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Percolation in correlated ami non-corrclated dilllted tl"iangular Ising lattices

\Y. Lchrechl. 1\.1.Cccilia Fucntes. and E.E. Vogcl
/)cpartamelllo dc Ft'lica, Unil'C'rsidad de UI Fmlllem

Casilla 5'¡-f), Tell/l/(,o. Chile

Recibido el 4 de diciemhre ue I()()7; aceplad() el 2Hde enero dc 1998

Triangular Jatticcs wilh N spins inleracting by means of x../ honds ¡¡re desnihcd hy an Ising Hamiltonian. Equal number and equal strenglh
arl' assulTled for ferromagnetic amI antiferromagnetic inler,H:tions. The low-cllcrgy portioJl of lhe contiguration space is complete!y scanneu.
11is found that the ground manifold is usu<llly split inlO several ensembles nI"COlUll'l"lcdgl'OlIl1dstates in the contiguration sp<lce. Once they
,liT kno\Vl1several physic;ll properties call he ca!Culated: order parametcrs. l"orrelatiolls. lIlagllcli/.atioll. Frustralion arises as a compctilion
01' randnll1ly distrihuted intcracliolls. Whell frustratcd bonds are removed. íl uiluted latlicl' is ddinl'd. ()ccllpied sites in the diluted lauiee
are regiolls free 01"frustration thal happen to prcfer cenain sizes amI shapl•...., SOllle 01'Ihese regiolls get large enough to perrolate. \Ve will
perform a slatis(il:al analysis 01'the ahove Illentioned propcnies. lIsíng 70()O randolllly gCllcrillcd s;l111plesrOl" lhe case nf i\' = ,36.

A'f"won/.l": Ising la({ices: fmstration; order paramelcrs

Se considera UIl,lred triangular de S espines, con interacciones mi,xlas -i:../ y aleatoriamcnte distrihuidas il primeros vecinos. De las 3.Y in.
ieracciones. la mitad son !"erromagnétic<ls y la otralllitad antiferromagnétiras. (oda ....con igual magnitud. '\'lcdiante simulación computacional
y usando algoritmos quc harren completamente la porción de haja energía dcl espacio de }Iilhen. se Cll('uelltran todos los posibles eslados
fundamentales. Con ello se calculan parámetros de orden. correlaciones y magncti/acióll. La frustración apare("c por la alta competencia
de intcralxiones mixtas :lIeatorias. Si los enlares frustrados son rl'lirados de la rcd. surge la red diluida. cn la qlle no hay ningún tipo de
fruslración. Se enl.lIentra que la red diluida presenta regiones o'dominios lihrcs de fru,,(nlci(Ín. con formas y !<ll11añospreferidos. ~1¡Ísaún.
estas regiones muestran UIIalto grado de percolarión. El presente trahajo se hasa ell un e.~lUdioeSladístico sohre 7000 muestras generndas al
aI"lr para el tamaño N = 3G.

Ik.H.,-iplon's: Red de Ising: fmstración; parámetros de orden

PACS: OS.50.+q; h4.60.Ak; 7S.IO.Nr

l. Thcory amI mcthoc!nlogy

DisorJereJ syslcms presenling short range order have been
suhject of several stuJies in (hc lasl ycars. [1-:31 \Vc consider
here an Ising Hami!tonian, 141 where -..I../ cOlllpeting inlerac-
!iolls are ranJolllly distrihuted through a triangular Iatlice o/
sill~ N, givcn hy Ihc nUlllher 01"spin siles [5, GI

The Jdlllixlure of ferromagnetic (Ji) = -.1 = -1) antl
antiferrolllagnetic (Ji) = +.J = +1) interactions can lead
lo orJcHlisonler transitions. Another illteresting fealure nf
lhese systellls is Ihe presence ol' frustration with aH ils impli-
calions 17,SI.

In the prcscnl paper we reslrict oursclves lo cqual concen~
tra!ion of ferromagnelic and anlifcrromagnelic interaclions
1"0]" laltices 01" N = G x G spins using periodic houndary COI1-
dilions. 7000 samples were ral1Jomly prepared heforehand;
honds are nOl altercd al all ror lhe resl of the calculalions.

Computer algorithms wcre preparcd so allthe 21F ground
slates can hc fOllnd. In facl it is enough lo \vork wilh hall' nf
lhe conliguration space due lo the inversion symlTIetry (lf lhe
Hallliltonian. AH of the propcrties of cach ground slalc are

s
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found. In lhe prescI11 paper \Ve cmphasile Ihe rcsults dealing
witll frustr¡¡lioll in lhe I¡¡((ice, looking at the rcgions wilhOlH
I"rustratiollthal arise aflcr removing all honds that fruslralc in
any 0'- lile 1t. ground st¡¡!(:s. It lurns oul Ihal sile and shapc of
unfrllslrated regions are nol trivial. !vloreover. ahout 8U% of
the I,ltticcs di IUled hy frllslra!ion percolalc due lo unfruslraled
regiolls that gel Jarge ellough. As a comparison only 70% of
ullcorrelated lallices of similar hOlld conlent percolale.

In f.ig. l. \ve illustrale all these concepts. Frustrated pla-
qllcHes are Illarked hy hlack dots; the)' arc paired hy means of
frustratinn seglllents lhal go over frustraled honds as can he
sccn for a particular grollnd statc in Fig. la. Pcriodic bound-
ar)' condilions hold.

Tlle JiJuted I¡¡ltice is formcd by rernoving a1l bonds lha!
frustrate in alleast one of thc IF ground states. In Fig. J b we
illustratc the dilu(ed laltice corresronding 10 lhe originallat-
(ice given in Fi£. la. The ratio hel\Vcen Ihe nUlIloer of honds
in lhc diluted laltice and the 1l11lllher of honds in lhe original
laltice is calleó the rractional content nI' oonds in the diluted
lallicc and it is denoled hy {¡y. In Ihis illuslration we also ap-
prcciatc tll:1l lInfrus(raled hond cluster in regions of dilTcrcnt
si/es :lml ~hilpes.

The Iargesl rcgioll 01" unfrustraled honds is isolated in
Fig. le. The ralio hel\\'ccn the l1ullloerofhonds in lhe largcsl
I"egion ¡]mllhe total llumher 01' bonds in the originallattice is



S6 W. LEBRECHT, M. CECILIA FUENTES, AND E.E. VOGEL

(g = -0.567

(o)

•

v '"

"¡Il

CORRELATED SAMPLES

I "~O,,,.~~o•••~"

iv'~~

_~illUJ~.

hq = 0..107

(b)

el

• • •

t' 8

• 8

- . o ~
o 0 o •

•

@

, 2 l • ~ 6 ? e 9 '0 !1 '2 '3 ,. ,~ '6 ,r ,e '9 20 2' :n n •• 25

r

Fr(jURE 2. Speclral distrihulion 01"reg:ions in the diluted lattice ac-
cording lo lheir si/e 1". The tog: scale shows Ihnt regiolls of size 3
arc by far Ihe most ahumbnt. Sllch distribution is very peculiar anJ
cOlllpletdy diffcrcll\ fmm {he JllllllolOnic hehavior prcscnted by un-
correlatcd dilutcd Iauil"cs gt'ncraled a[ random as shown in lhe in-

sel.

ror comparison \Ve preparetl random or uncorrelated di-
IUled latticcs hy just assigning the fractional content of bonds
in a complelely randolll way. In rael. 200 lattices rOl' each
01' Ihe following rractional eonlenls werc prepared rantlomly:
IflOR ((lne bond in the tlilutcd lauicc over 10X in Ihe salu-
ratel! laltiee). 2/l1l~. 3/l1l~.. . up to 1118/1118.Fur eaeh uf
these 21 600 samples \\'e looketl rol' si/es antl shapes 01' re-
giolls 01' l'ollllected hOlltls; spccial care was paid to cstablish
we\hcr the largest region percolates .

2. Results
1, = 0.287

(e)

FI(¡URE 1. Srhematic represenlation of olle 01" Ihe 7(XXl snmplcs
ronsidcred in Ihis pnper. Ferromagnelic (antiferromagnelic) honds
are reprcsenled hy single (doublc) lines. Spin sites are denotcd hy
rin:lcs where Ihe tW{) possihle spin orienlations are represented by
:I: signs. (a) Prustraled plaquettes (triangular cells defined hy an
odd llulllber 01' ilntiferromagnetic bonds) are markecl by Ihe sym-
hol e; lhey are joined in paírs hy rrUSlralion segments Ihal emss
I"Jw.,trated honds in the parlicular ground state chosen rOl"l!lis illus-
tr;ltion: thc g:round state energ:y per bond is -().567 in Ihis exarnple.
(h) Di lulcd Ianice generaled from latlice a) after removing all honds
that frustrate in any 01' Ihe ground sI ates; regions of dif1'erent siles
;llld shapes arise naturally in the diluted lauice; the fractional con-
[ent 01' honds inlhis diluted ¡attice is 0.407. (c) Largest unfrustratccl
region 1'ound in [he c1iluted lattice; in this example percolation is
prescnt: Ihe I"r:Ktional hond content 01' the larges( region is 0.2X7 in

this rasco

Ihe rractional content of bonds corresponding to lhe largcsI
n:gion and il is given the symhol fy. From Ihis exalllple we
can scc thal the largest island is built from unfrustrated lrian-
guiar plaquettes as hasic unit. Moreovcr we see Ihat in this
example tlle largest region percolates.

Lel us dclinc the size r of a region 01"honds hy the numher
01"conncclcd honds Ihat form it. In Pig. 2. we show the spec-
Iral <..Iistriblllioll uf regions aCl'ording lo lhcir sil.c r obtaincd
with 2000 samplcs. Rcslllts for dilu{ed correlated lattices are
presenlcd in Ihe main hody uf the figure. while results rOl'

randomly gcncrated (uncorrelated) latlices are shown in Ihe
insct. The 1ll0dlllatioll observed for correlaled lattices (sizcs
\vith odd llulllher or honds are more ahun<..lanl) is absent for
random latticcs of \he samc hond content. Clcarly dilu{ion
oblailled by eliminating fruslration lcave SOIllCkind 01"corre-
lation alllong Ihe rcmainillg bonds.

Rcgions of size 3 are the most abundan!. We did a sepa-
r<lle investigatioll 1"01'Ihis sil.e llnding that the ahsolutcly dom-
inant shape ror this size is a trianglc forlllcd by an unfrus-
trated plaquette. In Ihe case 01' uncorrclated lattices, Ihc 12
possiblc shapcs rOl"sizc :3 are presenl in the numerical simu-
lalions in very good agreement with analytic sludies based 011
comhinatorial thcory. 13ack 10 correlated lattices, we observe
thal slnall unl"rtlstr;\ted regi()ns with cven llumber ofhonds are
very scarce. At,. = J;j dilTerellce betwecn,cven and odd sil.cs
disappcars and ahundances are sprcaJ 10 quilc largc sizes.

The mosl relevtlnt shapes ror ullfruslrated regions are prc-
senteu in Fig. :3 lIsing lhe samc 2000 samples employed in

R('l'. Me.\". h's. ~ SI (]()')X) XS-XX
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Fl(iURE .1. Share analysis rOl' sizes 3 :s r :s 9. .eh rcrrcsents a
relevanl shape for Sl/.e 1'; wllell ¡here are several relevant shapes
túr a giVl,'ll sin:. tlle)' arc delloted hy FA. Ffl,. in a sequell-
tia] order. The hrac,",cts cOlltain lwo numhers conscclllivc lllllllhers
in [he forrn [.\'1, .\':2]: .\'1 is Ihe relalive ahundancc 01"Ihis silL'
wilhin lalticcs S = :Hi. whilc 0\"2 is lite relarive abundance 01"thi11
particular sha¡lt' \,,'illlin all regions 01't!tat size.

Fig. 2. Symhol S'" refers lo size r. In hrackets \\'e givC' 1\\'0
llulllhers in the forlll [X. ) l X represents Ihe prohahilil)' 01'
linding <l region of lhat si/e (any shapcJ for iatliccs (j x (i;

). 1\'preSellls lhe prohahility or linding Ihat particular shap\.'
wilhin Ihe ullin'rsc tlf ali lhe regiolls 01' that si/e. Unly lhe
lIIos1 important shapcs arc rcporleo. It is also found Ihal rol'
conc!aled I¡¡Hices large regiolls are fundamentall)' formed us-
¡!lg Ih\.' regioll of sin: 3 as huilding block.

Reasons hehind Ihesc prcfcrred si/es ami shapes are topo-
logical. The slllalkst eircuil 01' honds is a Iriangle Ihat is
n¡ulIcd plaquellc. A plaquelle forlllcd hy an odd nlllllhcr of
¡\¡: honds is curved or frUslratcd sincc ir call1lol salisf)' all
lields aroulld il. Frustralcd honds corrcspond to those Ihal ~Irc
erosscd (l\'cr \••'l1en joining pairs of frustratcd plaquettcs. So
in ;, llcighhorhood where tl1erc are eurvcd plaqllcllcs honds
arl' likl'ly lo frustralc and Ihey \ViII nOI show up in lile di-
lul\.'d bttiee. ()n lhe other hand. in a ncighhorhood whl'rc
lhcn .. are pknlY 01" Ital plaqucttcs Ihere is a high prohahil-
ily rOl"Ihe ahscncc 01"frustralion. le~l\'ing an unfrustrai\.'d rc-
gioll. Then lInrruslrall:d plaqllcttcs are a Ill.?ccssary eondilioll
lor lhe hui Id ing hllll'ks nf I;;lrgc unrruslralcd rcgioll. 11ll\\'l'\'l'r.
it is nol a suflicicllt condilion. sinee ;¡ Ilat plaqul~t1e ean he
LTIl..•sed m'cr complclcly 10 connccl two Ileighhoring curwd
pl¡lqueltes 0\'\.'1"it as "'l'cn in Fig. la.

PI(iURL --l.Dislnhlltion fUllclion'" rol' lhe ¡x'rrolalioll paramelers as
prodUí,:l'l1hy lhe samplcs wilh Ihe only ctlns¡r~lint or h;Lving l'qllal
IlIl111herof rerr01ll~1~llcticami anliferromagneliL" homb. (a) Dístri-
hlllioli n 1 conl'~p(lndill~ lo the llulllher 01 salllpks lor I.'aeh 1IlIer\"a¡
in Ihc ",, ran~c. Thc di~lrihLJtion is dcarly ;¡sYlIllllctric. ma,illlil.-
ing al aholll 0.72. (h) Distrihulion D2 giving the IllI111her01'sampks
wilh tlle lar~cst rct!iOll rol' cach rhannel dctined il1lhc f'l axis. Such
di.slrihlllioll sllg~csts ~1hilllodal.

N\l\\' we lurn our attenli(ln lo Ihe percolalion propt:rties
of Ihl.?diluled la!lice. \Ve have two choices 1'01'(he pcrcolation
parameter: II'J ami f f) already delincd ahove. -i:.J Ising Iat-
tices wilh eLJllal alllounl 01' F and AF honds produce a great
va!.iely 01' samplcs \\-ilh a hroad distrihulion for lh\.'sc paralll-
ders. In Fi~ . .ta wc prl.?scnllhe t1islrihution VI (11'1) 01"vallles
nf 11" while in Hg . .th we prescllllhc t1istrihulion J):!(fy) ror
v¡tllles uf f'l. In hoth cascs a tOlal of 70()() Iriangular ..•¡lInplcs
(Ir sile (; x (l were lIscd.

The nalural distribution tlf valllcs túr 11'1 is ver)' similar
lo lile correspolldillg distrihlllioll rOl"square latliecs 1~)I.\Ve
llave enollgh salllpk ...•!O perform stalislil's wilhin cach chan-
11\.'1for 11.'1 valtlcs inlhc range [tl.ID.Il.S:J]. So \Ve \Viii uS\.'lhis
nalural distribulion 10 eOllslruct lhe percolatioll curve.

On tlll' olher haml, the dislrihutioll curve f):! rOl"valllcs
tlf f'l ..,ho\Vs a ditlcrcnt hehavior: il is hroadl't" Ihan [JI espe-
cially ror low valucs nI" ffl: il is Ilatler Ihan D[ hut showing
l\Vol1l;l\ima (lile al aholll n.1 and tlll' olhe!" al aholll n.75. The
m(lsl illlporlallt Jloint is Ihal ror ¡¡JI values (JI' I ~I¡!llhe intcl"val
[0.0.-,. O.;-..-¡jIIK're are many salllplcs so a percolatioll proha-
hilily \.'an he c;¡lculaled.

For l'olllpari",oll purposcs \Ve preparcd randolll diluled lat-
lices wilh previou ..•ly delined hond l"lllllent 11", Then. \Ve did
a !lal di ..•trihutioll in lhe range [0.0. 1.0]. T!lb doe" nol lIlake
ti sulhtantial difkl"ellú' in Ihe reslIlrs Silll'\.' lile >;¡a¡islics are
norlllali/l'd ",ilhin cach channel LT\.'atcd 1'01"thl' vtllllcS 01"lhe



\Ve COl\CllltlC Ihal Iriangular dilutcd latliccs ronned ahe!" re-
Illílvillg '111hond fruslrali(lll exhihil rcgions 01"prcfcm:d si/e
amI :...11<IpedUL' lo lhe origillal (opnlogy present in lhe Ial-
lice, SlIl"h dkcl i.•.;¡hselll in Ulll'OlTelalcJ latticcs. Al preselll
\\'1,,' are ohlailling "'íllllL' initi;¡1 analytic calculatiollS hascd 011
lopology lhat l'.\plain l!lis phellOl1lellOn, Kcgiíllls L"Ol1lCin all
,¡les hUI 11lL'l"1'i'i a ll'lldency pf corrclatL"d latticcs 10 pen:olalc
more [hall similar 1I11l'lllTelaled lalticcs.

PL'I"Colalioll in Icrlll:-' uf /1" tloes nol discriminate wcll he-
t\\'cen pl'rl'olalioll in correlaled dilulcd triangular lauiccs and
perco1alioll in lI11COITl'lalcddilllled Irian!!ular latticcs. This is
disappoinling si llLT for sqllare latlices Ihere was a clear ditlcr-
encc in lel"ms nf /1'1. Huv.'L'vcr. raramctcr t!J is bettcr suitcd 10
discril1linate Ihe llL'rcolalioll propcrtics o( thesc Iwo lattices,
This I11Cal1Slhat pcrcolatioll in dilllled Iatticcs ohlaincd arter
rel11()vin~ all rnl',tralioll i'i hL"[ler descrihed in lerms 01' lile
fracliollal hond Cílllll'nl olllle larg:cst lInfrustralcd region t'I'

()ne aulhor (\VI.) ;(c"llowlL'dgcs panial suppon fmm Di-
reL'L'i611de IlIvL'sligaci6n t.k [a Universidad de La Fronlera
undcr L'olllral"t No. IN-09N7 Olhcr :lllthor (EEV) acknO\vl-
edgcs SUpP¡)\"[ rnllll 1;()NDECYT(Chile) under contract No.
I 96()972.

Ackll(JWll'd~lIIclIl,

tlcri\'ali\'L' ílllhl' !alter. !\'!"L'íllalioll Ihreshold is hroaLkr fOI
corrl'lalL'd dillllcd L!lIil...L•... 1l1L'II1I1L'lllrcshold rol' randoml)
gl'llL'r;lIL'd lallil'c'i l)j lhe 'iamc hond content. The result ror
L111corrl'lalL'dIatliú ..•.coincidc'i wilh Ihe c.xpecled value in lhe
IIlL'rlllodyn:lmic lilllil IlOj.

In Fig. 5h \\'l' do lhe sallle allalysis ror Ihe P"](t'1)' lhe
jll'n:o!atioll Clln'L'S in terms 01' the largesl rcgion. No'\\, ,C\'-
eral difkrcllces ari .•.l'. Fir'il. lhe pcrcolation threshold is oh-
lailll'll fol' lowl'r \'allleS íll "1 rol' híllh lallices. Second, Ihe
percolaliolllhrl'sl1old i, Im\'cr ror correlatcd lattices (0.23) a"
CíllllparL'd IOllIlCílITl'lall'd laltíl'es (()."'()). Third. Ihe transilioJl
for correl:llcd lallil'l':'" i:....•.h:ll-per in IcrlllS of t'l as compared lo
lhl' Sallll' Irallsilion lor 1111l'<nrclalcd Iatticcs.

J. C'olkhI(Jin~ rl'llIark,
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percolation variahle, For Ihese lIncorrelated diluted lalliees
\\-oc also isolalcd the larg:est n:gion per sample to obtain the Ir¡

,,;tlLle:...lúr e¡¡ch S;UIlPJc,
In hg, 5;( \\'L' silow 2 pcrcolalion curves PI (lly) and thcir

ClIITl'Sp(llldin!! lirs! deriva(ives. Filled circles represen! lile
[)L'ln1la!i\11l [)rtlhahili!y l"nrClllTclated latlices as a funclion í)r
/,,,: lhe :...olid [ine is <1lit lo thcsc points, Open eireles repre-
"'L'111111L'pl'!"L'olaliol1 prohahility rOl' uncor!"cla(cd Iauices: tlle
dashed li!le i.'i íl lit 10 Ihcse poinls. The solid line maxillli/-
illg al ahout O.J-l is 111L'lirsl dcrivative of lile former. while
lhe ...illlilar dashed curve ma.ximil.ing al abour 0,32 is !he lirsl

1:1(;tl<l.:", PCl'colalion analy\í\, (al i'ercolalion ISstudied in lerms
nllhe Irat:linnal nond (nnlcnl in lhe dihned lallice 119, (h) Pcrcola-
(inll i nO\\ •••Iudicd as IUnCliotl 01' Ihe hond cunlenl if [he lar!!e,""
lI11lnl lralcd I'C!!lfln1./, Symhols ;ll'e delincd in the correspond-
In~ 111"'('("'.111holh casc ...\\'c rC['k1rtIhe resuJls 01'lhe numericaJ ex-
pcrilllellt ...(cirl'le ...l. lhe inlerpolaled pcrcolalion curve and lhe lin.1
l.krn;ltlVc nI pre\'iou ...l'urvc 10 lind Ihe intleclion point thal can he
,1 ••••••(l(ialed lí1lile percolalioll thrcshold.

1. L S;llll ;¡nd ~1. Kardar, Nlfd. ¡'hYJ, n .tU (1tJt)-t)6-1.1.
.) H, Frcund ;lI1dp, (jras ...hcr!!cr,.I. l'hYJ. A: Marll. Cm. 22 (19~l))
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:; E. 1:. \'t,~d ;lIld \\'. Lehredn. Z. I'hy,\'. LJ 102 (ltJ97) 1-t5.
I S t\Íl"'p:lIríck, Phn'. 1<l'1: n 1(1 (1977) 46~O.
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(;. \\'. I.l'hrl'cht ;md EE. Voge!. NI'II' Trends i" Magneti.HII. Alag"
III'//¡' ,\JI/laúd,\ /l/1l1 n/l'ir AI'l'linl1imlJ, eJiled hy J.L. t\lor,ln-
Lúpl'l and J,I\l. Sanchcl., (J'k'lHJl1l Prcss, Ne\V Yor'" 19(4),
p,l))

- \\ I.,'hl'l'dll ;llId LE. \hgcl. .\Il/,t:I/l'li.\'III, ,\fagll('lic .\fara/{/I.\
l/lid Tllf'lI "\I'/,/tCllflf!ll,\, edltl'd hy F Le"-'cabue anJ V. SagreJo
(Wílrld S(iL'lllilic, Sing;lporl' 1í)96).

~, E.E. \'ogd. S. ('01111'1..'1';1:....F. :siielo, amI A.J. Ramírez, Phy.\ICl1 A
!S7 ()I)9X) 15h.

!l. LE. Vogcl f'l l/I., alu'pled f(lr puhlicalion in Phn. 1«'\', n 5X
( lí)í)X)

lO, D. Slilul"kr :IJ1d1\, i\11;lruny, IlIlmdllc/Ío/l 10 l'ercolllliOll TI/('-
o/y. SI'l"ulld Edilioll (Taylor.\: Francis. LonJol1. 19(2).


