018), 131-136.

M. Leyton and R. A. Hidalgo, On uniqueness of automorphisms groups of Riemann surfaces, Rev. Mat. Iberoam.
23 (2007), 793-810.

J. Kalliongis and A. Miller, Equivalence and strong equivalence of actions on handlebodies, Trans. Amer. Math.
Soc. 308 (1988), 721-745.

L. Keen, On hyperelliptic Schottky groups, Ann. Acad. Sci. Fenn. Math. Series A.I. Math. 5 (1980), 165-174.

P. Koebe, Uber die Uniformisierung der Algebraischen Kurven IT, Math. Ann. 69 (1910), 1-81.

B. Maskit, A theorem on planar coverings of surfaces with applications to 3-manifolds, Ann. of Math. 81 (1965),
343-355.

B. Maskit, A characterization of Schottky groups, J. Anal. Math. 19 (1967), 227-230.

B. Maskit, On Klein’s combination theorem I1I, Advances in the theory of Riemann surfaces, Ann. of Math. Stud.
66 (1971), 297-316.

B. Maskit, Self-maps of Kleinian groups, Amer. J. Math. 93 (1971), 840-856.

B. Maskit, Decomposition of certain Kleinian groups, Acta Math. 130 (1973), 243-263.

B. Maskit, On the classification of Kleinian Groups I-Koebe groups, Acta Math. 135 (1975), 249-270.

B. Maskit, On the classification of Kleinian Groups II. Signatures, Acta Math. 138 (1976), 17-42.

B. Maskit, Kleinian groups, Grundlehren der Mathematischen Wissenschaften, vol. 287, Springer-Verlag,
Berlin, Heildelberg, New York, 1988.

B. Maskit, On Klein’s combination theorem. IV, Trans. Amer. Math. Soc. 336 (1993), 265-294.

K. Matsuzaki and M. Taniguchi, Hyperbolic manifolds and Kleinina groups, Oxford Mathematical Mono-
graphs, Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1998.

C. B. Morrey Jr., On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer. Math. Soc.
43 (1938), 126-166.

S. Nag, The complex analytic theory of Teichmiiller spaces, A Wiley-Interscience Publication, John Wiley &
Sons, Inc., New York, 1988.

Wolfram Research, Inc. www.wolfram.com, Wolfram Programming Lab, Champaign, IL, 2021.

B. Zimmermann. Uber Homdomorphismen n-dimensionaler Henkelkérper und endliche Erweiterungen von
Schottky-Gruppen (German) [On homeomorphisms of n-dimensional handlebodies and on finite extensions of
Schottky groups], Comment. Math. Helv. 56 (1981), no. 3, 474-486.

85U8017 SUOWILLIOD @A IERID 3[qedl|dde ay) Aq peusenob e sappiie YO ‘88N Jo Sa|n. 1o} Ariq 1T 8UIJUO A8]IM UO (SUO I PUOD-PUR-SWIR)WI0D" A3 | 1M ARId BUTIUO//SH1L) SUORIPUOD PUB SW | 38U} 89S *[G20Z/0T/ST] U0 ARIqIT8uIUO A8]IM ‘31140 8URIYI0D AQ THTET SWIG/ZTTT OT/I0p/L0D A3] 1M ARe1q 1 BUI|UO"D0SLIRWPUO |//:SANY WO14 papeojumoq ‘“TT *¥20Z ‘0212697 T


http://www.wolfram.com

	Cyclic-Schottky strata of Schottky space
	Abstract
	1 | INTRODUCTION
	2 | MAIN RESULTS
	3 | PRELIMINARIES
	3.1 | Kleinian groups
	3.2 | Schottky groups
	3.3 | Cyclic-Schottky groups
	3.4 | Quasiconformal homeomorphisms
	3.5 | Quasiconformal deformation spaces of Kleinian groups
	3.5.1 | Beltrami coefficients of 
	3.5.2 | The quasiconformal deformation space of 
	3.5.3 | The modular group and moduli space of 

	3.6 | Quasiconformal deformation space of Schottky groups
	3.6.1 | The marked Schottky space 
	3.6.2 | The Schottky space and its branch locus


	4 | PROOF OF THEOREM 1
	Step 1: Starting data
	Step 2: Applying some geometric automorphisms of 
	Step 3: A new equivalent homomorphism
	Step 4: The case 
	Step 5: The case 


	5 | PROOF OF THEOREM 2
	5.1
	5.2

	6 | EXAMPLES
	6.1 | Example 1
	6.2 | Example 2

	7 | A FINAL REMARK: COUNTING TOPOLOGICALLY NON-EQUIVALENT CYCLIC-SCHOTTKY GROUPS
	7.1 | An algorithm

	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


