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Abstract
Schottky space g , where g ⩾ 2 is an integer, is a
connected complex orbifold of dimension 3(g − 1); it
provides a parametrization of the PSL2(ℂ)-conjugacy
classes of Schottky groups Γ of rank g . The branch locus
g ⊂ g , consisting of those conjugacy classes of Schot-
tky groups being a finite index proper normal subgroup
of some Kleinian group, is known to be connected. If
[Γ] ∈ g , then there is a Kleinian group 𝐾 containing
Γ as a normal subgroup of index some prime integer
𝑝 ⩾ 2. The structural description, in terms of Klein–
Maskit Combination Theorems, of such a group 𝐾 is
completely determined by a triple (𝑡, 𝑟, 𝑠), where 𝑡, 𝑟, 𝑠 ⩾
0 are integers such that g = 𝑝(𝑡 + 𝑟 + 𝑠 − 1) + 1 − 𝑟. For
each such tuple (g , 𝑝; 𝑡, 𝑟, 𝑠), there is a corresponding
cyclic-Schottky stratum 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) ⊂ g . It is known
that 𝐹(g , 2; 𝑡, 𝑟, 𝑠) is connected. In this paper, for 𝑝 ⩾ 3,
we study the connectivity of these 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠).

MSC 2020
30F10, 30F40 (primary)

1 INTRODUCTION

Let Γ be a Schottky group of rank g ⩾ 2 (a purely loxodromic Kleinian group, isomorphic to the
free group 𝐹g of rank g , and with a non-empty region of discontinuity). Its region of discontinuity
Ω is non-empty and connected (the complement of a Cantor set) and 𝑆 = Ω∕Γ is a closed Rie-
mann surface of genus g (we say that Γ uniformizes 𝑆). As a consequence of Koebe’s retrosection

© 2024 The Author(s). Bulletin of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.

3412 wileyonlinelibrary.com/journal/blms Bull. London Math. Soc. 2024;56:3412–3427.

https://orcid.org/0000-0002-9557-9566
mailto:milagros.izquierdo@liu.se
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/blms
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fblms.13141&domain=pdf&date_stamp=2024-09-10


CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE 3413

theorem [3, 15], every closed Riemann surface of genus g ⩾ 2 is uniformized by a suitable Schot-
tky group of rank g . Moreover, by the planarity theorem [16], Schottky groups correspond to their
lowest uniformizations.
The quasiconformal deformation space (Γ) is a complex manifold of dimension 3(g − 1) [3,

27] and its group of holomorphic automorphisms is isomorphic to Out(𝐹g ) [6]. As Out(𝐹g ) acts
discontinuously on it, the quotient orbifold (Γ)∕Out(𝐹g ) is a complex orbifold of dimension
3(g − 1). This quotient orbifold can be identified with the Schottky space g that parametrizes
the PSL2(ℂ)-conjugacy classes of Schottky groups of rank g .
Inside g is its branch locus g , which consists of the (conjugacy classes of) Schottky groups

which are a proper finite index normal subgroup of some Kleinian group. Note that we may
assume, without loss of generality, that the index is a prime integer. If g ⩾ 3, then g is exactly
the locus of g where it fails to be a topological manifold. If g = 2, then 2 = 2. This last fact
comes from the observation that every rank two Schottky group 𝐺 = ⟨𝐴, 𝐵⟩ is an index two sub-
group of 𝐾 = ⟨𝐸 = 𝐴𝐵 − 𝐵𝐴, 𝐸𝐴, 𝐸𝐵⟩ ≅ ℤ2 ∗ ℤ2 ∗ ℤ2 [14]. In [10, 11], it was proved that g is
always connected.
We will say that a tuple (g , 𝑝; 𝑡, 𝑟, 𝑠) is admissible if (i) 𝑝 ⩾ 2 is a prime integer and (ii) 𝑡, 𝑟, 𝑠 ⩾ 0

are integers such that g = 𝑝(𝑡 + 𝑟 + 𝑠 − 1) + 1 − 𝑟.
Let 𝐾 be a Kleinian group admitting a Schottky group Γ of rank g as a normal subgroup

of index a prime integer 𝑝 ⩾ 2. In [9], it was observed that the geometrical structure of 𝐾, in
terms of Klein–Maskit Combination Theorems [18, 24], is uniquely determined by an admissi-
ble tuple (g , 𝑝; 𝑡, 𝑟, 𝑠) (see Section 3.3). In this case, we say that 𝐾 is a cyclic-Schottky group of type
(g , 𝑝; 𝑡, 𝑟, 𝑠). This structure description, for example, permits us to observe that: (i) any two cyclic-
Schottky groups of the same type are quasiconformally conjugated, (ii) any admissible tuple is the
type of a cyclic-Schottky group, and (iii) if 𝐾 is a cyclic-Schottky group of type (g , 𝑝; 𝑡, 𝑟, 𝑠), with
region of discontinuity Ω, and Γ is a Schottky group inside 𝐾 as a normal subgroup of index 𝑝,
then 𝑆 = Ω∕Γ is a closed Riemann surface of genus g admitting a conformal automorphism 𝜏 of
order 𝑝 such that 𝑆∕⟨𝜏⟩ = Ω∕𝐾 is an orbifold of genus 𝑡 + 𝑠 and with exactly 2𝑟 cone points, each
one of order 𝑝.
Conversely to (iii) above, assume that 𝑆 is a closed Riemann surface of genus g admitting a

conformal automorphism 𝜏 of order 𝑝 such that 𝑆∕⟨𝜏⟩ has genus 𝑡 + 𝑠 and exactly 2𝑟 cone points
of order 𝑝. If there is a Schottky group Γ uniformizing 𝑆 for which 𝜏 lifts, then there is a cyclic-
Schottky group 𝐾 of some type (g , 𝑝; 𝑡, 𝑟, 𝑠) containing Γ as a normal subgroup of index 𝑝. In this
way, cyclic-Schottky groups of type (g , 𝑝; 𝑡, 𝑟, 𝑠) correspond to the Schottky uniformizations of a
genus g Riemann surface reflecting an order 𝑝 conformal automorphism with quotient orbifold
as above. A 3-dimensional context (at the level of automorphisms of handlebodies) can be found
in [29].
Associated to an admissible tuple (g , 𝑝; 𝑡, 𝑟, 𝑠) is the cyclic-Schottky strata 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) ⊂ g ,

formed by the (conjugacy classes of) Schottky groups of rank g which are contained as an
index 𝑝 normal subgroup of some cyclic-Schottky group of type (g , 𝑝; 𝑡, 𝑟, 𝑠). The branch locus
g is the finite union of those strata 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠), where (g , 𝑝; 𝑡, 𝑟, 𝑠) runs over all possible
admissible tuples.
Each cyclic-Schottky stratum 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) is a finite union of connected complex orbifolds

(which might or not intersect), called its irreducible components. Each irreducible component is
isomorphic to the complex orbifold (𝐾)∕Mod(𝐾), where (𝐾) is the quasiconformal deforma-
tion space of a cyclic-Schottky group 𝐾 of type (g , 𝑝; 𝑡, 𝑟, 𝑠) andMod(𝐾) is its modular group. In
particular, any two irreducible components of the same𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) are isomorphic complex orb-
ifolds of dimension (3g − 3 − 𝑟(𝑝 − 3))∕𝑝 (the dimension of (𝐾), see Remark 6). The maximal
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3414 HIDALGO and IZQUIERDO

dimension is obtained for 𝑝 = 2, 𝑟 = g + 1, 𝑡 = 𝑠 = 0; in this case, 𝐹(g , 2; 0, g + 1, 0) is the locus
of classes of hyperelliptic Schottky groups [14].
In Theorem 1, we provide the number of irreducible components of 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠). This, in

particular, gives us upper bounds for the number of its connected components. As different irre-
ducible components might intersect, such an upper bound could be bigger than the number of its
connected components (see Theorem 2).
As a matter of completeness, in Section 7, we describe how to count the number of differ-

ent cyclic-Schottky strata for fixed genus g . Explicit formulae are given for 𝑝 ∈ {2, 3} and a short
algorithm is provided for a general situation.

2 MAIN RESULTS

Before stating our main results, we need to recall some definitions. Let 𝐾 be a Kleinian group.
By a geometric automorphism of 𝐾 we mean a quasiconformal homeomorphism of the Riemann
sphere ℂ̂ that self-conjugates it. Two subgroups of 𝐾 are called geometrically equivalent in 𝐾 if
there exists a geometric automorphism of 𝐾 conjugating them.
Let us now assume that 𝐾 is a cyclic-Schottky group of type (g , 𝑝; 𝑡, 𝑟, 𝑠) (recall that 𝑝 ⩾ 2 is

always assumed to be a prime integer). If 𝑝 = 2, then in [5] it was proved that any two Schottky
subgroups of index two of 𝐾 are geometrically equivalent. Our first result provides the number of
geometrical equivalence classes of Schottky normal subgroups of index 𝑝 in 𝐾.

Theorem 1. Let (g , 𝑝; 𝑡, 𝑟, 𝑠) be an admissible tuple and let 𝐾 be a cyclic-Schottky group of type
(g , 𝑝; 𝑡, 𝑟, 𝑠). Then the number of index 𝑝 normal subgroups of 𝐾, up to geometric automorphisms of
𝐾, which are Schottky groups (necessarily of rank g), is equal to

𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
1 ; 𝑝 = 2.(

𝑟 + (𝑝 − 3)∕2

(𝑝 − 3)∕2

)(
𝑠 + (𝑝 − 3)∕2

(𝑝 − 3)∕2

)
; 𝑝 ⩾ 3.

Remark 1. Note that𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) is independent of 𝑡. If either (i) 𝑝 = 2, 3 or (ii) 𝑝 ⩾ 5 and 𝑟 =
𝑠 = 0, then a cyclic-Schottky group of type (g , 𝑝; 𝑡, 𝑟, 𝑠) has exactly one Schottky subgroup of index
𝑝, up to geometrical equivalence. An interpretation of 𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠), in terms of ℤ𝑝-covers of
handlebodies, is given in Remark 5.

As a consequence of Theorem 1 and Remark 1, one has the following.

Corollary 1. 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) has exactly𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) irreducible components, in particular, at most
𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) connected components.

Two different irreducible components of 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) may intersect. We provide an example
of intersection in Example 6.2. This implies that the number of connected components could be
strictly smaller than 𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠). Our second result concerns the connectivity of these cyclic-
Schottky groups’ strata and the number of their connected components.
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CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE 3415

Theorem 2. Let (g , 𝑝; 𝑡, 𝑟, 𝑠) be an admissible tuple.

(1) If either (i) 𝑝 = 2, 3 or (ii) 𝑝 ⩾ 5 and 𝑟 = 𝑠 = 0, then 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) is connected.
(2) If 𝑝 ⩾ 5, then 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) has at most𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) connected components.
(3) If 𝑝 ⩾ 5 and either (i) 𝑟 ≢ 0 mod(𝑝) or (ii) 𝑠 ≢ 0 mod(𝑝), then 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) is not connected

and it has exactly𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) connected components.

Remark 2.

(a) The connectedness, for 𝑝 = 2, was proved in [5].
(b) If 𝑝 ⩾ 5 and g ≢ 1 mod(𝑝), then 𝑟 ≢ 0 mod(𝑝); so part (3) of Theorem 2 asserts that

𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) consists of exactly 𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) connected components, that is, irreducible
components are pairwise disjoint.

(c) In [12], it was observed that there is a prime integer 𝑝0 (depending on the triple (𝑡, 𝑟, 𝑠)) so
that, if 𝑝 ⩾ 𝑝0 and 𝑆 is a closed Riemann surface admitting 𝐻 ≅ ℤ𝑝 as a group of conformal
automorphisms such that 𝑆∕𝐻 has genus 𝛾 = 𝑡 + 𝑠 and 2𝑟 cone points, then𝐻 is the unique𝑝-
Sylow subgroup ofAut(𝑆). In this situation, 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠)will consist of exactly𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠)
connected components.

3 PRELIMINARIES

We use the symbol Γ < 𝐾 (respectively, Γ < 𝐾) to say that Γ is a subgroup (respectively, a normal
subgroup) of a group 𝐾. We denote by 𝕄 = PSL2(ℂ) the group of Möbius transformations (the
full group of conformal automorphisms of ℂ̂). Each Möbius transformation acts (by Poincaré’s
extension) as an orientation-preserving isometry of the hyperbolic 3-space ℍ3 = {(𝑧, 𝑡) ∈ ℂ × ℝ ∶
𝑡 > 0} with the hyperbolic metric 𝑑𝑠2 = (|𝑑𝑧|2 + 𝑑𝑡2)∕𝑡2. The composition of two maps 𝑓 and ℎ
is, as usually, denoted by the symbol 𝑓◦ℎ, but if we are composingMöbius transformations𝐴 and
𝐵, we will write 𝐴𝐵.

3.1 Kleinian groups

A Kleinian group is a discrete subgroup 𝐾 of 𝕄. We say that 𝐾 < 𝕄 acts discontinuously at 𝑝 ∈ ℂ̂
if there is an open neighborhood 𝑈 of 𝑝 such that, up to finitely many elements 𝐴 ∈ 𝐾, it holds
that 𝐴(𝑈) ∩ 𝑈 = ∅ (in particular, the 𝐾-stabilizer of 𝑝 is finite). The region of discontinuity of 𝐾
is the open set Ω ⊂ ℂ̂ (which might be empty) consisting of those points on which 𝐾 acts dis-
continuously; its complement Λ = ℂ̂ ⧵ Ω is its limit set (if Λ is finite, then 𝐾 is called elementary;
otherwise non-elementary).

Remark 3. If𝐾 is a Kleinian group andΩ is its region of discontinuity, then𝑀𝐾 = (ℍ3 ∪ Ω)∕𝐾 is a
3-dimensional orbifold; its interiorℍ3∕𝐾 carries a hyperbolic structure and, ifΩ ≠ ∅, its conformal
boundary 𝑆𝐾 = Ω∕𝐾, a Riemann orbifold structure (a Riemann surface with cone points). If 𝐾 is
a torsion-free Kleinian group, then𝑀𝐾 is a manifold (with boundary ifΩ ≠ ∅) whose interior is a
hyperbolic 3-manifold, and 𝑆𝐾 is a Riemann surface (without cone points). If 𝐾 has a finite-sided
fundamental polyhedron for its action on ℍ3, then it is called geometrically finite.

If 𝐾1 < 𝐾2 < 𝕄 and 𝐾1 have finite index in 𝐾2, then one is discrete if and only if the other
is (in which case both have the same region of discontinuity). There are examples of Kleinian
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3416 HIDALGO and IZQUIERDO

groups with empty regions of discontinuity; for instance PSL2(ℤ[𝑖]). In this paper, we will only
consider Kleinian groups with a non-empty and connected region of discontinuity. Finitely gen-
erated Kleinian groups with an invariant connected component of the region of discontinuity are
called function groups and their geometrical structure, in the sense of Klein–Maskit Combination
Theorems, is provided in [20–22]. Generalities on Kleinian groups can be found, for instance, in
the books [23, 25].

3.2 Schottky groups

Schottky groups are particular examples of Kleinian groups which are obtained from the Klein–
Maskit Combinations Theorem by amalgamating several times cyclic groups generated by
loxodromic transformations.
A Schottky group of rank g ⩾ 1 is a Kleinian group Γ generated by loxodromic transformations

𝐴1,… ,𝐴g , so that there are 2g pairwise disjoint simple loops, Σ1, Σ′1, … , Σg , Σ
′
g
, bounding a 2g-

connected domain  ⊂ ℂ̂, where 𝐴𝑖(Σ𝑖) = Σ′𝑖 , and 𝐴𝑖() ∩ = ∅, for 𝑖 = 1, … , g . The collection
of loops Σ1, Σ′1, … , Σg , Σ

′
g is called a fundamental set of loops for Γ with respect to the above gen-

erators. Its region of discontinuity Ω is connected (so Γ is a function group) and dense in ℂ̂, the
quotient 𝑆Γ = Ω∕Γ is a closed Riemann surface of genus g (the classical retrosection theorem
states that, up to conformal isomorphism, every closed Riemann surface of genus g is obtained in
this way). The 3-manifold𝑀Γ = (ℍ3 ∪ Ω)∕Γ is homeomorphic to a handlebody of genus g (con-
versely, every torsion-free Kleinian group Γ, for which𝑀Γ is homeomorphic to a handlebody of
genus g , is a Schottky group of rank g).

Remark 4. In [4], Chuckrow proved that for any set of g generators of a Schottky group of rank
g ⩾ 1, there exists a corresponding fundamental set of loops. In [17],Maskit proved that a Schottky
group of rank g is the same as a purely loxodromic Kleinian group, of the second, isomorphic to
a free group of rank g . From the above geometrical construction, any two Schottky groups of the
same rank are quasiconformally conjugated.

3.3 Cyclic-Schottky groups

A 𝑝-cyclic-Schottky group is a Kleinian group 𝐾 containing a Schottky group Γ as a normal sub-
group such that 𝐾∕Γ is a cyclic group of order 𝑝. A geometrical structure picture (similar as for
Schottky groups) of 𝑝-cyclic-Schottky groups, in terms of Klein–Maskit Combination Theorems,
was obtained in [8]. Below we recall it for the case when 𝑝 ⩾ 2 is a prime integer.

Theorem 3 [8]. Let 𝐾 be a 𝑝-cyclic-Schottky group, where 𝑝 ⩾ 2 is a prime integer. Then there is an
admissible tuple (g , 𝑝; 𝑡, 𝑟, 𝑠) such that 𝐾 can be constructed, by Klein–Maskit Combination Theo-
rem, as the free product of “𝑡” cyclic groups, each one generated by a loxodromic transformation, “𝑟”
cyclic groups, each one generated by an elliptic transformation of order 𝑝, and “𝑠” abelian groups
isomorphic to ℤ⊕ ℤ𝑝, each one generated by a loxodromic transformation and an elliptic transfor-
mation of order 𝑝 (in this case, both share the same fixed points). In this case, we say that 𝐾 is a
cyclic-Schottky group of type (g , 𝑝; 𝑡, 𝑟, 𝑠).
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CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE 3417

Remark 5 (Uniqueness of the structural description). Let g and 𝑝 be fixed. If𝐾 is a cyclic-Schottky
group of type (g , 𝑝; 𝑡, 𝑟, 𝑠), then the values of 𝑡, 𝑟, and 𝑠 are uniquely determined by 𝐾. In fact, if
 ⊂ 3

𝐾
is the locus of cone points (the branch values of the natural quotient mapℍ3 → 3

𝐾
), then

the number of connected components of  which are simple loops is exactly 𝑠 and the number of
connected components of  which are simple arcs is 𝑟. The number 𝑡 + 𝑠 is the genus of the con-
formal boundaryΩ∕𝐾, whereΩ is the region of discontinuity of 𝐾. In these terms,𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠)
is the number of ℤ𝑝-covers of the orbifold handlebody 3𝐾 , up to topological equivalence.

3.4 Quasiconformal homeomorphisms

Let Ω1,Ω2 ⊂ ℂ̂ be non-empty domains. An orientation-preserving homeomorphism 𝑊 ∶ Ω1 →

Ω2 is called quasiconformal if it satisfies the following two conditions:

(i) 𝑊 has distributional partial derivatives, with respect to 𝑧 and 𝑧, which can be represented by
locally integrable functions𝑊𝑧 and𝑊𝑧 on Ω1; and

(ii) there is a measurable function 𝜇 ∶ Ω1 → ℂ (called a complex dilation of𝑊) with 𝜇 ∈ 𝐿∞
1
(Ω1)

(i.e., ‖𝜇‖∞ < 1, where ‖ ‖∞ denotes the essential supreme norm), and 𝑊 satisfies the
Beltrami equation

𝑊𝑧(𝑧) = 𝜇(𝑧)𝑊𝑧(𝑧) 𝑎.𝑒. 𝑧 ∈ Ω1.

The existence and uniqueness of quasiconformal homeomorphisms is due to Morrey [26] and
the continuous variation of the (normalized) solutions was shown by Ahlfors–Bers [1].

Theorem 4 [1, 26].

(1) (Existence). If𝜇 ∈ 𝐿∞
1
(ℂ), then there is a unique quasiconformal homeomorphism𝑊𝜇 ∶ ℂ̂ → ℂ̂,

with complex dilation 𝜇, satisfying

𝑊𝜇(∞) = ∞, 𝑊𝜇(0) = 0, 𝑊𝜇(1) = 1.

(2) (Measurable Riemann Mapping’s Theorem). If 𝜇 ∈ 𝐿∞
1
(Ω1) varies continuously (in the Banach

space𝐿∞(ℂ)), then𝑊𝜇 varies locally uniformly continuously in the space of continuous functions
on ℂ̂.

Kleinian groups are called (quasiconformally) topologically conjugated if there is a (quasicon-
formal) homeomorphism of the Riemann sphere that conjugates one onto the other.

3.5 Quasiconformal deformation spaces of Kleinian groups

Let𝐾 be a finitely generated, non-elementary Kleinian groupwith a region of discontinuityΩ ≠ ∅

(we will be mainly interested in the case when 𝐾 is either a Schottky group or a cyclic-Schottky
group). We proceed to recall the definitions of the quasiconformal deformation space of 𝐾, its
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3418 HIDALGO and IZQUIERDO

modular group, and its corresponding moduli space (the specialist might skip this section and
just return to it, if necessary, for consulting notations).

3.5.1 Beltrami coefficients of 𝐾

Associated to 𝐾 is the Banach space 𝐿∞(𝐾) (with the essential supreme norm ‖ ‖∞) whose
elements are those measurable functions 𝜇 ∶ ℂ̂ → ℂ so that{

𝜇(𝑧) = 0, ∀𝑧 ∈ Λ = ℂ̂ − Ω

𝜇(𝑘(𝑧))𝑘𝑧(𝑧) = 𝑘𝑧(𝑧)𝜇(𝑧), if 𝑧 ∈ Ω (a.e.) and 𝑘 ∈ 𝐾.

Let 𝐿∞
1
(𝐾) be the open unit ball in 𝐿∞(𝐾); its elements are called the Beltrami coefficients of 𝐾.

By Theorem 4, for each Beltrami coefficient 𝜇 ∈ 𝐿∞
1
(𝐾), there is a unique quasiconformal homeo-

morphism𝑊𝜇 ∶ ℂ̂ → ℂ̂, with complex dilation 𝜇, that fixes 0, 1, and∞. Now, for each 𝑘 ∈ 𝐾, the
element 𝑘𝜇 = 𝑊𝜇◦𝑘◦𝑊𝜇

−1 is again aMöbius transformation. If we set𝐾𝜇 = 𝑊𝜇𝐾𝑊𝜇
−1, then the

above provides an isomorphism of Kleinian groups 𝜒𝜇 ∶ 𝐾 → 𝐾𝜇 ∶ 𝑘 ↦ 𝑘𝜇 (the image𝑊𝜇(Ω) is
the region of discontinuity of 𝐾𝜇).

3.5.2 The quasiconformal deformation space of 𝐾

Two Beltrami coefficients 𝜇1, 𝜇2 ∈ 𝐿∞1 (𝐾) are called quasiconformal equivalent (we denoted it by
𝜇1 ∼ 𝜇2), if 𝜒𝜇1 = 𝜒𝜇2 . As the group 𝐾 is non-elementary, this is equivalent to say that𝑊𝜇1

and
𝑊𝜇2

coincide on the limit setΛ of𝐾. The quotient space(𝐾) = 𝐿∞
1
(𝐾)∕∼ is called the quasiconfor-

mal deformation space of 𝐾. As a consequence of the Measurable Riemann Mapping’s Theorem,
(𝐾) is connected. As the Kleinian group 𝐾 has been assumed to be finitely generated, it is well
known that (𝐾) is a complex manifold of finite dimension [19].

3.5.3 The modular group and moduli space of 𝐾

If 𝐴(𝐾) denotes the group of quasiconformal homeomorphism𝑊 ∶ ℂ̂ → ℂ̂ such that𝑊𝐾𝑊−1 =

𝐾 (i.e., geometric automorphisms of𝐾) and𝐴0(𝐾) is its normal subgroup of those automorphisms
isotopic to the identity, then the quotient group Mod(𝐾) = 𝐴(𝐾)∕𝐴0(𝐾) is called the modular
group of 𝐾. It acts on the quasiconformal deformation space (𝐾) by the rule

Mod(𝐾) ×(𝐾) → (𝐾) ∶ ([𝑊], [𝜇]) ↦ [𝜈],

where 𝜈 is a complex dilation of the quasiconformal homeomorphism 𝑊𝜇◦𝑊
−1, where 𝑊𝜇 is

a quasiconformal homeomorphism with complex dilation 𝜇. This action is known to be a dis-
crete action by holomorphic automorphisms of the complexmanifold(𝐾). The quotient orbifold
(𝐾) = (𝐾)∕Mod(𝐾) is themoduli space of𝐾. Onemay think of themoduli space being defined
by forgetting themarking, that is, the space of PSL2(ℂ)-conjugate classes of quasiconformal defor-
mations of 𝐾. We denote by 𝜋𝐾 ∶ (𝐾) →(𝐾) the associated Galois quotient map (branched
coverings) induced by the modular group.
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CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE 3419

3.6 Quasiconformal deformation space of Schottky groups

IfΓ is a Schottky group of rank g ⩾ 2, then its quasiconformal deformation space(Γ) is a complex
manifold of dimension 3(g − 1) and its moduli space (Γ) is a complex orbifold of the same
dimension [2]. Next, we recall classicmodels for(Γ) and(Γ) called themarked Schottky space
and the Schottky space, respectively.

3.6.1 The marked Schottky space𝑆g

A marked Schottky group of rank g is a tuple (Γ; 𝐴1, … ,𝐴g ), where Γ is a Schottky group of
rank g and 𝐴1,… ,𝐴g is a set of generators of Γ. Two marked Schottky groups of rank g , say
(Γ; 𝐴1, … ,𝐴g ) and (Γ̂; 𝐴1, … ,𝐴g ), are said to be equivalent if there is a Möbius transformation
𝑇 so that 𝑇𝐴𝑗𝑇−1 = 𝐴𝑗, for every 𝑗 = 1,… , g . We denote by [(Γ; 𝐴1, … ,𝐴g )] the equivalence class
of the marked Schottky group (Γ; 𝐴1, … ,𝐴g ). The space that parametrizes equivalence classes of
marked Schottky groups of rank g is called themarked Schottky space of rank g , denoted by𝑆g .
Note that𝑆1 can be identified with the punctured unit disc.
If g ⩾ 2, then 𝑆g has a natural structure of a complex manifold of dimension 3(g − 1).

This essentially comes from the following normalization choice. Given a marked Schottky group
(Γ; 𝐴1, … ,𝐴g ), we may find a Möbius transformation 𝑇 so that the attracting fixed points of 𝐴1,
𝐴2, and 𝐴2𝐴1 are, respectively,∞, 0, and 1. Then the repelling fixed points of 𝐴1,… ,𝐴g , together
with the attracting fixed points of 𝐴3,… ,𝐴g and the repelling fixed points of 𝐴2𝐴1, … ,𝐴g𝐴1 pro-
vide a global coordinate. Let us fix some Schottky group Γ of rank g and a set of generators of it,
say 𝐴1,… ,𝐴g . Then the map

𝜒 ∶ (Γ) →𝑆g ∶ [𝜇] ↦
[
(Γ𝜇 = 𝑊𝜇Γ𝑊

−1
𝜇 ;𝑊𝜇𝐴1𝑊

−1
𝜇 , … ,𝑊𝜇𝐴g𝑊

−1
𝜇

]
turns out to be an isomorphism [3]; so 𝑆g is a model of the quasiconformal deformation of a
Schottky group of rank g .
Earle [6] proved that for g ⩾ 2, the group of analytic automorphisms of𝑆g is isomorphic to

the groupOut(𝐹g ) of outer automorphisms of the free group𝐹g of rank g . The action ofOut(𝐹g ) on
[Γ; 𝐴1, … ,𝐴g ] is just the change of the set of generators, that is, theOut(𝐹g )-orbit of [Γ; 𝐴1, … ,𝐴g ]

consists of all elements of the form [Γ; 𝐵1, … , 𝐵g ]. The stabilizer of [Γ; 𝐴1, … ,𝐴g ] inOut(𝐹g ) can be
identified with the set of Möbius transformations 𝑇 normalizing Γ, in particular, with a Kleinian
group 𝐾 = ⟨𝑇, Γ⟩ containing Γ as a finite index normal subgroup.
3.6.2 The Schottky space and its branch locus

If Γ is a Schottky group of rank g ⩾ 2, then we denote by [Γ] the equivalent class of PSL2(ℂ)-
conjugates of Γ. The space that parametrizes conjugacy classes of Schottky groups of rank g

is called the Schottky space of rank g , which we denote by g . This space is a model for the
moduli space of a Schottky group of rank g and it is a complex orbifold of dimension 3(g − 1)
for g ⩾ 2. In the above explicit models, the natural holomorphic branched cover map 𝜋Γ ∶
(Γ) →(Γ) whose deck group isMod(Γ) = Out(𝐹g ) is given by the forgetting generators map
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3420 HIDALGO and IZQUIERDO

𝜋 ∶𝑆g → g ∶ [(Γ; 𝐴1, … ,𝐴g )] ↦ [Γ]. The branch locus of 𝜋 is exactly g and it consists of
those [Γ] ∈ g for which there is a Kleinian group 𝐾 containing Γ as a proper finite index nor-
mal subgroup. As already said in the introduction, g is the union of the sets 𝐹(g , 𝑝; 𝑟, 𝑠, 𝑡) for all
admissible tuples (g , 𝑝; 𝑟, 𝑠, 𝑡) and 𝑝 prime.

Remark 6 (Quasiconformal deformation space of a cyclic-Schottky group). As a consequence of
Theorem 3, the dimension of the quasiconformal deformation space of a cyclic-Schottky group
of type (g , 𝑝; 𝑡, 𝑟, 𝑠) equals to (3g − 3 − 𝑟(𝑝 − 3))∕𝑝. This comes from the fact that a loxodromic
transformation is determined by its two fixed points and its multiplier, an elliptic transforma-
tion of order 𝑝 is determined by its two fixed points and a choice of angle of the form 2𝑞𝜋∕𝑝,
where 𝑞 ∈ {1, 2, … , 𝑝 − 1}. In particular, each irreducible component of 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) has dimen-
sion (3g − 3 − 𝑟(𝑝 − 3))∕𝑝. A model of this quasiconformal deformation space, similar to the
marked Schottky space, can be obtained as a consequence of Theorem 3; as we do not need it,
we do not describe it here.

4 PROOF OF THEOREM 1

Let us consider an admissible tuple (g , 𝑝; 𝑡, 𝑟, 𝑠) and let 𝐾 be a cyclic-Schottky group of type
(g , 𝑝; 𝑡, 𝑟, 𝑠). By Theorem 3, we know that 𝐾 is constructed as the free product of “𝑡” cyclic groups
generated by loxodromic transformations 𝐴1,… ,𝐴𝑡, “𝑟” cyclic groups generated by elliptic trans-
formations 𝐸1, … , 𝐸𝑟, each one of them of order 𝑝, and “𝑠” abelian groups 𝐻1,… ,𝐻𝑠, where
𝐻𝑗 ≅ ℤ⊕ ℤ𝑝 is generated by a loxodromic transformation 𝑇𝑗 and an elliptic transformation 𝐹𝑗 of
order 𝑝, so that 𝑇𝑗𝐹𝑗 = 𝐹𝑗𝑇𝑗 . By Remark 5, the values of 𝑡, 𝑟, and 𝑠 are uniquely determined by𝐾.
By Klein–Maskit Combination Theorems, a geometric automorphism of 𝐾 can only permute

the generators 𝐸1, … , 𝐸𝑟 (up to conjugation by some element of 𝐾 and inversion) and can only
permute the generators 𝐹1, … , 𝐹𝑠 (up to conjugation by some element of 𝐾 and inversion).
The normal subgroups of index 𝑝 of 𝐾 which are Schottky groups of rank g are obtained

as the kernel of a surjective homomorphism Φ ∶ 𝐾 → ⟨𝑎⟩ ≅ ℤ𝑝 with a torsion-free kernel. The
torsion-free condition is equivalent to haveΦ(𝐸𝑗), Φ(𝐹𝑘) ∈ {𝑎, 𝑎2, … , 𝑎𝑝−1}. Clearly,Φ is uniquely
determined by its kernel, up to post-composition by an automorphism of ℤ𝑝.
Let Γ1, Γ2 be two Schottky groups of rank g , both of which are normal subgroups of index 𝑝 in

𝐾 and let Φ𝑗 ∶ 𝐾 → ℤ𝑝 be surjective homomorphisms with ker(Φ𝑗) = Γ𝑗 . Then Ψ(Γ1) = Γ2 for a
geometric automorphism Ψ of 𝐾 if and only if 𝐴◦Φ1 = Φ2◦Ψ, for some 𝐴 ∈ Aut(ℤ𝑝) ≅ ℤ𝑝−1, in
which case, we say that the surjective homomorphisms Φ1 and Φ2 are equivalent. To obtain the
desired result, we only need to count how many torsion-free kernel surjective homomorphisms
Φ ∶ 𝐾 → ⟨𝑎⟩, up to equivalence, are there.
Step 1: Starting data

Let us startwith a surjective homomorphismΦ ∶ 𝐾 → ℤ𝑝 = ⟨𝑎 ∶ 𝑎𝑝 = 1⟩whose kernel is torsion-
free. As already observed above, the torsion-free condition implies ⟨Φ(𝐸𝑗)⟩ = ⟨𝑎⟩ = ⟨Φ(𝐹𝑘)⟩, for
every 𝑗 = 1,… , 𝑟 and 𝑘 = 1,… , 𝑠.
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CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE 3421

Step 2: Applying some geometric automorphisms of 𝐾

If 𝑠 > 0, then (by replacing each loxodromic generator 𝑇𝑘 by a new loxodromic transformation
𝐹
𝑛𝑘
𝑘
𝑇𝑘, for a suitable 𝑛𝑘) we may assume Φ(𝑇𝑘) = 1. Note that this replacement is provided by

a geometric automorphism of 𝐾. Similarly, if 𝑟 > 0 or 𝑠 > 0, then (by replacing the loxodromic
generator𝐴𝑗 by a new loxodromic𝐸

𝑛𝑗
1
𝐴𝑗 or𝐹

𝑛𝑗
1
𝐴𝑗, for suitable 𝑛𝑗) we can assumeΦ(𝐴𝑗) = 1. This

change is again produced by a geometric automorphism of 𝐾. If 𝑟 = 𝑠 = 0, then the surjectivity of
Φ asserts there is some 𝑗 ∈ {1, … , 𝑡} so thatΦ(𝐴𝑗) ≠ 1. Now, by replacing the loxodromic generator
𝐴𝑖 (𝑖 ≠ 𝑗) by the new loxodromic𝐴𝑢𝑖

𝑗
𝐴𝑖 , for suitable 𝑢𝑖 , we may assumeΦ(𝐴𝑖) = 1. This change is

also produced by a geometric automorphism of 𝐾.

Step 3: A new equivalent homomorphism

By Step 2, we may replace our starting homomorphism Φ with an equivalent one (which we still
calling Φ) so that:

(1) if 𝑟 + 𝑠 > 0, then Φ(𝐴𝑗) = Φ(𝑇𝑘) = 1, for every 𝑗 = 1,… , 𝑡 and 𝑘 = 1,… , 𝑠;
(2) if 𝑟 = 𝑠 = 0, then Φ(𝐴1) ≠ 1 and Φ(𝐴𝑗) = 1, for every 𝑗 = 2,… , 𝑡.

Step 4: The case 𝑟 + 𝑠 > 0

The surjective homomorphismsΦ satisfyΦ(𝐴𝑗) = Φ(𝑇𝑘) = 1, for every 𝑗 = 1,… , 𝑡 and 𝑘 = 1,… , 𝑠.
Let Φ(𝐸𝑗) = 𝑎

𝑢𝑗 and Φ(𝐹𝑘) = 𝑎𝑣𝑘 , where 𝑢𝑗, 𝑣𝑘 ∈ {1, 2, … , 𝑝 − 1}, for each 𝑗 = 1,… , 𝑟 and each
𝑘 = 1,… , 𝑠. A post-composition, by a geometric automorphism of 𝐾, will change the tuples
(𝑢1, … , 𝑢𝑟) and (𝑣1, … , 𝑣𝑠) into tuples (𝑢1, … , 𝑢𝑟) and (𝑣1, … , 𝑣𝑠), where 𝑢𝑗 ∈ {𝑢𝜎(𝑗), 𝑝 − 𝑢𝜎(𝑗)} for
some permutation 𝜎 ∈ 𝔖𝑟 and 𝑣𝑘 ∈ {𝑣𝜂(𝑘), 𝑝 − 𝑣𝜂(𝑘)} for some permutation 𝜂 ∈ 𝔖𝑠. Similarly as
in [13], one obtains that the number of different surjective homomorphisms, up to pre-composing
by a geometric automorphism of 𝐾, is(

𝑟 + (𝑝 − 3)∕2

(𝑝 − 3)∕2

)(
𝑠 + (𝑝 − 3)∕2

(𝑝 − 3)∕2

)
.

Step 5: The case 𝑟 = 𝑠 = 0

Weonly have one possibility given by the surjective homomorphismΦ so thatΦ(𝐴𝑗) = 1, for every
𝑗 = 2,… , 𝑡, and Φ1(𝐴1) = 𝑎.

5 PROOF OF THEOREM 2

5.1

Before providing the proof of Theorem 2, we need a couple of remarks and the definition of some
maps needed in the proof.
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3422 HIDALGO and IZQUIERDO

Remark 7. If 𝐾1 and 𝐾2 are two finitely generated Kleinian groups that are quasiconformal con-
jugated, and 𝑊 ∶ ℂ̂ → ℂ̂ is a quasiconformal homeomorphism such that 𝐾2 = 𝑊𝐾1𝑊−1, then
there is a natural holomorphic isomorphism

𝜄𝐾1,𝐾2,𝑊 ∶ (𝐾1) → (𝐾2)

defined as follows (see [27] for details). If [𝜇] ∈ (𝐾1) and𝑊𝜇 is a quasiconformal homeomor-
phism with complex dilation 𝜇, then we set 𝜄𝐾1,𝐾2,𝑊([𝜇]) = [𝜈] ∈ (𝐾2), where [𝜈] is the class
of a Beltrami coefficient of the quasiconformal homeomorphism𝑊𝜇◦𝑊

−1. The quasiconformal
homeomorphism 𝑊 conjugating 𝐾1 onto 𝐾2 above is not unique, but any other is of the form
𝑊◦𝑊−1

1
, where𝑊1 is a quasiconformal homeomorphism with𝑊1𝐾1𝑊

−1
1
= 𝐾1. The quasicon-

formal homeomorphism𝑊1 induces (as above) a holomorphic automorphism 𝜄𝐾1,𝐾1,𝑊1
of(𝐾1).

In this way, the isomorphism 𝜄𝐾1,𝐾2,𝑊 is unique up to pre-composition with a holomorphic auto-
morphism of (𝐾1), that is, we obtain a well-defined bijection 𝜄̂𝐾1,𝐾2 ∶(𝐾1) →(𝐾2)making
the following diagram commutative.

Remark 8. IfΓ is a finite index subgroup of𝐾, then eachBeltrami coefficient for𝐾 is also aBeltrami
differential for Γ and, as both𝐾 and Γ have the same limit set (because of the finite index property)
if two Beltrami coefficients for 𝐾 are equivalent with respect to 𝐾, then they are also equivalent
with respect to Γ. In particular, it provides a natural holomorphic embedding 𝜄Γ ∶ (𝐾) ↪ (Γ) ∶

[𝜇] ↦ [𝜇].

5.2

Let us fix a cyclic-Schottky group 𝐾 of type (g , 𝑝; 𝑡, 𝑟, 𝑠), where 𝑝 ⩾ 3 is a prime integer. If we set
𝑚 = 𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠), then Theorem 1 ensures that inside 𝐾 there are exactly𝑚 Schottky groups of
rank g , say Γ1, … , Γ𝑚, each one a normal subgroup of index 𝑝, no two of them being geometrically
equivalent. The inclusion of Γ𝑗 inside𝐾 induces a holomorphic map 𝜒◦𝜄𝑗 ∶ (𝐾) →𝑆g , where
𝜄𝑗 = 𝜄Γ𝑗 ∶ (𝐾) → (Γ𝑗) is the embedding given in Remark 8, and 𝜒 ∶ (Γ𝑗) →𝑆g is the iden-
tification defined in Section 3.6.1. The image under 𝜋 ∶𝑆g → g , defined in Section 3.6.1, of
the space 𝜒(𝜄𝑗((𝐾))) ⊂𝑆g is a connected subset 𝐹𝑗(g , 𝑝; 𝑡, 𝑟, 𝑠) of 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) ⊂ g . In this
way,

𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) = 𝐹1(g , 𝑝; 𝑡, 𝑟, 𝑠) ∪⋯ ∪ 𝐹𝑚(g , 𝑝; 𝑡, 𝑟, 𝑠).

By Theorem 1, the number of connected components of 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) is bounded above by
𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠). Since𝑀(g , 3; 𝑡, 𝑟, 𝑠) = 1, and 𝐹(g , 2; 𝑡, 𝑟, 𝑠) is connected [5], part (1) is also obtained.
Let us assume, from now on, that 𝑝 ⩾ 5. To prove part (3), let us start with the following:

Lemma 1. If 𝑝 ⩾ 5 is a prime, then 𝐹𝑗1(g , 𝑝; 𝑡, 𝑟, 𝑠) ∩ 𝐹𝑗2(g , 𝑝; 𝑡, 𝑟, 𝑠) ≠ ∅ if and only if
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CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE 3423

(1) there are two different cyclic-Schottky groups of type (g , 𝑝; 𝑡, 𝑟, 𝑠), say 𝐾1 and 𝐾2, containing the
same Schottky group Γ of rank g as index 𝑝 normal subgroup and

(2) for 𝑖 ∈ {1, 2}, there is a geometric isomorphism 𝜓𝑖 ∶ 𝐾 → 𝐾𝑖 with 𝜓𝑖(Γ𝑗𝑖 ) = Γ (in other words, Γ
looks like Γ𝑗1 inside 𝐾1 and like Γ𝑗2 in 𝐾2).

Proof. The condition 𝐹𝑗1(g , 𝑝; 𝑡, 𝑟, 𝑠) ∩ 𝐹𝑗2(g , 𝑝; 𝑡, 𝑟, 𝑠) ≠ ∅ is equivalent to have a qua-
siconformal homeomorphism 𝑊1,𝑊2 ∶ ℂ̂ → ℂ̂ so that 𝑊𝑖𝐾𝑊

−1
𝑖
< 𝕄, for 𝑖 = 1, 2, and

𝑊1Γ𝑗1𝑊
−1
1
= 𝐴𝑊2Γ𝑗2𝑊

−1
2
𝐴−1, for some 𝐴 ∈ 𝕄. We take 𝐾1 = 𝑊1𝐾𝑊

−1
1
, 𝐾2 = 𝐴𝑊2𝐾𝑊

−1
2
𝐴−1,

Γ = 𝑊1Γ𝑗1𝑊
−1
1
, 𝜓1 is conjugation by𝑊1, and 𝜓2 is conjugation by 𝐴𝑊2. □

Remark 9. Let 𝑝 ⩾ 5 be a prime integer.

(1) As a consequence of Lemma 1, the number of connected components of𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) is strictly
smaller than 𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠) (the number of the irreducible components) exactly when there
are two different cyclic-Schottky groups of the same type (g , 𝑝; 𝑡, 𝑟, 𝑠), say 𝐾1 and 𝐾2, each
one containing a common Schottky group Γ of rank g as a normal subgroup of index 𝑝, for
which there is no isomorphism (as abstract groups) 𝜓 ∶ 𝐾1 → 𝐾2 preserving Γ. As noticed
before, this only happens if 𝑟 or 𝑠 is different from zero. Let Ω be the region of discontinuity
of Γ and 𝑀Γ = (ℍ3 ∪ Ω)∕Γ be the uniformized handlebody by Γ. If 𝐻𝑗 = 𝐾𝑗∕Γ ≅ ℤ𝑝, then
𝐻1,𝐻2 ⩽ Aut(𝑀Γ) cannot be topologically conjugated. In fact, if there is a homeomorphism
𝑓 ∶ 𝑀Γ → 𝑀Γ conjugating𝐻1 into𝐻2, then we may lift 𝑓 to the universal cover space ℍ3 ∪ Ω
to obtain a homeomorphism preserving Γ and conjugating 𝐾1 into 𝐾2, a contradiction.

(2) As noticed in Remark 2, in [12], the existence of a prime integer 𝑝0 (depending on 𝑡 + 𝑠 and
𝑟) so that, for 𝑝 ⩾ 𝑝0 prime integer, the groups 𝐻1 and 𝐻2 must coincide, that is, 𝐾1 = 𝐾2;
so the number of connected components of 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) equals 𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠). Also, if 𝑡 =
𝑠 = 0, then the results in [7], together with (1) above, assert that the number of connected
components of 𝐹(g , 𝑝; 𝑡, 𝑟, 𝑠) equals𝑀(g , 𝑝; 𝑡, 𝑟, 𝑠).

Let 𝐾1 and 𝐾2 be two different cyclic-Schottky groups of type (g , 𝑝; 𝑡, 𝑟, 𝑠), both containing
the same Schottky group Γ of rank g as an index 𝑝 normal subgroup. Assume the existence of
two geometric isomorphisms 𝜓𝑖 ∶ 𝐾 → 𝐾𝑖 with 𝜓𝑖(Γ𝑗𝑖 ) = Γ, for 𝑖 = 1, 2. Let Ω be the region of
discontinuity of Γ. Then the finite index property of Γ in 𝐾𝑗 asserts that Ω is also the region of
discontinuity of 𝐾1, 𝐾2, and ⟨𝐾1, 𝐾2⟩. The manifold𝑀Γ = (ℍ3 ∪ Ω)∕Γ is a handlebody of genus g .
Each𝐾𝑗 induces the cyclic group𝐻𝑗 = 𝐾𝑗∕Γ ≅ ℤ𝑝 of automorphisms of𝑀Γ. Since Γ𝑗1 and Γ𝑗2 are
geometrically non-equivalent, there is noMöbius transformation𝐵 ∈ 𝕄 satisfying𝐵Γ𝐵−1 = Γ and
𝐵𝐾1𝐵

−1 = 𝐾2. In particular, the cyclic groups𝐻1 and𝐻2 are non-conjugated in the groupAut(𝑀Γ)
of automorphisms of 𝑀Γ. So, we may assume that 𝐻1 and 𝐻2 belong to the same 𝑝-Sylow sub-
group of Aut(𝑀Γ) and that they are in fact different. Let us consider the 𝑝-group 𝐺 = ⟨𝐻1,𝐻2⟩,
which has order 𝑝𝛼, where 𝛼 ⩾ 2. In particular, there is a subgroup 𝐽 < 𝐺 of order 𝑝2 with𝐻1 < 𝐽.
Since 𝐽 must be abelian, it may happen that 𝐽 ≅ ℤ𝑝2 or 𝐽 ≅ ℤ𝑝 ⊕ ℤ𝑝. The orbifold 1 = 𝑀Γ∕𝐻1
is a handlebody of genus 𝑡 + 𝑠, whose conical locus is formed by 𝑟 simple arcs and 𝑠 simple loops
(all of them pairwise disjoint) each one of order 𝑝. The group 𝐽 induces a cyclic group 𝐽 act-
ing on 1 which keeps invariant the conical locus. Since 𝑝 ⩾ 5, none of the loops or arcs can
be kept invariant under 𝐽. It follows that 𝑟 and 𝑠 are multiples of 𝑝; so part (3) of Theorem 2 is
proved.
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3424 HIDALGO and IZQUIERDO

6 EXAMPLES

6.1 Example 1

As 𝑀(g , 𝑝; 𝑡, 0, 0) = 1, the locus 𝐹(g , 𝑝; 𝑡, 0, 0) is connected. Let us assume g = 26, 𝑝 = 5, and
𝑡 = 6. Let 𝐾 be a Schottky group of rank two, say generated by 𝐴 and 𝐵, and consider the surjec-
tive homomorphism 𝜃 ∶ 𝐾 → ⟨𝑎, 𝑏 ∶ 𝑎5 = 𝑏5 = 𝑎𝑏𝑎−1𝑏−1 = 1⟩ ≅ ℤ25, defined by 𝐴 ↦ 𝑎, 𝐵 ↦

𝑏. The kernel of 𝜃 is a Schottky group Γ of rank 26, the group 𝐾1 = 𝜃−1(⟨𝑎⟩) is a cyclic-Schottky
group of type (26, 5; 6, 0, 0), generated by𝐶1 = 𝐴,𝐶2 = 𝐵𝐴𝐵−1,𝐶3 = 𝐵2𝐴𝐵−2,𝐶4 = 𝐵3𝐴𝐵−3,𝐶5 =
𝐵4𝐴𝐵−4, 𝐶6 = 𝐵5, and the group 𝐾2 = 𝜃−1(⟨𝑏⟩) is a cyclic-Schottky group of type (26, 5; 6, 0, 0),
generated by 𝐷1 = 𝐵, 𝐷2 = 𝐴𝐵𝐴−1, 𝐷3 = 𝐴2𝐵𝐴−2, 𝐷4 = 𝐴3𝐵𝐴−3, 𝐷5 = 𝐴4𝐵𝐴−4, 𝐷6 = 𝐴5. The
group Γ, seen inside 𝐾1 is generated by 𝐶51 , 𝐶1𝐶6𝐶

−1
1
, 𝐶2

1
𝐶6𝐶

−2
1
, 𝐶3

1
𝐶6𝐶

−3
1
, 𝐶4

1
𝐶6𝐶

−4
1
, and seen

inside 𝐾2 is generated by 𝐷51 , 𝐷1𝐷6𝐷
−1
1
, 𝐷2

1
𝐷6𝐷

−2
1
, 𝐷3

1
𝐷6𝐷

−3
1
, 𝐷4

1
𝐷6𝐷

−4
1
. The isomorphism 𝜓 ∶

𝐾 → 𝐾, defined by 𝜓(𝐴) = 𝐵 and 𝜓(𝐵) = 𝐴, satisfies 𝜓(𝐾1) = 𝐾2 (in fact, 𝜓(𝐶𝑗) = 𝐷𝑗). (Up to
a quasiconformal deformation of 𝐾, we may assume that 𝜓 is defined by conjugation by a
Möbius transformation of order two.) Since𝜓(𝐶5

1
) = 𝐷5

1
, 𝜓(𝐶1𝐶6𝐶−11 ) = 𝐷1𝐷6𝐷

−1
1
, 𝜓(𝐶2

1
𝐶6𝐶

−2
1
) =

𝐷2
1
𝐷6𝐷

−2
1
, 𝜓(𝐶3

1
𝐶6𝐶

−3
1
) = 𝐷3

1
𝐷6𝐷

−3
1
, and 𝜓(𝐶4

1
𝐶6𝐶

−4
1
) = 𝐷4

1
𝐷6𝐷

−4
1
, one sees that 𝜓 preserves Γ. In

other words, 𝜓 induces an automorphism of order two in the handlebody 𝑀Γ which conjugates
𝐻1 = 𝐾1∕Γ into 𝐻2 = 𝐾2∕Γ.

6.2 Example 2

Let 𝑝 ⩾ 5 be a prime integer and let 𝑚 ⩾ 4 be some integer. Consider any two tuples
(𝛼1, … , 𝛼𝑚), (𝛽1, … , 𝛽𝑚) ∈ (ℤ

∗
𝑝)
𝑚 = ℤ𝑚

𝑝−1
that do not belong to the same orbit under the action

of ℤ∗𝑝 ⋊𝔖𝑚, where ℤ
∗
𝑝 acts by multiplication on the coordinates and the symmetric group 𝔖𝑚

acts by permutation of the coordinates. Choose pairwise different complex numbers 𝑎1,1, 𝑎1,2,
𝑎2,1, 𝑎2,2, … , 𝑎𝑚,1, 𝑎𝑚,2, 𝑏1,1, 𝑏1,2, 𝑏2,1, 𝑏2,2, … , 𝑏𝑚,1, 𝑏𝑚,2 and consider the Riemann surface (a fiber
product of two 𝑝-gonal curves)

𝑆 =

{
𝑦
𝑝
1
=
∏𝑚
𝑗=1(𝑥 − 𝑎𝑗,1)

𝛼𝑗 (𝑥 − 𝑎𝑗,2)
𝑝−𝛼𝑗

𝑦
𝑝
2
=
∏𝑚
𝑗=1(𝑥 − 𝑏𝑗,1)

𝛽𝑗 (𝑥 − 𝑏𝑗,2)
𝑝−𝛽𝑗

.

If 𝜔𝑝 = 𝑒2𝜋𝑖∕𝑝, then 𝐴1(𝑥, 𝑦1, 𝑦2) = (𝑥, 𝜔𝑝𝑦1, 𝑦2) and 𝐴2(𝑥, 𝑦1, 𝑦2) = (𝑥, 𝑦1, 𝜔𝑝𝑦2) are commut-
ing automorphism of order 𝑝 on 𝑆. The map 𝜋 ∶ 𝑆 → ℂ̂ ∶ (𝑥, 𝑦1, 𝑦2) ↦ 𝑥 is a branched Galois
covering with deck group ⟨𝐴1,𝐴2⟩ ≅ ℤ2𝑝 whose branch values (each one of order 𝑝) are given
by 𝑎1,1, 𝑎1,2, 𝑎2,1, 𝑎2,2, … , 𝑎𝑚,1, 𝑎𝑚,2, 𝑏1,1, 𝑏1,2, 𝑏2,1, 𝑏2,2, … , 𝑏𝑚,1, 𝑏𝑚,2. It follows from the Riemann–
Hurwitz formula that 𝑆 has genus g = (𝑝 − 1)(2𝑚𝑝 − 𝑝 − 1). The fixed points of 𝐴1 are of the
form

𝑢𝑗,𝛿,𝑘 =
⎛⎜⎜⎝𝑎𝑗,𝛿, 0, 𝜔𝑘𝑝 𝑝

√√√√ 𝑚∏
𝑖=1

(𝑎𝑗,𝛿 − 𝑏𝑖,1)
𝛽𝑖 (𝑎𝑗,𝛿 − 𝑏𝑖,2)

𝑝−𝛽𝑖

⎞⎟⎟⎠,
and those of 𝐴2 are of the form

𝑣𝑗,𝛿,𝑘 =
⎛⎜⎜⎝𝑏𝑗,𝛿, 𝜔𝑘𝑝 𝑝

√√√√ 𝑚∏
𝑖=1

(𝑏𝑗,𝛿 − 𝑎𝑖,1)
𝛼𝑖 (𝑏𝑗,𝛿 − 𝑎𝑖,2)

𝑝−𝛼𝑖 , 0
⎞⎟⎟⎠,

where 𝑗 = 1,… ,𝑚, 𝑘 = 0, 1, … , 𝑝 − 1, and 𝛿 = 1, 2.
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CYCLIC-SCHOTTKY STRATA OF SCHOTTKY SPACE 3425

Observe that the rotation number of𝐴1 on each 𝑢𝑗,𝛿,𝑘, with 𝑗 and 𝛿 fixed, is the same. Similarly,
the rotation number of 𝐴2 on each 𝑣𝑗,𝛿,𝑘, with 𝑗 and 𝛿 fixed, is the same. By results in [9], there is
a Schottky uniformization of 𝑆 (say given by the Schottky group Γ) for which ⟨𝐴1,𝐴2⟩ lifts; that
is, there is a Kleinian group 𝐾 containing Γ as a normal subgroup and 𝐾∕Γ ≅ ℤ2𝑝. Let 𝜃 ∶ 𝐾 →⟨𝐴1,𝐴2⟩ be the canonical surjective homomorphism. Then 𝐾𝑗 = 𝜃−1(⟨𝐴𝑗⟩ is a Schottky-cyclic
of type (g , 𝑝; 𝑡,𝑚𝑝, 0), where 𝑡 = (𝑝 − 1)(𝑚 − 1). We claim that ⟨𝐴1⟩ and ⟨𝐴2⟩ are topologically
non-conjugated. In fact, the existence of a homeomorphism𝐹 ∶ 𝑆 → 𝑆 conjugating ⟨𝐴1⟩ into ⟨𝐴2⟩
must preserve the rotation numbers (up to the action of ℤ∗𝑝 ⋊𝔖𝑚). This is a contradiction with
the choice of the tuples we have done. This asserts that two different irreducible components of
𝐹(g , 𝑝; (𝑝 − 1)(𝑚 − 1),𝑚𝑝, 0) intersect, so the number of connected components will be smaller
than𝑀(g , 𝑝; (𝑝 − 1)(𝑚 − 1),𝑚𝑝, 0). In fact, it can be seen (working with all possible situations)
that 𝐹(g , 𝑝; (𝑝 − 1)(𝑚 − 1),𝑚𝑝, 0) is connected.

7 A FINAL REMARK: COUNTING TOPOLOGICALLY
NON-EQUIVALENT CYCLIC-SCHOTTKY GROUPS

In this last section, for each integer g ⩾ 2 and eachprime integer𝑝 ⩾ 2, we are interested in finding
the number𝑁(𝑝, g) of topologically different 𝑝-cyclic-Schottky strata for a fixed genus g . It is not
known for the authors, a closed form for𝑁(𝑝, g). Below, we proceed to obtain it for 𝑝 ∈ {2, 3} and,
for the case 𝑝 ⩾ 5, we describe a simple algorithm. By Theorem 3 (see also Remark 5), 𝑁(𝑝, g) is
equal to the number of different admissible tuples (g , 𝑝; 𝑡, 𝑟, 𝑠), so we only need to compute the
number of different triples (𝑡, 𝑟, 𝑠), where 𝑡, 𝑟, 𝑠 ⩾ 0 and g − 1 = 𝑝(𝑡 + 𝑟 + 𝑠 − 1) − 𝑟 = 𝑝(𝑡 + 𝑠 −

1) + 𝑟(𝑝 − 1). Thus, 𝑁(𝑝, g) is exactly the number of pairs (𝑡, 𝑠) satisfying:

(i) 𝑡, 𝑠 ∈ {0, 1, … , [(g + 𝑝 − 1)∕𝑝]},
(ii) 𝑡 + 𝑠 ⩽ [(g + 𝑝 − 1)∕𝑝], and
(iii) g − 𝑝(𝑡 + 𝑠) ≡ 0 mod (𝑝 − 1).

The above permits us to observe the following.

(1) If 𝑝 = 2, then every pair (𝑡, 𝑠) with 𝑡 + 𝑠 ∈ {0, 1, … , [(g + 1)∕2] satisfies (i)–(iii), in particular

𝑁(2, g) =
(1 + [ g+1

2
])(2 + [ g+1

2
])

2
.

(2) If 𝑝 = 3, then condition (iii) is equivalent to g − 3(𝑡 + 𝑠) being even, so

𝑁(3, g) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(
[ g+2
3
] + 2

)2
4

, if g is even and
[
g + 2

3

]
is even(

[ g+2
3
] + 1

)2
4

, if g is even and
[
g + 2

3

]
is odd

[ g+2
3
]
(
[ g+2
3
] + 2

)
4

, if g is odd and
[
g + 2

3

]
is even(

[ g+2
3
] + 1

)(
[ g+2
3
] + 3

)
4

, if g is odd and
[
g + 2

3

]
is odd.
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3426 HIDALGO and IZQUIERDO

7.1 An algorithm

If 𝑝 ⩾ 5 is a prime, then 𝑁(𝑝, g) and the corresponding triples (𝑡, 𝑟, 𝑠) can be obtained with the
following short program, written for Mathematica [28].

𝑛[𝑝_, g_] ∶= 𝐵𝑙𝑜𝑐𝑘[{}, 𝑘 ∶= 0; Do[ Do[ Do[ If[𝑡 + 𝑟 + 𝑠 − 1 ≠ 0,
If[(g + 𝑟 − 1)∕(𝑡 + 𝑟 + 𝑠 − 1) == 𝑝, {𝑘 = 𝑘 + 1, Print[′′(′′, 𝑘,′′ )′′,′′ 𝑡 =′′, 𝑡,′′ ,′′ ,′′ 𝑟 =′′

, 𝑟,′′ ,′′ ,′′ 𝑠 =′′, 𝑠,′′ ,′′ ,′′ 𝑝 =′′, 𝑝]}]],
{𝑟, 0, (g + 1 − 2 ∗ (𝑡 + 𝑠))}], {𝑠, 0, g}], {𝑡, 0, g}]; Print[′′𝑁(′′, 𝑝,′′ ,′′ , g ,′′ ) =′′, 𝑘]]

For instance,

(i) 𝑁(5, 5) = 2 and (𝑡, 𝑟, 𝑠) ∈ {(0, 1, 1), (1, 0, 1)}.
(ii) 𝑁(5, 10) = 3 and (𝑡, 𝑟, 𝑠) ∈ {(0, 2, 1), (1, 1, 1), (2, 0, 1)}.
(iii) 𝑁(11, 10) = 1 and (𝑡, 𝑟, 𝑠) = (0, 0, 2).
(iv) 𝑁(11, 100) = 12 and

(𝑡, 𝑟, 𝑠) ∈

{
(0, 0, 11), (0, 10, 0), (1, 9, 0), (2, 8, 0), (3, 7, 0), (4, 6, 0),

(5, 5, 0), (6, 4, 0), (7, 3, 0), (8, 2, 0), (9, 1, 0), (10, 0, 0)

}
.

(v) 𝑁(13, 157) = 16 and

(𝑡, 𝑟, 𝑠) ∈

{
(0, 1, 13), (0, 13, 0), (1, 0, 13), (1, 12, 0), (2, 11, 0), (3, 10, 0), (4, 9, 0), (5, 8, 0),

(6, 7, 0), (7, 6, 0), (8, 5, 0), (9, 4, 0), (10, 3, 0), (11, 2, 0), (12, 1, 0), (13, 0, 0)

}
.
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