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ABSTRACT We propose a multi-period multi-product location-inventory model considering an (R, s, S)
periodic review policy and modular stochastic capacity constraints. The objective is to define which regional
warehouses to open, maintain, operate, or close, which products to assign, and which customers should
be supplied by the chosen distribution centers. Additionally, it involves setting order sizes and reorder
points to minimize system costs while meeting service level conditions. This problem is structured as a
non-convex mixed integer nonlinear programming model. We propose a Lagrangian relaxation algorithm and
the subgradient approach as a solution method. We relax the customer allocation, distribution center variance,
and demand constraints. Then, the relaxed problem is decomposed into location subproblems for each
warehouse, in which inventory subproblems are embedded. So, each location subproblem is discomposed for
each period and exactly solved through dynamic programming. Computational experiments prove that the
presented approach gives solutions close to optimal and low gaps in a low computational time. Additionally,
it exhibits meaningful incidences in the decisions on inventory control policy, facility location decisions,

total costs, and risk pooling effects for different review intervals.

INDEX TERMS Dynamic programming, Lagrangian relaxation, location-inventory problem.

I. INTRODUCTION

Today’s supply chains face competitive markets character-
ized by a high uncertainty in demand for multiple products
in the short and long term. This situation has generated
the need for a flexible, reliable, and fast response supply
chain network design (SCND), adjusting over time to satisfy
a changing demand while maintaining low logistics costs.
Thus, the location, capacity, and number of facilities (e.g.,
regional warehouses) of a SCND could adjust as needed to
the variability of the product demand of each geographical
area. Thus, relevant issues include opening new warehouses
in zones with increasing demand growth and closing distribu-
tion centers in areas with declining demand. Also, capacity
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modifications such as removing or adding capacity in the
opened facilities is another essential strategy to appropriately
fit demand variations [1].

Additionally, strategic decisions, such as facility location
and capacity planning, must integrate simultaneously with
tactical decisions, such as inventory control policies, to opti-
mize the supply chain total operation cost while meeting
demands at the service level required by customers. Accord-
ingly, an integrated multi-period or “dynamic” SCND
is needed. This dynamic supply chain network design
(DSCND) concept considers the facility opening or closing
decision in each period, depending on whether that facility
was previously operated.

Addressing the real-world relevance of our research, a few
researchers have analyzed the location-inventory problem
(LIP) in a multi-period scenario, i.e., on the joint formulation

© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.

VOLUME 13, 2025

For more information, see https://creativecommons.org/licenses/by/4.0/ 81967


https://orcid.org/0000-0001-6826-1678
https://orcid.org/0000-0002-5881-124X
https://orcid.org/0000-0003-2931-0574
https://orcid.org/0000-0003-4414-4965

IEEE Access

C. Araya-Sassi et al.: Joint Lagrangian Relaxation and Dynamic Programming Approach

of facility location and inventory control decisions and how
they change over strategic and tactical periods. Most of these
authors have studied dynamic LIP considering a determin-
istic demand (e.g., [2]). However, real-world supply chains
inherently face an uncertain demand, the variance of which
is directly equivalent to the safety stock necessary to achieve
a predefined service level. This uncertainty, when integrated
with location decisions, configures the risk pooling effect,
which impacts network configuration and, therefore, its per-
formance. This effect cannot be captured in a study that only
considers deterministic demand. To address this issue, some
authors have studied the dynamic LIP with stochastic demand
but in a single-commodity scenario (e.g., [3]). However, most
of today’s logistics networks must address a multi-product
scenario or multiple categories of products, such as mis-
cellaneous products, non-perishable foods, perishable items,
and other specific categories (e.g., Walmart). Few researchers
have tackled the dynamic multi-product LIP with stochastic
demand [4], [5], [6].
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FIGURE 1. Multi-period multi-product distribution network.

The problems discussed so far consider an aggregated
warehouse capacity, which must be given uniquely to all
commodities or categories. However, such aggregation is no
further realistic if various products impose distinct capacity
requirements [7]. This is the case when some products must
be stored under certain temperature conditions to preserve
their natural properties, e.g., an enterprise resource plan-
ning software that defines storage capacity at the “‘category
level” such as frozen, refrigerated, dry, and others [8]. Thus,
we must consider a dynamic multi-product LIP model, for
example, where the capacities of warehouses, demand, and
flows are separated concerning some homogeneous product
groups or categories. The primary motivation of this study is
to address the gaps that have been previously observed in the
literature.

This paper introduces a dynamic multi-product location-
inventory problem (DMLIP). We address a three-stage logis-
tic network, wherein a central warehouse supplies several
regional DCs, which then provide a retailer’s collection,
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each characterized by stochastic demand in multi-period and
multi-product scenarios, as is shown in Fig. 1. We consider
that each demand zone must be served by only one DC
for each product, following a single source policy. We are
adopting an (R, s, S) policy for each warehouse. The model
formulation revolves around a modular decision regarding
the opening and closing inventory capacity for each product
category at the distribution centers (DCs) rather than consid-
ering an aggregate capacity for all products. We develop a
location-inventory model that incorporates expected inven-
tory, ordering costs, stochastic inventory capacity constraints,
all under a periodic review control policy. We model this
location-inventory model by studying the safety stock, order-
ing quantity, working inventory, and highest inventory levels
for every possible distribution center. This mixed integer non-
linear programming (MINLP) model is classified as NP-Hard
because it is an extension of the multi-commodity location-
inventory model, which already is NP-hard [9].

We introduce Lagrangian relaxation and the subgradi-
ent procedure as a solution strategy to address the high
intractability of the model studied. We relax three sets of
constraints of the primal problem as a part of the decompo-
sition approach. Then, we break down the relaxed problem
into separate subproblems for each distribution center and
product. Later, each subproblem is further discomposed into
location and inventory subproblems. Then, we solve the
relaxed subproblems by dynamic programming approach.
The Lagrangian heuristic comprises three procedures: the
selection of distribution centers, a customers’ greedy assign-
ment, and local search improvements. Finally, this model is
solved using two main instances: the first dataset of 20 poten-
tial warehouse location sites, 20 customers, and 5 products,
and the second dataset of 20 potential warehouse location
sites, 40 customers, and 5 products. Our proposed Lagrangian
Relaxation algorithm obtains low CPU times with reduced
duality gaps, thus close to optimal solutions.

Based on the information provided, we have summarized
the main contributions of this paper that distinguish it from
other relevant studies as follows:

o It introduces a multi-period multi-product location-
inventory problem with modular stochastic capacity
constraints under periodic review policy.

« It develops an MINLP model for solving the problem.

« It solves the relaxed subproblems exact solutions are
obtained using dynamic programming.

o It shows that the proposed algorithm obtains close to
optimal solutions in a short time.

This research is organized as follows: Section II reviews
the relevant dynamic location-inventory models found in the
literature. Section III presents the formulation of the dynamic
location-inventory model with modular stochastic capacity
constraints under periodic review control policy. Section IV
outlines the proposed Lagrangian relaxation and dynamic
programming solution approach. Section V introduces and
examines computational results. In Section VI, we conclude
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by incorporating insights from a managerial perspective and
providing recommendations for future work.

II. LITERATURE REVIEW

Various researchers have proposed diverse models for the
past thirty years to approach the location-inventory prob-
lem (LIP). These models have become increasingly complex
in capturing the uncertainty and time evolution of today’s
SCND needs. This evolution continues since there are still
many gaps in the current industrial requirements. We can
classify these LIPs as follows: static single commodity LIP
(SSLIP), static multi-product LIP (SMLIP), dynamic single
commodity LIP (DSLIP), and dynamic multi-product LIP
(DMLIP). Some reviews on previous LIP models exist, e.g.,
[10], [11], and [12]. There is a vast body of literature on
joint location-inventory topics; therefore, we only consider
relevant research that includes DSLIP and DMLIP models.
A list of these articles, including their main model’s structure,
objective function cost components, and solution approach,
is presented in Table 1.

Reference [10] propose a DMLIP model formulated as
mixed integer linear programming (MILP) with deterministic
demand. This MILP model includes facility location and
relocation of plants and DCs, considering the investment cap-
ital budget and deterministic inventory capacity constraints.
Note that these inventory capacities are aggregated for the
entire facility, not each product. They minimize the objective
function that includes production, transportation, inventory
maintenance, and fixed operating costs for facilities. They test
different formulations of the problem and solve them using a
branch-and-bound algorithm of commercial software.

Reference [13] study a DSLIP with deterministic demand,
allowing warehouse inventory storage between consecutive
periods. In addition, the facility location problem considers
opening and closing warehouses at two echelons during the
planning period. The problem is structured as a MILP model,
aiming to optimize the total costs, which include inventory
holding and transportation costs for commodities aside from
operating and fixed costs associated with warehouses. Also,
they propose a Lagrangian relaxation algorithm to solve this
problem using a decomposition scheme: they first break down
the problem by tiers, then they disaggregate the obtained
subproblems into one problem for each warehouse. Finally,
they further decompose these problems into one problem for
each period.

Reference [14] address the planning and design of a
production and distribution problem, which includes the
opening, closing, or extension of plants and warehouses,
supplier selection, and bill of materials. They consider a
network with four leading echelons constituted by plants,
suppliers, warehouses, and retailers. They propose a MILP
model with deterministic customer demand, differentiating
between a public distribution center, rented by the company,
and a private distribution center, owned by the company.
The public warehouse status could change multiple times
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during the planning period. They solve the model using a
commercial solver.

Reference [15] study a DSLIP with stochastic demand,
integrating a production-distribution location-allocation sys-
tem and incorporating service level, production rates, and
safety stock optimization. They propose a MINLP model and
then linearize and solve it using a recursive procedure, which
determines a lower bound of safety stock levels, to achieve a
feasible solution to the model.

Reference [16] present a multiple-echelon DMLIP, consid-
ering several CPU times for strategic and tactical decisions.
The logistic network’s capacity increase in the MILP model
is planned considering accumulated net profits and funds
provided by external sources. Also, they consider some char-
acteristics, such as public distribution centers, the minimum
and maximum values of facilities utilization indicators, and
possible sites for establishing private distribution centers.
Finally, they solve the model by applying a Lagrangian relax-
ation solution approach.

Reference [4] study a DMLIP formulated as MINLP and
MILP models for supply chain network design of the steel
industry. They consider a supply chain with uncertain demand
and three leading echelons: iron ore mines serving as sup-
pliers, raw steel manufacturers as producers, and retail steel
business as customers. The main decisions addressed are
facility location, production planning, and inventory holding.
In addition, the authors contemplated a possible production
capacity along with shared safety and emergency stocks to
achieve the required service level. They solve these models
using a commercial solver.

Reference [5] address a stochastic closed-loop DMLIP
under facility disruption risks, including selecting ware-
houses and reworking centers, allocating centers, and mak-
ing inventory control decisions. To solve this problem,
they propose Multi-Objective Particle Swarm Optimization
(MOPSO) and a hybrid meta-heuristic approach founded on
Non-dominated Sorting Genetic Algorithm (NSGA-II).

Reference [17] address a multi-stage DMLIP with deter-
ministic demand. The logistic network considers manu-
facturing plants, distribution centers, and demand zones.
Strategic decisions consider location and capacity extension
of facilities subject to a budget constraint. The capacitated
distribution centers can be opened only once during the
planning period. First, the production plant location is deter-
mined; then, each open manufacturing plant’s capacity is
estimated for each production process. The level of produc-
tion, commodity flows, inventory levels of finished products
at warehouses, and products’ prices correspond to tactical
decisions. The authors propose an MILP model that includes
a set of strategic and tactical periods whose objective function
is net income maximization. They solve it using a simulated
annealing (SA) algorithm and a heuristic established in linear
relaxation.

Reference [6] tackle a three-tier pharmaceutical logistic
network design problem, in which the supply chain is con-
stituted of various manufacturers, warehouses, and demand
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TABLE 1. Dynamic location-inventory models present in the literature.

Model Objective function cost components
- - Solution
Paper . Inventory ~ Ordering - . . Fixed g approach
P Model Location lnvf:mory Demand capacity capacity Commodity  Periods le"q leqi Fixed . operating cost Ordering  Inventory Safety Transp. pp( )
Type Policy type 4 A locating  closing  operating . stocl g
(@ ( ( d) constraint  constraint (©) () " " ¢ for cost holding cost ' cost
a ) (¢ @ () cos cos cos commodity cos
[10] MILP P,DC D D M S v v v v Commercial
solver
[13] MILP P,DC D D M S v v v v v Lagrangian
relaxation
[14] MILP P,DC D D M S v v v v ,  Commercial
’ solver
[15] MINLP  DC ¢ S D S S v v v v v Recursive
procedure
[16] MILP P,DC D D M ST v v v v . Lagrangian
relaxation
MILP, Commercial
[4] MINLP P,DC C S D M,B N v v v v solver
MOPSO;
v v v v v :
[51 ILP DC [¢ S M S NSGA-II
[17] MILP P,DC D D M S, T v v v v v v Simulated
annealing
[6] MINLP P,DC C S S M s v v v v Commercial
solver
[3] SP DC P S S S, T v v v v v Samplg average
approximation
atheuristic
2 ILP DC D M S v v v Matheuristi
This paper MINLP DC P S S S M S v v v v v v v v Lagrangian

relaxation/DP

(a) MILP: Mixed-Integer Linear Programming; MINLP: Mixed-Integer Non-Linear Programming; ILP: Integer Linear Programming; SP: Stochastic Programming

(b) P: Plant; DC: Distribution center.

(c) C: Continuous review policy; P: Periodic review policy.
(d) D: Deterministic; S: Stochastic.

(e) S: Single commodity; M: Multi-product; B: Bulk material.
(f) S: Strategic; T: Tactical.

(g) MOPSO: Multi-Objective Particle Swarm Optimization; NSGA-II: Non-dominated Sorting Genetic Algorithm; DP: Dynamic Programming.

zones. This DMLIP incorporates opening warehouses and
plants, managing material flows into the network, and deter-
mining the optimal inventory policy, considering product
perishability, all while minimizing the total network cost. The
authors propose a model formulated as MILP considering
an (s, Q) continuous review inventory control policy. The
imprecise parameters are addressed through a possibilistic
programming approach. They solve the model using a com-
mercial solver based on real data from a case study and
provide managerial insights by developing some sensitivity
analyses.

Reference [3] study a DSLIP with uncertain demand in
a multi-tier logistic network with multiple sources. They
propose a two-stage stochastic programming model that
optimizes the logistic network’s total expected profit, incor-
porating an (R, s, S) policy with R = 1. Because this model
is non-linear, they propose a linear approximation and utilize
a sample average approximation approach to generate near-
optimal solutions. Computational runs are developed, and the
results demonstrate the efficiency of the linear approach of
the (R, s, S) policy at the strategic level, giving resilient design
solutions under stochastic scenarios.

Reference [2] investigate a joint location, manufacturing,
distribution, and inventory problem. This DMLIP aims at sat-
isfying deterministic demand within a delivery time window
while minimizing the total supply chain costs. They compare
the sequential versus the integrated optimization solution
approach to solve the problem. They address the problem
sequentially, using several commonly employed procedures
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that solve each part separately. The joint problem is tackled
using both an exact procedure and a matheuristic method.
Their computational tests compare the solution costs obtained
from these two approaches, distinguish the advantages of an
integrated procedure, and offer valuable managerial perspec-
tives into the integration gains.

As the literature reviewed above shows, the DMLIP with
modular stochastic capacity constraints under periodic review
inventory control policy has not been addressed so far.
Specifically, no study has incorporated stochastic ordering
and inventory capacity constraints simultaneously into the
model. So, the risk-pooling effect could not be analyzed in
a multi-product and multi-period scenario until now, namely,
how larger groupings of customers assigned to a DC and
thus higher allocation variance demand decrease the safety
stock level and, therefore, the total inventory costs. Never-
theless, relevant cost savings can be obtained by integrating
these decisions simultaneously into the planning horizon.
In this study, we present a multi-product, multi-period
location-inventory model incorporating stochastic capacity
constraints. This model includes a fixed cost component at
each distribution center linked to a modular capacity of the
products. Furthermore, we analyze this model utilizing a
periodic review inventory policy. This allows us to assess
the trade-off between the ordering and fixed costs and the
risk pooling effect at a particular distribution center as more
clients and products are allocated to that warehouse. Addi-
tionally, our model accounts for the reciprocal dependence
between ordering, inventory levels, and inventory capacity
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FIGURE 2. (R, s, S) inventory control policy considering periodic review.

at the distribution centers. Our contribution aims to explore
these pertinent extensions of the dynamic multi-product loca-
tion inventory problem (DMLIP) model. In the following
section, we introduce the model formulation.

IIl. MODEL FORMULATION AND INVENTORY CONTROL
This section addresses capacity constraints, and an (R, s,
S) inventory policy is applied to the dynamic multi-product
facility location with a stochastic demand modeling
approach. First, we focus on this control policy due to its
prominence in industrial applications and literature. Further-
more, this control policy operates independently for each
product. In addition, we assume that the inventory is not
significant along the planning horizon at the end of each
period since we consider only the long-term annual period
relevant. Then, we introduce the formulation of the dynamic
multi-product location-inventory model regarding an (R, s, S)
control policy.

A. AN (R, S, S) INVENTORY CONTROL POLICY S

Unlike a continuous review policy, within an (R, Sik, Sikt)
control policy, the inventory on hand is reviewed each R
period for each commodity &, time f,and warehouse i. Because
of this, the exact moment when the inventory level effectively
crosses the reorder point is not observable. Therefore, the
order size for each commodity &, time # and warehouse i, must
incorporate the undershoot magnitude (US;;). This denotes
the quantity of items needed to be ordered additionally to
Sike — Sike achieve Sj; quantity of inventory, as illustrated
in Fig. 2. Thus, if the inventory level falls under the reorder
point sjis, then an order is initiated to replenish the quan-
tity to meet the desired level Sj; (order-up-to-level). This
article considers a periodic review inventory control policy
in a multiple products and periods scenario. This inventory
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control policy structure incorporates the undershoot variance
and average undershoot into safety stock and average demand
expressions.

Considering a specific review period Rjr;, demand mean
Dy, and variance Vj; of a distribution center i for each
product k and time ¢, the undershoot mean is estimated as
follows:

Vite  DikeRiga
USits(Dit, Vike) = _ 1
zkt( ikt lkt) 2Dikt ) ( )
In addition, we define the variance of undershoots:
D% R? Vike Rik V2
V (US,) = ikt " ikt IKETMKE S Vikt 2
(USike) 2 + > 42, (2

It assumes that the inventory capacity constraint should be
revised for each peak inventory moment (i.e., for each order
period) with a known and constant probability 1 — g within
the context of a periodic review policy, as follows:

Pr(Sixs — SDjx(LTjgy) < ICapig;) > 1 — B 3)

This constraint is redefined as a deterministic nonlinear con-
straint to ensure the satisfaction of the stochastic constraint:

Qitt + USitt + Z1—a/V(USits) + Vit LTz
+ Z1—gv/ Vit LTips < ICapixs 4

Additionally, we present a novel set of stochastic constraint

for ordering that assures average ordering units, @,-kt = Qi+
USiy; is at ordering capacity QCapj, with a minimum value
corresponding to the cumulative probability 1 — y as follows:

Pr(Qyy < QCapi) = 1—y )

Also, this constraint is transformed into a deterministic non-
linear constraint:

Ot + USips +Z1—/V(USixs) < OCapiy (6)
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TABLE 2. Model decision variables.

Variable Definition

X Itis equalto 1, if a DC is operating on site i during time period #, and 0 otherwise.

X Itis equalto 1, if a DC is closed on site i at time period 7, and 0 otherwise.

Xi’t’ Itisequalto 1,if a DC is located at candidate site i at time period #, and 0 otherwise.

Wt Itis equalto 1,if a DC is operatingon site / and isallocated product & duringtime period #, and 0 otherwise.
Yiu Itis equalto 1, if warechouse i serves customer for product & during time period ¢, and 0 otherwise.
O Order quantity at the DC i for product k during time period ¢ (units).

Dy, Fulfilled demand by DC i for product k during time period ¢ (units).

Vit Variance in the demand met by DC i for product & during time period # (units).

USi Undershoot mean for DC i for product & during time period ¢ (units).

V(USy)  Undershoot variance for DC i for product & during time period # (units).

TABLE 3. Parameters.

Parameter Definition
N Potential sites number to locate warehouses.
M Customers number to be satisfied.
K Products number.
T Time periods number.
RCy, Transportationunit cost to ship product k between the plantand the warehouse i during time period 7 ($/unit).
TCy Fixed transportation cost between the warechouse i and the customer;j during time period # ($).
F, Fixed operating cost at candidate site i during time period 7.
F;; Fixed closing cost at candidate site 7 at time period ¢.
i!” Fixed locating cost at candidate site i at time period ¢.
G, Fixed operating cost at site i for product & during time period ¢.
HCy, Holding cost at site i for product & during time period ¢ per time unit ($/day).
OCy, Fixed ordering cost at site i for product & during time period # per order ($/order)
LTy, Lead time when ordering from warehouse i for product & during time period # (days).
R Review period of the warehouse i for product £ during time period # (days).
diy Mean of the daily demand of product k at customerj during time period 7.
Vike Variance of the daily demand of product k at customer during time period 7.
Zia Standard normal distribution value corresponding to the cumulative probability of 1 -a.
Zig Standard normal distribution value corresponding to the cumulative probability of 1-4.
Z., Standard normal distribution value corresponding to the cumulative probability of 1-y.
OCapy, Ordering capacity of product k£ at warehouse i/ during time period ¢.
ICap, Inventory capacity of product k at warehouse i during time period ¢.

Moreover, we assess ordering costs and expected inventory
associated to order quantity, like the Economic Order Quan-
tity (EOQ) model, focusing on minimizing the order quantity
Qi and the average undershoot USjy,, as follows:

OCixtDigs HCity(Qiks + USiteDirs, Vi)
(Qite + USikt(Dikr » Vike)) 2

@)

B. DYNAMIC MULTI-PRODUCT LOCATION-INVENTORY
MODEL WITH AN (R, S, S) CONTROL POLICY

This section presents the Dynamic Multi-product Location-
Inventory Model with Stochastic Constraints under Periodic
Review (DMLIPR) as a Stochastic Non-Linear Mixed Inte-
ger Programming model. In the previous model, we address
the challenge of inventory management and supply for
multiple products across multiple periods, aiming to min-
imize total costs. We formulate this model as a Dynamic
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Multi-product Location-Inventory Problem, which simulta-
neously combines inventory control and location decisions.
To formulate the multi-product facility location model struc-
ture, we were inspired by two kinds of Multi-product
Location Problem (MLP). The first MLP is called the ““multi-
type model,” which has been addressed by authors such
as [18]. Also, we consider the MLP, “‘multi-activity model,”
studied by researchers such as [19] and [20]. The mathe-
matical formulation encompasses the decision variables and
parameters presented in Tables 2 and 3.

Using the above notations, the proposed DMILPR model
is formulated as follows:

N T
Min Z Z (FiXi + Fi X}, + F"uX"y)

>3y

N K T
i=1 k=1 t=1 i=1 j=1 k=1 t=1

M=

+ Z Z Z GiteWike +
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N K T

X (RCiuadits + TCj) Yy + D D>
i=1 k=1 t=1
D; . US:
« (Ocikt ikt + Hcikt (Qlkt + 1kt))
(Qirr + USite) 2
N K T

+ DD > HCwi(Z1—o/V(USie) + Vil Ti) — (8)

i=1 k=1 t=1

N
sto Y Y =1Y=1,....M Vk=1,...K,
i=1

vi=1,...,T 9
Y < Wiy Vi=1,...,N.¥j=1,....M,
Vk=1,....,K,¥t=1,...,T (10)
Wie <Xy Yi=1,...,N.Yk=1,...,K,¥t=1,...,T
(11)
Xi—Xy1=X'y —X,¥i=1,... NVi=1..T
(12)

Qite + USits + Zi—a/V(USitt) + Vits LTita
+ Zl_ﬁ\/ Vite LTiy < ICapigyWige Yi=1,..., N,

Vk=1,...,K.Ni=1,....T (13)
Oike +USiks +Z1 -y V(USits) < QCapipVi= 1, ..., N,
Vk=1,... K.,¥r=1,...,T (14)

M
Diy = > diuYy¥i=1,....N.Vk=1,.. K,
j=1

vi=1,...,T (15)
M
viktzzvjkty,-jktvz:1,...,N,v1<=1,...,K,
j=1
Vi=1,...,T (16)
Vike DjuRixt .
USiiy = ——Vi=1,...,.N,Vk=1,...,K,
ikt 2Dikt+ ) l
Vi=1,...,T 17
D'zk[R‘zk[ ViktRikl V%g .
V(USin) = =+ - Vi=1,...,N,
2 T2 Tany,
Vk=1,...,K,Vt=1,..., T (18)
Xil’Xi/[aX//if’ Wikls Yljkl € {Os 1} Vi= 1’ DR 7N’

Vi=1,....M,Vk=1,...,K,Vt=1,...,T
(19)

Oikt» Dikt, Vire, USigs, V (USixy) = 0Vi=1,...,N,
Vek=1,...,K,Vt=1,..., T (20)

The total cost is minimized by the objective function (8).
The first component corresponds to the operating fixed costs
of DC plus fixed costs when closing DC and fixed costs of
locating DCs. The second term is the fixed cost when opening
DCs and allocating them to specific products. The third term
accounts for the transportation costs between each DC and its
assigned customers and the transportation and ordering costs
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between the plant and DCs for various products. The fourth
term includes fixed, and inventory costs associated with the
order size of products at DC. The fifth term corresponds to
the safety stock cost at each DC. The constraints (9) state
that only one warehouse supplies each customer for each
product for each period. The constraints (10) assure each
product k associated with each customer j for each period t
can only be assigned to the open DC i allocated to the product.
Meanwhile, constraints (11) guarantee that product k cannot
be allocated to a DC at potential location i at period t as long
as it is located first.

Inspired by [21], we included the constraints (12), which in
conjunction with the first term of (8) ensures that appropriate
operating, closing and opening fixed cost are charged. These
constraints (12) assure the logic between opening variables
(X"i) and closing variables (X/,) in function of operating
variables from time period ¢ (X;;) and previous time period
t — 1 (Xj;—1). The minimization of costs obligates the binary
values of Xl./t and X", for each potential combination of values
for X;; and X;;_1 in constraints (12), as is shown in Table 4.

TABLE 4. Possible combinations of values for decision variables.

Combination Xit X’iH Xi't ‘let 4
A 0 0 0 0
B 1 0 0 1
C 0 1 1 0
D 1 1 0 0

Note in (12) and combination A in Table 4 that if X;; =
0 and Xj;;—; = O, i.e., if in location i in time period ¢ and
t — 1 there does not exist an opened facility. Therefore,
a facility cannot be opened (X”;; = 0) or closed (X/, = 0)
in time period ¢ and no cost is charged for period ¢ in the
objective function (8). For combination B, if X;; = 1 and
Xii—1 = 0, i.e., in location i in period ¢ an opened facility
exists and there is no opened facility in period ¢ — 1, then the
facility is opened in period ¢ (X”;; = 1) and an opening cost
F"; and operating cost F;; must be charged in this period.
Also, it is observed for combination C that if X;; = 0 and
Xir—1 = 1, that is, if in the location i in period ¢ there is not
an opened facility and in period ¢ — 1 there is, it means that
the facility is closed in period 7 and a closing cost F;, must be
charged in this period. Consequently, for the last combination
D,if X;; = l and Xj;—1 = 1, i.e., if in the location i in period ¢
there is an opened facility and there is also an opened facility
in period ¢ — 1, it means that the facility continues operating
from period ¢ — 1 to period ¢ and only an operation cost Fj;
must be charged in this last period.

Additionally, constraints (13) ensure that stock capacity for
each DC and product is satisfied with a probability of at least
1 — B. The constraints (14) state that ordering capacity is
respected by the order size for product k at DC iat period twith
a probability of at least 1 — y. Equations (15) and (16)
compute the mean and variance of the fulfilled demand by
each warehouse ifor product k at period t. Equation (17)
calculates undershoot mean by each warehouse i for product
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k at period . Equation (18) computes undershoot variance
by each warehouse i for product k at period ¢. Finally, (19)
and (20) define decision variables domains.

IV. SOLUTION APPROACH

We know that the single product LIP is already an NP-hard
problem. Accordingly, DMLIP is also an NP-hard problem,
because it includes a higher complexity by incorporating
multiple periods and products. In addition, the nonlinearity
presents stochastic capacity constraints and objective func-
tion, making solving by commercial software prohibitive due
to the high computational times involved. We tackle this issue
by solving the model by employing the Lagrangian relax-
ation and subgradient algorithm. We relax constraints (15)
and (16), i.e., demand’s mean and variance of each product in
every distribution center. In addition, we relax constraints (9),
regarding customer allocation, like various Lagrangian relax-
ation implementations for conventional facility location
problems and LIP. Then, we break down subproblems by sep-
arating binary variables of the supply chain network design
(X, X’, X7, W, and Y) from ordering quantity decisions (Q).
Finally, we solve exactly each warehouse’s relaxed subprob-
lems with a dynamic programming approach.

A. RELAXED PROBLEM AND DECOMPOSITION

By assigning the Lagrangian multipliers vectors i to con-
straint (9), and A and w to the set of constraints (15) and (16),
respectively, we derive the incoming relaxed problem LRgp:

N T
LRrp| Min Z Z (Fl-,Xit =+ Fi/tXi/t + F//l_tX//l_t)

N K iTll 1 K T
+ZZZGH«W:MZZZZ
i=1 k=1 t=1 i=1 j=1 k=1 t=1

+ ((RCik + Xixt)djir + TCijt + wigeVikr —
N K T

(Qite +USixt)
#2303 (06 g THow )

i=1 k=1 t=1

Vike ) Yijke

N K T
+ D D> HCwr(Z1-o/V(USie) + ViteLTi)
i=1 k=1 1=1
N K T M K T
- Z z Z (it Dire + @it Vigr )+ Z Z Z Yike
1 k=1 1=1 j=1 k=1 1=1
subject to: (10) — (14), (17) — (20) 21

With fixed values assigned to the Lagrangian multipliers,
A, w and ¥ we minimize (21) over operating and locating
variables, Xj;, Xw X"it, Wirs, and the customer assignment
variables Yjj,. Given the dual variables vector A, @ and v,
the problem separates into the following subproblem for each

distribution center i:

J Min Z GleIT+thth+F//ttX// +ZZszthkt

k=1 t=1
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M K T

+ D > (RCita +hik)djia + TCoj+ winaVins — Vi) Ve
j=lk=11=1

Dix (Qire + USikt))
T OCjyy —— | gCy = T 7ok
ZZ( ™ (Qite + USite) ; 2

k=1 t=1
K T

+ DD HCut(Zi—a/V(USite) + Vike LTix)
k=1 t=1

K T
= D> CikDirs + it Vi)

k=1 t=1
subject to: (10) — (14), (17) — (20) (22)

Note for fixed values of the Lagrangian multipliers, the last
term of (21), associated to i is a constant term, so we can
remove it from (22) because it has no impact on the optimal
value of subproblem SP;. Thus, the further decomposition can
be developed more easily. However, this term must be added
in expression (37), once optimal values of subproblems have
been obtained, because it was already part of the Lagrangian
function (21).

We incorporate valid inequalities set (Dikr, Vikr) € Sz
to address the above subproblems. These valid inequalities
correspond to constraints that encompass the set of fea-
sible solutions of the variables Dj; and Vi, [22]. With
the Lagrangian multipliers held constant for each iteration,
Aikt» Wikt, Yjke, subproblems (22) were separated into an
inventory subproblem SPilkz and in a location-allocation sub-
problem SP% as follows:

SP ilkt ik
D; i+ US;
— Min (0 Cikt ikt +H Cikt (Qlkl + ikt ))
(Qikt +USixt) 2
+ HCitt(Z1-a/V(USits) + Vit LTits)

— M ikt Ditr + ikt Vikr)

S.t.:

Oitt + USitt + Z1—av/V(USite) + Vi LTt

+Z1-gv Vi LTy < ICapips
Oikt + USige + Z1—y/ V(USire) < QCapis
Vite . DirtRixe
USipt = ——
ikt 2Dikt )

D2 R:  ViRu V>
V (US;: — ikt ikt ikt Fr ikt _ ikt
Dite, Vike) € Qe (23)

Sp?

T
Min H; = Z (FitXit + Fi/in/t + Fi/t/Xi/t/)
t=1

K T
+ D> Gie + M) Wi
k=11t=1
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M K T

+ D > ((RCita + Mk )it +TCojis + winavine — Viks) Vi
j=lk=1t=1

(24)

s.t.:
Yiig < Wie Vj€J,Vk €KVt €T (25)
Wi <Xy VYkeK,VteT (26)
Xi —Xp—1=X"y—Xj, VteT (27)

H; is the benefit of opening DC i to the total cost espres-
sion (8). The breakdown involves solving SPl.lkt to calculate
ITixz, and then solving SP% to compute H;, according to
calculated ITj,, as detailed in subsection IV-C.

B. INVENTORY SUBPROBLEMS SOLVING
With predetermined values set for the Lagrangian multipliers
Aikr» wige and Y, Associated with relaxed constraints (15),
(16), and (9), the fixed Lagrangian multipliers yield a
non-feasible solution for the original problem in every
algorithm’s iteration. However, this result produces a lower
bound of the optimal solution for the primal problem. So,
we resolve SP}k to compute ITj, in expressions (23).

To solve SP}k, the optimal order will be calculated as
follows:

Q;kkt = max {min {szt szt’ Q;;ct} ) O}

where:
0599 = \/(20CyDy)/HCy — USi
Qlys = ICapixs — USixt — Z1—a/V (USits) + Vice LT s
- Zl—ﬂx/m
Qi = QCapity — USjpy — Zlfy\/m

Once I is achieved, SP? is resolved according to the value
Of Hik[.

C. AN EXACT SOLUTION FOR SUBPROBLEMS BY USING
DYNAMIC PROGRAMMING

In this section we introduce a new exact method to solve
the subproblems using dynamic programming. To visualize
the dynamic structure of the model into objective function
we isolate the variable X”;; from constraint (27), X"; =
Xir — Xir—1 + Xl./t and replacing in (24). So, the subproblems
SPl-2 can be written as follows:

Min H;
T (Fll + F” it MXit — F’ it Xir—1 + (F F//it )X,'/t
; (Gikr + M) Wine + Z Sijkt Yijkt)
= - =
subject to: (25), (26) and (27)

where ;i = (RCix + Aik)djre + TCij + Wity Vike — Vikr)
(28)

Notwithstanding the previous substitution in the objective
function, the constraints (27) cannot be taken out of (28)
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because we must hold the logic relations and combinations
between operation variables, X;; — Xj;—1 and opening and
closing variables, X”;; — X, as shown in Table 4. An alter-
native to eliminate these constraints (27) from the model is to
incorporate a mixed quadratic program formulation into the
objective function.

We solved efficiently and exactly each subproblem (28)
by using dynamic programming. We denoted by H;; the
expression of H; for the t first time periods of the dynamic
programming, by H;; (1) the minimum value of H;; if X;; =
1 and by H;;(0) the minimum value of H;; if X;; = 0. Thus,
for T = 1 we obtain

Hj = (Fi1 + F"i )X — F'a XiO + (F,-/l + F"i1 )X},

+Z(G,kl+n,k1)w,k1+zza,,km,kl (29)

j=1 k=1
H;1(0) =0 (30)
Hiy()=Fjy + F"j
K M
+ > min ( [(Gix1+TTg1)+ D min(8j1,0)) , 0
k=1 j=1
€1y
And fort > 1:
Hir

. [ Fiu+ F'y )Xt

_ K M
; + > ((Gikz + i) Wikt + 2 Sijir Yijkt)
= k=1 =

—F"y Xip—1 + (F, + F"i)X],

(32)
it—1+Fir +F"i)Xir —F"ie Xiv—1 + (FL, + F"i0 )X/,

K M
+ D | Gitr + Tier)Wikr + D 8ijar Yijar | sothat

k=1 j=1
(33)
Hir (0)
= min (Hiz—1(0), Hir1(1) + F};) (34)
Hir (1)
= min (Hiz1(0) + Fir + F"iz, Hir—1(1) + Fiz)
K
+ > min(Ajr. 0)
k=1
where Ajir
M
= (Gitr + M) + Y min(Sjke, 0) (35)

j=1
Note in (34) that if X;; = 0, then H;; = H;;_1,for X;;—1 = 0.
This is, if in the location 7 in period t there does not exist an
opened facility and also in period T — 1, no cost is charged and
the total cost in period 7 is the same of the total cost in period
7 — 1. On the other hand, if X;; = 0, then H;; = H;z 1 + F};
for Xj;—_1 = 1. Thus, in the location i in period 7 there does

81975



IEEE Access

C. Araya-Sassi et al.: Joint Lagrangian Relaxation and Dynamic Programming Approach

not exist an opened facility and there does exist an opened
facility in period v — 1. It means that the facility is closed
in period 7 and a closing cost F;, must be charged in this
period. In addition, it observes in (35) that if X;; = 1, then
Hiy = Hiz_1 + Fiy + F";;, for X;z_1 = 0. This is, if in the
location i in period 7 there exists an opened facility and in
period T — 1 not, means that the facility is opened in period
7 and an opening cost F”;; and operating cost F;; must be
charged in this period. Consequently, if X;; = 1, then H;; =
Hi;_1 + Fi; for X;z—1 = 1. So, in the location i in period
T there exists an opened facility and there exists an opened
facility in period T — 1. It means that the facility continues
operating from period T — 1 to period 7 and only an operation
cost Fj; must be charged in this last period.
Finally,

H}' = Hjp = min (H;7(0), Hir (1)) (36)

Therefore, the optimal value of the Lagrangian function is
equal to the sum, for alli = 1, ..., N, of the optimal values
of the subproblems solved by dynamic programming plus the
constant term of the Lagrange multipliers as follows:

M K T

LR}y = Z HAD D> W (37)

j=1 k=1 t=1

The second term of (37) is the same constant term of
the Lagrangian function (21), which is not considered to
minimize it and therefore we now must add it. The expres-
sion (37) provides a lower bound with respect to the optimal
value of the original or primal problem. Because we need
to find the optimum values of the decisional variables of
the subproblems to apply the subgradient method, we work
backwards, and we first obtain the optimal values of the
operating variable for the last period T as:

o]0
iT = 1

Then, we find the values for the operating variables for the
rest of periods T — 1, , 1 as follows:

if Hi*T = H;7(0)

38
otherwise (38)

0 if Xj+1 =0 and H;;11(0) = H;(0)
1 if Xj41 =0 and Hiy41(0) = H;; (1) + Fi/t+l
X — 0 if Xjyp1 =1 and Hir1(1) = Hip(0) + Fir g1
it = ”

+F i1+ Ajgr1

I if X1 =1 and Hy; (1) = Hy (1) + Firq
+Ajket1

(39)

Once we find all the values of Xj;, we can obtain the values
of the closing and opening variables X/, and X”;; as:

1 ifXy; =0andX;;_1 =1
Xl'/; _ 1 it an it—1 (40)
0 if not

(41)

1 ifXy;=1andX;_1 =0
0 if not
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Then, we obtain the values of the assignment variables Wiy,
and Y, as:

1 ifX;;=1and A; 0
Wiy = [ . o= 1A Sk = (42)

if not
1
Yijkl = 0

Finally, we find the optimal values of variables of the
subproblems ITj; according to the following:

If Wiy = 1 then Djg, Viks, USire, V(USiks) and Qjx; hold
the values calculated from the solving subproblems (23).
If Wity = 0 then Digy = Viig = USite = V(USike) = Qe =
0, Yijpr =0, Vi=1,..., M.

if Wiy =1 and 3, < 0

43
if not 43)

D. OBTAINING A FEASIBLE SOLUTION

We suggest a Lagrangian heuristic to obtain a feasible solu-
tion during each iteration r by using the information of
the last lower bound result obtained for the Lagrangian
algorithm, i.e., through expression (37). This feasible solution
is an upper bound to the primal problem ‘s optimal value.
To decrease the difference between the upper and lower
bound (gap), it is imperative to design a heuristic that can
obtain good feasible solutions. Therefore, we structure the
Lagrangian heuristic based on three major algorithms: selec-
tion of distribution centers, customers’ greedy assignment,
and K-OPT local search improvements. These procedures
were executed for varying numbers of distribution centers,
ranging from 1 to NV, each product from 1 to K and each period
from 1 to 7. In other words, the entire algorithmisrun N-K - T
times. So, the best solution, i.e., the lower value, is selected
as a feasible solution of the iteration . The above is founded
on dual information and solutions to the subproblems SP;.
We emphasize the considerable complexity of the heuristic,
particularly the local search enhancement procedures, in con-
trast to the standard basic Lagrangian heuristic found in the
literature. To mitigate the risk of long CPU times, we only
execute the K-OPT subroutine for each 30 iterations of the
entire Lagrangian relaxation algorithm [9]. The three main
algorithms are developed according to the following:

1) WAREHOUSE SELECTION
This routine considers that the Lagrange multipliers
(Myg» @hy» Wh,) and the optimal solution X" = (X", X", X",
wrY", D", Vr Q") of the subproblems SP; are known For
the Warehouse selection, the optimal costs of subproblems
SP; are taken as initial values. Then, the best P warehouses are
chosen, assuring the fulfillment of the capacity constraints.
The warehouse selection algorithm follows these steps:

Step 1: Utilize the results obtained from Algorithm 1:
x" )\'lkt’ tkt’ i';ct' _

Step 2: Compute I1;, using (23), for each DC i, product k,
and time 7.

Step 3: Calculate H; using (24), for each DC i.

Step 4: Arrange H; in increasing order.

Step 5: Choose P DCs in increasing order of H;.
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2) GREEDY CUSTOMER ASSIGNMENT

Once warehouse selection is finished, the customers are
allocated to the selected warehouses using a greedy
approach. This assignment is based on the transportation cost
RCiidjiy + TCjj, so each customer is allocated to the clos-
est warehouse to fill the ordering and inventory constraints.
We calculate three types of order quantities for each ware-
house i, product kand period ¢, to satisfy these constraints.
First, Q},, which represents the available inventory capacity
after the undershoot, safety stock and inventory associated
with variance are subtracted from ICap, i.e., inventory capac-
ity. Second, Q" j,which isthe available order quantity after
subtracting the undershoot and undershoot variances from the
order capacity (QCap). Third, Q¥??, which corresponds to
the economic order quantity without considering inventory
and ordering capacity.

3) LOCAL SEARCH IMPROVEMENTS

Once feasible solution ¥ = (X", X", X", W",Y", D", V",
Q") is obtained for each iteration r, following the completion
of the selection of distribution centers and customers’ greedy
assignment, the two local search improvements are executed.
The first improvement, called 1-OPT, calculates the redistri-
bution of each retailer, product, and period to other opened
warehouses while adhering to capacity limitations. First, the
minimum upper bound interchange is selected, and if the
objective function decreases, the reassignment becomes final.
The second improvement, known as 2-OPT, involves consid-
ering two retailers in distinct DCs and exchanging them while
maintaining capacity constraints. The exchange converts per-
manently if the objective function decreases due to the swap.
In this proposed Lagrangian relaxation approach, the mini-
mum value of the dual problem is determined through dual
optimization, which serves as a lower bound for the optimal
quantity of the primal problem. Consequently, Lagrangian
heuristic provides the difference between the cost of the best
feasible solution obtained and this lower bound, which is an
upper bound for the heuristic solutions’ errors.

E. SUBGRADIENT METHOD

When the subproblems have already been solved, updating
the dual variables values in every iteration r is necessary. This
update aims to enhance the lower bound using the subgradient
method, as [23] and [24] illustrated. This method utilizes the
violation/slackness vector related to relaxed constraints in the
following manner:

M
SDj, = ZYijktdjkt — Dy Vi, Yk, Vt
j=1
M
SVieg = ZYijkthkt — Vie Vi, Yk, Vt

j=1
N

SYh, =1- (Z Yijkt) Vj, Vk, Vi
i=1
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For each iteration r, the step sizes are computed by following
expressions:

0o (UB — LB,)
* Zikt (SD;kt)2
o o \UB—LB)
@ Zikt (S Vi7<t)2
oo (UB — LB;)
v ijt (SYj;a)z

UB represents the minimum upper bound on the primal
problem’s optimal solution up to iteration r, achieved by exe-
cuting the Lagrangian heuristic algorithm discussed earlier.
LB, indicates the lower bound resulting from solving sub-
problems during iteration r. Also, @” corresponds to the scale
factor and usually meets the condition 0 < a” < 2. Thus, the
dual variables or Lagrangian multipliers are updated through
the following equations:

r+l1 _ r r r .
Mgy = max {Aj, + 17D, 0};
o = max {of, + 5V}, 0] and

wj}}c_tH = max {Wj’}ct + tll/;S j;t’ O}

The process continues up to a termination condition is
satisfied.

V. COMPUTATIONAL RESULTS

In this section, we define computational experiments and
evaluate the quality of the feasible solutions obtained by
the proposed solution approach. In addition, we validate the
DMLIP model and its heuristic solutions through sensitivity
analysis. The numerical experiments consider two different
data sets. Both sets consider five commodities and a five-year
planning horizon. The first set comprises 20 warehouses and
20 customers, and the second one comprises 20 DCs and
40 clients. We define the cost parameters based on a gen-
eral cost unit, called CU. To simplify, we suppose identical
ordering costs (OC), lead times (LT), and fixed costs (G) for
all products within each DC. The data is the same as used in
Araya-Sassi et al. (2020). It assumes a value of 100 CU for
transportation costs, RC and holding costs, HC. Additionally,
ICapis set to 1200. Finally, the Z1_4, Z;—p and Z1_,, are all
equal to 1.64, representing a 95% of service level.

We rigorously tested the proposed Lagrangian relaxation
algorithm for the DMLIP in 36 instances. These experiments,
presented in a comparative manner, demonstrate algorithm
solutions quality by measuring their gaps concerning the opti-
mal values of the relaxed problem. As mentioned before, the
optimal solution of the dual problem serves as a lower bound
for the optimal solution for the primal problem. We devel-
oped a sensitivity analysis of the main parameters, including
demand variability and fixed costs, to validate the model
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TABLE 5. Results for the first data set: 20 DCs x 20 Customers, R=1 and QCap=1200.

DCs opened DCs closed No. of open % Lag CPU time
Prob no. FC FV *) *) DCs UB LB Gap iter s)

1 07 07 None None 3 28,453,255 28,143,340 1.10 1,594 1,000

2 0.7 1.0 None None 3 28,705,478 28,470,129 0.83 1,790 1,129

3 07 13 None None 3 28,978,270 28,799,059 0.62 1,962 1,500

4 10 07 None None 3 30,653,334 30,343,454 1.02 1,704 1,005

5 1.0 1.0 2,11,12 N/A 3 30,905,557 30,669,884 0.77 1,622 978

6 1.0 13 None None 3 31,178,349 30,999,146 0.58 1,997 1,248

7 1.3 07 None None 3 32,853,413 32,381,838 1.46 3,961 2,431

8 1.3 1.0 None None 3 33,105,636 32,753,869 1.07 1,133 686

9 1.3 1.3 None None 3 33,378,429 33,058,209 0.97 1,105 660

(*) DCs opened and closed during planning horizon compared to base case, Prob no 5; N/A, not applicable.
TABLE 6. Results for the first data set: 20 DCs x 20 Customers, R=3 and QCap=1200.
DCs opened DCs closed No. of open % Lag CPU time

Prob no. FC FV *) *) DCs UB LB Gap iter ©)
10 0.7 0.7 11,14 3,12 7 35,675,072 34,080,931 4.68 2,154 1,155
11 0.7 1.0 11,14 3,12 7 36,444,198 34,654,543 5.16 2,349 1,261
12 0.7 1.3 11 8 7 37,053,288 35,522,604 431 2,271 1,189
13 1.0 0.7 11 3,12 6 39,093,539 37,660,411 3.81 2,259 1,155
14 1.0 1.0 1,2,3,5,8,10,12 N/A 7 40,674,524 38,284,732 6.24 2,320 1,198
15 1.0 13 13,20 1,3 7 41,614,523 39,397,978 5.63 2,553 1,336
16 1.3 0.7 11 3,12 6 42,834,881 41,073,397 4.29 2,661 1,371
17 1.3 1.0 4,14 10,12 7 44,589,188 41,806,613 6.66 2,626 1,383
18 1.3 1.3 None None 7 45,671,537 43,162,544 5.81 2,275 1,196

(*) DCs opened and closed during planning horizon compared to base case, Prob no 14; N/A, not applicable.

and the proposed heuristic. We considered only one order
capacity level, i.e., QCap=1200. Warehouse demand vari-
ances and fixed location costs varied by three values from
the base case. We examined the review periods R = 1, 3.
The average execution time for Lagrangian relaxation data
sets was 1216 and 7499 seconds, respectively. The com-
plete heuristic algorithm was run on a system featuring an
Intel i7 processor at 2.4 GHz, including a RAM of 16 GB,
and executing on the version 10 of Windows platform.
Microsoft Visual Studio 2017 C++ was used to write the
code.

The parameters utilized in the Lagrangian relaxation
approach for all instances. First, the maximum iterations
number was set to 5000 [9], taking this quantity into account
as a sensible threshold wherein the algorithm can make
enhancements. Next, the starting scale factor « was estab-
lished at 2, with the lower value of « set to 1-10~7.

We opted for these values because, from experience, they
have yielded satisfactory outcomes [9]. Additionally, the
decision to halve aafter 30 iterations was made based on [9].

Subsequently, the dual variables were initially set to O,
which is the conventional practice; nonetheless, in certain
instances, it could be enhanced. Finally, the termination con-
dition for an optimality gap of 1.1073% was established
following [25]. Previous quantities underwent empirical
testing to determine the settings that yielded the best con-
vergence. The expression (UB-LB)/LB) x100is utilized to
compute the optimality gap.
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The details of the solutions of the DMLIP model are
exposed in Table 5 and Table 6 for the first data set, Table 7
and Table 8 for the second one, in which the columns
correspond to the following: Prob no.:Problem number,
FC:Fixed cost sensitivity factor (i.e., 1.3 refers to a 30%
increase), F'V: Variance sensitivity factor, DCs closed:The
further distribution centers (DCs) that were closed com-
paratively to the baseline case, DCs opened:The further
distribution centers (DCs) that were opened comparatively
to the baseline case, No. of open DCs:Total number of open
DCs, UB:Upper Bound or objective function value of the
best feasible solution, LB: the best Lower Bound found for
optimal objective function, % Gap:Gap percentage between
lower bound and upper bound solution, Lag iter:Total number
of Lagrangian algorithm iterations and CPU time (s):The
amount of CPU time in seconds elapsed upon algorithm’s
termination. Tables 5 to 8 provide an overview of the
outcomes of several combinations of significant parameter
variations.

Note that upper bound values become greater when the
demand variance (FV) increases. A comparable outcome
is noted for changes in fixed cost (FC). Therefore, the
Lagrangian heuristic denotes a reasonable response since
system costs are expected to rise for both parameters’ data
sets. On the other hand, if we contrast results for R = 1 and
R = 3 for both data sets, an increase in the review period’s
length (R = 1 to R = 3) is the worst solution in terms of the %
gap and total cost. These results demonstrate the Lagrangian

VOLUME 13, 2025



C. Araya-Sassi et al.: Joint Lagrangian Relaxation and Dynamic Programming Approach

IEEE Access

TABLE 7. Results for second data set: 20 DCs x 40 Customers, R=1 and QCap=1200.

Probno. FC FV DCs opened DCs closed (*) No. of open UB LB % Gap Lagiter CPU time
*) DCs (s)
19 07 07 11 8 5 47,670,892 47,131,930 1.14 2,260 7,635
20 07 1.0 11,14 1,8 5 48,773,622 48,096,766 1.41 1,865 6,264
21 07 13 14 None 6 49,717,691 49,011,840 1.44 2,239 7,239
22 1.0 07 None None 5 50,821,424 50,185,496 1.27 1,686 5,742
23 1.0 1.0 1,2,3,58 N/A 5 52,230,129 51,231,169 1.95 2,041 10,218
24 1.0 13 14 None 6 53,421,430 52,330,523 2.08 1,788 5,879
25 1.3 07 13 5 5 53,744,352 53,109,039 1.20 1,901 6,771
26 1.3 1.0 None None 5 55,386,523 54,302,999 2.00 2,143 7,854
27 1.3 1.3 14 None 6 57,125,170 55,551,195 2.83 1,915 6,860
(*) DCs opened and closed during planning horizon compared to base case, Prob no 23; N/A, not applicable.
TABLE 8. Results for the second data set: 20 DCs x 40 Customers, R=3 and QCap=1200.
DCs opened  DCs closed No. of open % La CPU time
Probno. FC FV ) P * DCSp UB LB Gap ite’f ©
28 0.7 0.7 19 15 13 63796135 61239424 417 3107 6436
29 0.7 1.0 19 15 13 64863159 62379565 398 3883 8654
30 07 13 6,19 1,15 13 66258258 63484468 437 3515 7031
31 1.0 0.7 None 7 12 70955008 68251884 3.96 2667 5988
32 1.0 1.0 1,2,3,5,7,8,10,12,13,14,15,16,20 N/A 13 73137857 69602691 5.08 3478 7655
33 1.0 13 14 None 14 75301353 71054526 598 5000 9976
34 1.3 0.7 None None 13 78531779 75230486 439 3052 7054
35 1.3 1.0 None None 13 81201312 76799975 5.73 3503 8056
36 13 13 17,19 1,15 13 83537482 78553275 6.35 5000 9675
(*) DCs opened and closed during planning horizon compared to base case, Prob no 32; N/A, not applicable.
A) B)
Upper Bound ‘ —4&—FC -30% —#—FC +30% ——FC Base Case O % Gap‘ Upper Bound ‘ —&—FC -30% —®—FC +30% —8—FC Base Case O % Gap‘
35,000,000 48,000,000
1 47,000,000 +
34,000,000 1.0% 46,000,000 T
4520002000 +
33,000,000 + 44000000 |
32,000,000 4 43,000,000 +
0.6% 42,000,000 + S
31,000,000 T 41,000,000
o — 40,000,000 +
30,000,000 + 39,000,000 + -
| . 38,000,000 4.3%
29,000,000 1.1% 37,000,000 ’
36,000,000 1
28,000,000 35,000,000
-30% -20% -10% 0% 10% 20% 30% -30% -20% -10% 0% 10% 20% 30%

Variances Sensitivity

Variances Sensitivity

FIGURE 3. % gap and UB for fixed cost and variances sensitivity for first data set with R=1;3 and QCap=1200.

heuristic’s effectiveness according to the objective function’s
tendencies when various input parameters are adjusted.

As the review interval is extended from 1 to 3 days, the
quantity of distribution centers opened increases from 3 to
7 for the first dataset (see Tables 5 and 6) and from 5 to 13 for
the second one (see Tables 7 and 8). In addition, the CPU
times significantly increase when we compare both data sets.

The average computer time for the first data setis 1216 sec-
onds or 20 minutes, while the second data set is 7500 seconds
or nearly two hours. This demonstrates that DMILP is an
NP-hard problem in which computational time increases in a
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non-polynomial form as we double the number of customers
in the model.

Tables 7 and 8 highlight that the computational time
obtained near two hours is reasonable for the second data
set, i.e., 20 DCs and 40 customers, which is a medium-
scale instance. The reason is that, in general, the network
design activity is a strategic task to support strategic planning
decisions, and therefore, it is developed every certain number
of years.

Finally, we observe a relevant tradeoff between the review
period and total system cost. For the second dataset, when
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Upper Bound [ _4 £ 309, —m—FC +30% —8—FC Base Case O %Gap‘
59,000,000
58,000,000 1
57,000,000
56,000,000
55,000,000 1 o
54,000,000
53,000,000 1
52,000,000 1
51,000,000 1
50,000,000 1
49,000,000 +
48,000,000 T
47,000,000

30%  20%  -10% 0% 0% 20% 30%

Variances Sensitivity

3B

Upper Bound [ 4 k¢ 30% —m—FC +30% —8—FC Base Case 0% Gap|
88,000,000
86,000,000 1
84,000,000 1
82,000,000 1
80,000,000 1
78,000,000 1
76,000,000 1
74,000,000 1
72,000,000 + =2
70,000,000 1
68,000,000 +
66,000,000 +
64,000,000 +
62,000,000

30%  20%  -10% 0% 10% 20% 30%

Variances Sensitivity

FIGURE 4. % gap and UB for fixed cost and variances sensitivity for second data set with R=1;3 and QCap=1200.

it increases from R = 1 to R = 3, the average rise in the
objective function is approximately 40%. The previous shows
the significant impact that generates the review period selec-
tion decision on the inventory control policy and, therefore,
facility location decisions.

Fig. 3 and 4 depict the objective function values of the
model’s heuristic solutions applied to the first and second
dataset, consisting of 20 distribution centers (DCs) serving
20 and 40 customers, respectively, and the corresponding %
gap between the upper and lower bounds. In Fig. 3A and 3B,
the sensitivity to variances and fixed costs is illustrated,
assuming an ordering capacity of 1200 for review periods of
one and three days, respectively. Fig. 3A and 3B, show the
values across three variance values for each of the three fixed
cost levels: —30%, +30%, and the baseline case. The upper
bound becomes more significant with fixed cost and variance
growth.

Analogously, Fig. 4A and 4B depict the variance and fixed
cost sensitivity, considering an order capacity of 1200, for
reviewing periods of one and three days, respectively. It is
noticeable that total cost increases as both fixed cost and
variance are heightened.

VI. CONCLUSION AND FUTURE RESEARCH

This article introduces a dynamic multi-product location-
inventory model featuring a periodic review inventory
policy and the modularity of stochastic capacity con-
straints, considering risk pooling impacts. Unlike conven-
tional single-product integer linear programming (LIP), this
model realistically extends to multiple products and peri-
ods, incorporating modular stochastic capacity constraints.
Its design permits for reduced fixed costs by determining the
precise required capacity of product categories over the plan-
ning horizon for each distribution center rather than allocating
all capacity, which may lead to suboptimal solutions. The
dynamic multi-product integer linear programming (DMLIP)
model shares similarities with LIP in multi-product scenarios
and the facility location problem. However, the fixed cost
component in the objective function is changed to reflect the
optimal total fixed cost of modular capacities opening in DCs
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for every product instead of the overall capacity seen in con-
ventional facility location problem (FLP) models. In addition,
the modularity of stochastic capacity constraints operates
separately for each DC product, enabling a decomposition
approach to handle large-scale data in business applications
effectively.

Furthermore, the proposed Lagrangian relaxation
approach, which includes a novel dynamic programming
algorithm to solve the subproblems, has been demonstrated
to successfully address the presented DMLIP with modu-
lar stochastic capacity constraints model. So, this research
represents an original and remarkable contribution to both
academic research and industrial applications. We high-
light incorporating valid inequalities and 1-Opt and 2-Opt
algorithms to obtain near-optimal feasible solutions, the
key to obtaining them at the same low gaps between the
upper and lower bounds. These computational results involve
that this solution approach could be applied in great-scale
problem data and high complexity location-inventory
problems such as dynamic multi-tier and multi-source
formulations.

From a managerial perspective, this paper introduces
a dynamic multi-product location-inventory model with a
periodic review control policy. This model addresses cur-
rent management needs regarding efficient network design,
particularly in markets characterized by high uncertainty.
Capacity modularity enables Supply Chain Network Design
(SCND) strategies that incorporate mixed approaches, like
utilizing public warehouse space rental alongside private
warehouses, mainly when one distribution center serves only
a subset of total products. This high adaptability is founded
in capacity expansion and reduction of additional product
categories, along with the temporary closure of distribution
centers and the relocation of capacity modules. Depending
on factors such as capital budgeting and product category
level, managers can obtain invaluable insights to support
their decision-making process. This decision is significant
when we analyze the supply chain network configuration
and, as in this case, when the review period of inven-
tory control is relevant. Finally, when a high storage space
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utilization at a warehouse is produced by review periods,
the design and performance of the strategic network are
affected.

Additional research is recommended to address certain
issues, such as simultaneously incorporating two relevant
time periods, one tactical and another strategic. The first
period is related to inventory control decisions (i.e., days),
and the second is linked with facility location decisions (i.e.,
years). Thus, we encourage the study of dynamic stochastic
programming to approach within-year short-term inventory
decisions to integrate them with strategic facility location
decisions. So, given the high complexity of solving the pro-
posed stochastic structure of this model, we consider the
simulation approach by commercial software (e.g., Arena
Simulation software) another plausible line of research for
this issue. The key to successful real-world industrial appli-
cations of the SCND is to satisfy the companies’ current
needs with realistic models and efficient algorithms. Different
extensions may be addressed to achieve this and generalize
the proposed modeling structure, such as multisource, i.e.,
multiple plants or central DCs, multi-echelon configurations,
and incorporating other relevant inventory control strategies
(e.g., continuous review policy). We are currently working on
these last issues.
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