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Squarl' I;ltlices witll (I}) l"Xchange inlcractiolls hetweeJl J1ealesl.nei~hhtll srins hdVL'heen an;lly¡ed hy llsing an !sing lIamillOniJIl. The
grollnd-stalc propcrtlc~ arc llul11crically cvaluated hy cnmpulationaltcdllliqllCS. Tlle L'ncrgy pc!"hondo thc "1Ic corrclalion paramctcr and lhl'
fr;lCtiol1(lf Unfl"llS[ralcl!hond are avcragcd over ~OOO;;;al1lpk~r¡Hldornly sekctcd. TIlL' nUlllhn (11'spin .\' Cllllsidcred were ¡\'; lh. 25. 3(1.
.N. 6..L XI, lOO. ami 144. Afler rCnlovin/; allllll' fruslr<lIed honds from ;lI1Y(11'lhe glllllnd- .•.lalL', lile rcmaining Iallice. cnlled diluled IJlliü'.
Ila.~hccn charactl.:ri/ed hy mcans 01' ¡¡[Jite-size scaling. Tllc IX'ITolalioll Ihrcshold "'1" fo.- llw dilulcd !alliee is "'1(' :; 0.-1. \\-'hieh is Ic.""
lllan lhe corresponding lhreshold fOl"elassical ranliolll percolalion. i.l'. IIr ::::o (J.;'). ('.-ilical cxpollents lil-;cthe corrclation Icnght alld lhc onll'r
parallleter cxponellts. 1/ anu ,11rcspec(ivcly. WCl"ealso ohlailleu fOl"111("diluled buiec. Thc rl'sulls are comparcd with the wcll ..known randOlll
rcrcolalioll prohlclTl. Signilicalll qualitativc diffcrem.'c;;;arc shown ami di"cU""l'd

KI'.\'lI'o/'tI,\': Ising Iallice: frllstratlon: pl'lcolation

Rede~ bidimensionales cuadradas con (::f:.l) interacciones mixtas a primcros q'clnO" 'tm anali¡;lda.' usando un lIamil!oniano de bingo La"
propil.'d;ldl'~ del nivel fundamcntal son cvaluad;ls mediantl' ll'cnicas ctllllrlltaciollak~, Energi;l por enlace y fracciún de enlaces que nunca
~c fru.,¡r;ul .•.on pronwdiadas ~ohre ~OO()nlllestra,,:lI alar. El rníllll'lo de espines i\' consideradt1 lúe X= 1(1.25. Jh. 49. 64. XI. IDOY 14-1
De~pués de relll()\'l''- los t"llJace~ frustrados de todos los estado" del nivcl fundanh.'lJla1. la rcd resultanlL' (red diluida) es CJr;Klerizada por
mediO di..'lécnica" de escalco de lalTlafHlfinito. Elulllbral de perco!nciólI ohlenido para la red diluida fue de "9r :; 0.4. el cllal es menor
que el umhral par¡t el caso alealorio (IIr :; (l.;j). Se ohtuvieron los exporwntes nílicos l' yil. rorl"espomllenles a la longitud de correlaciún
y p;lr;írnelro dc orden respl'ctivill11cnlc. Los resultados son comparados ron el COllocido Cl"O de percolarión;ll ;var. Diferencia" cualitativa"
son l1lo~lradas y di"cutida.';.

IJ('.\'('/'i¡/{()I"f'.I": Red de lsing; frustración: pcrcolaciún
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( 1)

where lhe 11r.,tSlllTll'.\lcnds over aH pairs 01"neareslllcighhor:
(\ is a indl'\ Ihal mlls O\"l'r 111l'1\' ground .'\latc ami die Illcans

sYllllllclry tll JI l. The prcscllcc 01' frustralion is \Vel! known
in Ihis syS!L'rn alld prm.ides lllulliple degenerancy nI' ground
"tate [1-11. T() reinlorcc Ihe prcvious argulllelll, I;igs. la-Id
"ho\\-' Ihe grollnd slalc 1"01'a :~ x :3 square lauicc. where Ihe
rcrnHnagn~'liL' (anliferromagnelic) honds arc ploucd in sim-
ple (douhlel line, while Ihe fruslrated honds are denotcd hy
crosses, Tile S:lllle L'onclusions can he ohtaincd vía lhe IOpo-
logical approach. rep0rled. ('.g., in Refs, 4-1). A new lallicc is
formcd al"h:r n.:'llloving all honds (hal are frustrated in any of
lile grollnd slate. Fig. le. This !le\\' lallicc has hecll called in
pre\'ious contrihutiolls Ihe diJIl(ed Ja((ice. and wc noticc l!la(
is one of lhe mosl importanl propenics which characteri;¡es
Ihe sY.'iICIIllindel' c(Hlsideralí()[I.

Thc diluled ]¡¡(Iicc has heen uscu lO define Ihe paramelcr
as"ociated (o Ihe honds.II", givcn hy

1. Introduetion

Thl' ililll of this work is 10 evaluale and lo characteri/l' Ihe
more pmminelll features nI' Ihe groul1d state al T = () fo1'
Ihe wdl knowll :t./ Ising problem [1-11, This systCITl is slUd-
ied hy lIsing a squ~lre lauk~ wilh N spin silcs huill up wilh
ferro- (F) ami antifcrromagnetic (Al nearest IIcighbor inle1'-
aClions. which are randomly distrihuled. 1I is assumed hcre
lhallhc L'ollcenlralion 01' ¡\-honds, (.r ..d, is 1l1llIlerically equal
lo thc pOl"centage uf P-honds (.1',.,), ¡.l' .. 1'..\ = ,1'/.' :;:::0.5.
The Ilamilloniall. H, which describes Ihe prohlelll pn:scntcd
aoo\"c is given by

¡¡ = L J.)S,S} ,
(i.))

whert ..' .•..•'1 represel1ts Ihe Ihird component nf Ihe spin in the i
sitc: .1,.1 is Ihe cxchange intcraction constant which can onl)'
tilke 1\"'0 valucs: .JI) = -1 (fcrromagnclic) and .ti) = 1 (¡¡n-
lifcrromagnelic): and (i.)) indicalcs pai1's nI' nca1'est neigh-
hOl"silCS. Thc complele solution ror this Hamiltonbn can he
found hy el1lJlJlc1'aling Ihe:2,\" states «11'2.\"-1 dUL'1Oinvcrsioll

/ 1 ",(~IS:'S)'-.Iijl . ,)
1'1 = "\' L L " dwlt_. -

l' 1 H

(2)
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FlC;llf.l.F 2. la) Pl'llhahilily 01' pel'colalion as fllnction 01' Ihe pcrco-

lation variahle h. Fílkd kll1ptyl s)"mhols represenl the rnrrc!atcd
(llll('OITl'I,l1cdl CISC.(h) Sllo\\'s Ihe d('ri\'<lti\'c" of thc lar~csl si/es
l"nnsidl'lcd in Ll)

{)ur l'akulaliolh \\cre l1L'rformed al T = O and al! Ihe
bonds relll~lin fnllí..'lI illll1e Ialticc. Oncc lhe statcs are found.
,111 physical propLTlies 01 (he latlices can he calclllalcd.ln par-
licular. lile h(ll1d~ Ih;lIlruslralc each possihlc grounJ statc can
he idcnlilicd and IllL'dilllted l:tltice forcach samplc can he de-
lermilled. ¡\cctlnlill~ lo lIJe \\TII-known algorithms shov.'fl in
Rd. 1() we IIIl'a~~url' Ihe prohabililY uf pcrcolalion, ¡:~,.

Figure 2a shows lhe hellavior 01" lhe prohahilily 01' pcr-
l'ol;¡lio/l /',. as ,1 1"ullclion 01' lhe onkr paramclcr associalcd
lo lIJe hond ...•.11" 1"01'dillerenl lalliee sizcs, L. Thc rcsulling
[lercolalioll 1"u11(.lioll...•, I:.{!I'I) hll' Ihe Jiluled latlices are rep-
resclIlcd by 0l'el1 symhnls in I:ig. 2a. It is inlcrcsling lo note
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I-'¡¡;¡ In I (;IHl!f Rl'prL'~l'n[ lIJe fOUf (!L'genL'ralcd Icycb nI" ¡he
~rnlld •..Llle IUI ;¡ )-'in-Il ~;¡Illpk nf:~ x :J. Single (liouhte) IinL'.~rL'p-
IOl'nt ,1 1: (;LI1 Al h(llld; t"lJI\'l'd (t'rll~lr:llL'd) plaqlJc(tc~ are mad'l'd

h~ lhe indn (': fnl\lr;llillll SL'!!1l1L'nlare ShU\\'ll hy sol id lines join-
in).' nll\l'\1 pl;lqUL'IIC:"; (e) .••IHI\\'" Ihe dilulcd bllil"c (Ihlaincl! afll'!

1L't1l(l\'ill~ all holltb lh;ll fl'llSlr:llL' in ;1I1Y01lhe ,l!nlund sUllc (a)-(d).

•\Igllrilhllh haH' heell dessigned in on!t:r 10 delermine Ihe
IllLJllipk dcgclIl'r;llIc)' of lhe gmllnJ slale leve!. SlIch algo-
rilhllls ({luid nCl'd compulc!" limcs lhal increase exponclllially
\\ilh .Y. This ulIhlrain reslrÍl:Ls our illlalysis 10 salllplcs up lo
I:.!x 1:.!.I.'orc;ll'hsi/l:( Ixr!, ;)X;). (iX(i.clc).;lOO{)S<illlples
\\ l'I\' rillHI{lll1Jy geller:tled.

illlL'~l'r di\isioll. 11'1 can takc valucs in Ihe inlcrvalIO.II. This
Ilar:1Il1ch:r !lll'aSUR' lhe fraclion 01' lhe bonds lhal llcver are
1"rllslrall'd 111all Ihe Ir ground sial!.:. It is inlcrcsling lo note
1l1,tI bOllds in Ihl' diluled Iallin: have not heen assigneJ al rall4
dOI1l. b~ 11lL' contrar)' ¡/lL'y are Jislrihulcd accon..iing lo lhe
11l1'0logil.;tilllk's which are inhcrcnllO lhe prohleJ1l [3.....()j.

Thl' diluled Iatlil'c undcrgues a pen.:olati\'c phase Iransi.
lioll and 11lL'Illain illlClllion 01"Ihe prcsenl work is lo charac-
¡ni/l' SUdl Ir;lJl'.;ilioll hy usillg linile-si/e scaling lheory.



F1NITE-SIZE SCALI;\,G CIIARACTERIZATION OF THE:f::.J [JlLUTED ISI:'\G LATIICE 91

FHiLJI{E J. (a) Dala ro[[apsing pJots :tlToHling 10 Eq. (4) for Ihe
llllCOlTc!alcdcase. lh) ldelll (a) rOl'Ihe l'orreJall'd systclll.

where 1"lr( l.) i•..Ihc percolalion threshold fOI"a lanice nI' sile
1,; ¡; ¡s (he a!rl';ldy lllcnliollcd crilica! exponenl 1'01"Ihe corre-
I¡¡lion lenght. (' is a lloll-universal cOllslanl and Ily("(oo) is lhe
l'xlrapolaliollloward lhe lhermodynalllic I¡mil 01' Ihe pcrcola~
tion Ihreshuld.

poi nI characll'lü.ing on!y OIlC universality class of crilical
plll'1l0lllcna. In (lllr case \\'C ohserve lhat lhe critical exponents
do nol change and hl'long lo thc classical bond percolalioll
1I1liversalily class.

It is ver)' cl1couraging thal Ihe poinls coming from Ihe
llul11erical expl'rilllCnl follow a slr¡¡ighlline given hy
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lllal Ihe larger is the laHice size Ih~ more prollounccd is Ihe
slep-wise hehavior 01" Ihe pcn:olalion i"unclions. P,.(/l,,) al
11" '" I"w: \\'hc'I"e Ily,' is Ihe percolalion threshold.

Fur purpose (Jf comparisoll. dilllled samples \\'ere pre-
pared assigning lhe hond posilions in ¡¡ randol1l way. Thus.
Ihe hond conlent, h. is lixed and corrclaliolls alllong honds
are cOl1lpletely ruh:d out. SlIch lattices \vill he called UlH,.-(lr-
Iclaled laltices i.lnd can he preparcd al lillle cosl in COlllpUll'l
lillle. Thl'se syslellls are well known, so we \ViII use lhl'ir
properties lo compare with results for correlaled lattices. As
i•..c,\pecled, Ihe analysis nf Ihe percolalive hehavior 01' Ihese
1l1ll'Orrclatcd laltices deals lO Ihe classical hond percolation
prohlelll (lilled symhols in Fig. 2h). .

Thc derivalives of lhese funcliolls sho\\' a sharp peak ,11

11" '" Il",. Upon incrcasing lhe iallice Sill" 1\\'0 characlcr-
¡•..lic I'calures can hc cmphal.iscd: (a) lhc lllaximul1l (JI' lhe
curvcs Increases and (h) Ihe maxillllllll shifts lo lhe percola-
lioll lhrcshold. In Fig. 2h. \Ve only sho\\' Ihe derivali\'es cor-
rl.•..poIH.iing 10 lile largest value 01' L for ulH:orrelaled lallices
(da ...hed line) ami rOl' our diluted lallices (solid hne).

hum lhe inspeclion or lhcsc curves is clear Ihallhc slopc
uf lile curve rOl' lile cOlTelatetl lalliccs al percolalioll Ihrcsh-
old is Iloloriousiy larger Ihan rOl' lhe Llllcorn:laled lattices. In
olhe!' WOl'ds, Ihe Iransition from non-pel'l'olalion lo pcrcola-
lion is hroadcr rOl"correlatcd latlices as cOlllpared lo unrorre-
lall'd (llles. This rael is a l'onsequcncc 01' Ihe \'.'ay in which Ihe
honds in lhe ulll'orrClaled Iallicc lend lo clusler illlo rcgions
free 01' I'ruslralion, as il was shown in Rcfs. J and 4.

The slandard !heory or finilc sil.e scaling [lO-l:!] illlpiies
lhe following beha\'ior of Ihe prohabilily of percolalion near
Ihe percolalion lhreshold, 11("..

\\,J¡lTl'.: == (hy - Ilfl,.); d :lmll! are Ihe crilical expollcnl re~
lall'¡J lo lhe order parallleter and the rOlTelalionlenght respec~
lively, in such a way lhat p. hehaycs as l~, ex.:f¡3 for E > ()t
and L -+ x. ;¡mllhe corrc}alion Icnghl ~ oheys lo ~ o..:[-1'
101';; ----"II amI L ----7("\J. P,_ is the scaling fllnCliolls rol' Ihe
prohahility of percolation which is Ihe ordcr parameler 01' lile
prtlhklll.

Figures 3a ;\Ild 3h sllow Ihe '"dala collapsing" plo!s lo~
\Vanls a universal fllllClioll acconJing lo lhe above cqualion
101'holh Ihe corrclalcti and Ihe uncorrelalcd lattices, respec-
lin ..'I)'. \Ve see Ihat a n_'asonahlc til is ohlained in h0111cases hy
u•..ing ,-; = O.l:2.j allll /1 ::;:: .1/:3. Thc agreelllcnt helween Ihe

, [!leory ami OUl"rcslllts rOl' Ihe 1I1lcorrclalcd lallices (Fig. 3h)
\Io/ilS l'xpecled and the only juslillcalioll 10 run Ilulllerical cal~
culaliolls 1'01'this case is lo lesl our algorilllm and lhe slalis~
lical accurar)' of the sampling. Tllese results for the uneor-
rebll'd casc are very well-knO\vn and Ihey are inl'iuded hcre
only for l'olllparison wilh the uncorrelalcd one.

NtJll' lhat Ihc analysis glven ahO\-'l' is valid on!y rOl' sur.
[ÍL'iclllly large L and I'or E in Ihe asymptolic crilÍL'al [,l'gime.
lIowl'veL it can he app!kd 10 Ihe enlirc range of L and It ir
tlll' dala falls in lhc "dolllain 01' allrartion" nI' a simple lixed

N{'l'. Ml'x. F,\-, ~ SI (1998) 89-92



FltilJ{I 4 r\pplicHinn of "caling Iaw (Eq, 5) to c:xtrapoJalc tllt'

PCIC(II;llitlllthR'shold in lhc lllt'rI11tldyn;llllic limit.

0,0 L...~~~~~~~~~~~-,----.J
lUlO 0.05 0,10 0.15 0.20 0.25 0,30 0.35 OAO

L-l/v

This rL']¡¡tionship is plottcd in Fig. 4 hy using l'irclL-s
("tillares) for Ihe diluled (lIlll'orrclatcd) lattices. Thc linear lil
\lt' ¡1lL'nlllllerÍL'al dala of 11",,(/.) aCl'ordillg lo Eq, (4) deal"
In lhL' 11l'rC(1Ialioll lhrcshold rm Ihe intinite latticlo', For 11lL'
....landard ntllld percolalion prohlelll, lhis procedlln: pnlvidcs
h, ( "' ) = O..j():3. which is in good agrecl11Cnl ",ilh Ihe \\'cll
~nil\\n and c\.act vallle h,.(o...) = (J.,) already prcdiclcd in lhl'
lih.'ralUrl' 110]. \Vc llo1il'e lhal (hl' plo'reOlalion lhrcshold ror
11lL'dillllcd latticcs is Iml,'t,;'rlhan O.tl. This fael can nol he al-

••• ••• •

\Ve dl'al wilh Ihe prohlelll 01"squarc 1a(tices. wilh hall' lhe
b(Hld rcrr01lla~llclk and lile (llher hall' anlifcrnllnagnclic .
Eqllal strcnghl i..• a",,,ulllL'd ror all inlcractiolls l!lat arl' rc-
"Irirled lo ne~ucsl neighhop", Dircrl solution 01' Ihe Hamillo-
nian looking for gmulld slales [cads lo !"ruslralion duc lo lhe
roltlpcling local l¡eld. \\'hen all honds lhal frustrale in any
groulld stale are rertloved we are leh wilh a partially lilled
lallice thal is c;¡lled correlalcd dilllled Iattice. Thc llamc cor-
I"claled is due lo Ihe IL'IHlcllcy of unl"ruslraled nonds lo group
lhclllsclves in regiolls or islantls frce 01' frllstralion.

The main 11Ourposc 01' l!lis work was lo delermine Ihe
characlcri"tie h:alurcs 01' lhe Ik'reolali\'c hchavior of sllch lal-
lices hy using Ihe "landanl "c;lIing allalysis. The mosl slrick-
ing linding is rclated wílh tllL' dil"krent valucs 01"lhe percola-
¡ion lhrcshold in 1l1l' Ihcnnodinamic Iilllil for lhe dilllted Ial-
lice 111'1"( x) = (J .. IOS] and rOl' Ihe standard hond pcrcolalion
prohlem [h,,(c'\.)) = (l.;-d lI"cd here only for comrarison. This
rl1angc: in lhe percolation 1l1reshold can he atlrihUled (o the
c:xislcncc: 01' 10call'OlTelalions which conlrol lhe fOfmation of
largc magnclic lhHllains.

The presencl' of sllch lIlílgnclic domains guide llS 10;\ dif-
ferenl wa)' lo hreak lhe crgodicity. In facl. Ihe ergodic sepa-
ralion can he done li\.ing lhe spin, in lhe largcsl regions free
of frustration in slll'h a way lo maximizc lhe moer parame-
h:r aS"ocialcd lo lhe spin ..• in lhc iallice which is delineo in
prC\'i(HI" c(1Il1ribulitlns I:~-,-ll.

lrihllled In tinillo' si/e ellel'ts, From Eq. (4) Wlo'determine lhal
in Ihe lhermodynamk' limil lhe percolalion lhreshold for lhe
dilllled laltice. h",(,~) = (J, 11l,"".
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