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We investigate anisotropic compact stars comprising two non-interacting fluids: quark matter and condensed
dark matter. Using the MIT Bag model equation of state for quark matter and Bose-Einstein Condensate
equation of state for dark matter, we numerically compute interior solutions for those two-fluid component
spherical configurations. Varying the initial central density ratio of dark matter to quark matter, we examine
how different proportions of these components influence the mass-radius profile, the factor of compactness as

well as the quark mass fraction. Recent studies suggest that quark matter may exist in the cores of massive
neutron stars, significantly affecting their structure and stability. We calculate the factor of compactness for
both negative and positive anisotropy cases explored in this article. Our findings demonstrate that dark matter-
admixed quark stars are more compact yet less massive compared to pure quark matter stars, aligning with
recent theoretical predictions and gravitational wave observations.

1. Introduction

The study of compact astrophysical objects, including black holes,
neutron stars and white dwarfs, has been fundamental to relativistic
and gravitational astrophysics since Karl Schwarzschild’s seminal 1916
solution to Einstein’s field equations. His solution characterized the
spacetime geometry surrounding a static, spherically symmetric mass,
revolutionizing our grasp of black holes [1]. This breakthrough cat-
alyzed research into the internal composition and behavior of other
compact objects, spawning diverse analytical and numerical models —
initially for isotropic stellar systems and later extending to anisotropic
configurations.

Neutron stars, formed during the final stages of stellar evolution,
exhibit extreme internal densities that distinguish them from conven-
tional matter, necessitating their study within the framework of Ein-
stein’s General Relativity (GR) [2-6]. Understanding these compact ob-
jects requires a multidisciplinary approach integrating nuclear physics,
astrophysics, and gravitational physics. As the densest known objects
after black holes, neutron stars recreate physical conditions unattain-
able in terrestrial laboratories, functioning as natural cosmic labora-
tories [7]. Recent research suggests that massive neutron stars may
contain quark-matter cores [8-11], challenging previous assumptions
about their composition [12]. Further investigations explore quark stars
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under various conditions, including within modified gravity frame-
works like f(R,T) gravity [13] and Rainbow Gravity [14], which yield
specific mass—radius profiles and observational constraints. This find-
ing has significant implications for neutron star phenomenology and
merger dynamics. Additionally, theoretical models of strange quark
stars, which may represent the fundamental state of hadronic matter,
offer further insights into the properties of dense matter [15-20].

Quark matter, a proposed type of matter made up of free quarks,
might exist at the cores of very dense objects like neutron stars. In
extreme heat and pressure, neutrons and protons in these stars could
break apart into quarks, creating a state of matter not found on Earth.
Physicists have intensely studied the idea of stable quark matter, es-
pecially strange quark matter, in both theory and observation [21,22].
Recent research has challenged the long-held assumption that quark
matter must contain strange quarks to be stable, suggesting that up
and down quarks alone might form a stable configuration under certain
conditions [21,23]. The potential existence of quark matter cores in
massive neutron stars has significant implications for our understanding
of nuclear physics, the behavior of matter under extreme conditions,
and the properties of neutron stars themselves [22].

Strong support has emerged from recent research for the existence
of quark matter cores in neutron stars, notably in the most massive
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observed instances [23]. These findings offer crucial insights into the
phase diagram of Quantum Chromodynamics (QCD) and the nature of
matter at supranuclear densities [7].

Recent studies have highlighted a strong link between dark matter,
compact objects, and the key role of dark energy in the evolution of the
universe [24,25]. Dark matter, which makes up about 27% of the Uni-
verse’s mass-energy, remains mysterious and is only observed through
its gravitational effects on galaxies and large-scale structures [26]. In
contrast, dark energy, accounting for roughly 68% of the Universe’s
energy density, is thought to drive the current accelerating expansion
of the Universe [27].

The true nature of dark matter remains unknown, but theoretical
models offer intriguing possibilities. Dark matter is thought to be made
up of particles beyond the Standard Model, with leading candidates
including Weakly Interacting Massive Particles (WIMPs), axions, and
other exotic particles [28-33]. These studies aim to explore matter
under extreme densities and may provide insights into the nature of
dark matter.

Theoretical models also suggest that dark matter particles could
interact with stars, including compact objects, producing observable
effects [34-43]. For instance, recent work by Liu et al. (2025) [44] ex-
plored the effects of bosonic self-interacting dark matter on quark star
properties using the confined-isospin-density-dependent-mass model,
examining potential implications for observed peculiar objects. Alter-
natively, WIMPs might accumulate inside neutron stars, annihilate, and
heat their cores, impacting their thermal evolution [45]. Similarly,
axions produced in main-sequence and neutron stars could change
their structure and emission properties [46-49]. Primordial black holes,
another dark matter candidate, could also be captured by neutron
stars, potentially causing mergers that produce detectable gravitational
waves [50]. These possibilities highlight the need for further research
and observations to test these ideas and improve our understanding of
dark matter.

Current and upcoming space missions like Euclid [51] and the
Nancy Grace Roman Space Telescope [52], along with ground-based
surveys such as DESI [53], are expected to provide a wealth of data
that could significantly deepen our understanding of dark matter. These
missions aim to uncover the properties of dark matter, shedding light
on its nature and its role in shaping the structure and evolution of the
universe [54].

Research into dark matter is further supported by gravitational wave
detections from compact object mergers, observed by facilities such as
LIGO [55] and Virgo [56], as well as future projects like LISA [57] and
the Einstein Telescope [58,59]. These observations offer a unique way
to explore the behavior of matter under extreme conditions and may
help reveal how dark matter interacts with compact objects.

Additionally, X-ray observatories like Chandra [60], XMM -Newton
[61], and NICER [62] have provided valuable insights into neutron
stars and other compact objects, which may interact with dark matter.
Future missions such as eXTP [63], STROBE-X [64], Lynx [65], and
NewAthena aim to revolutionize studies of these environments. By
probing the most energetic phenomena and stellar oscillations, these
missions could improve our understanding of the conditions under
which dark matter may reveal itself [66].

In this study, we investigate anisotropic stars comprising quark
and dark matter, employing an MIT Bag equation of state [67] for
quark matter and a barotropic EoS for dark matter. By adjusting the
initial central density ratio of dark matter to quark matter, we gen-
erate diverse solutions to examine how varying proportions of these
components influence the mass-radius profile. Recent studies suggest
that quark matter may exist in the cores of massive neutron stars,
significantly affecting their structure and stability, as well as their
spacetime curvature properties, particularly when considering the in-
fluence of dark matter [68]. We calculate the compactness factor for
the two primary cases and corresponding sub-cases explored in this
paper. Additionally, we consider the potential impact of anisotropic
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pressure on the internal structure of these compact stars, which could
alter their tidal deformability and gravitational wave signatures during
mergers. For previous similar works see e.g. [69], where the authors
studied objects made of anisotropic quark matter mixed with dark
energy (rather than dark matter), and [70] in which the authors studied
electrically charged compact stars with dark matter induced anisotropy.
In the first publication an exact analytic solution was obtained, while
the anisotropic factor of quark matter was found to be always positive.
In the second work the approach of gravitational decoupling was
employed to solve the structure equations.

The paper is structured as follows: After this introduction, Section 2
discuss the motivation for anisotropic matter in compact stars, Sec-
tion 3, presents the hydrostatic equilibrium framework for anisotropic
stars in the two-fluid formalism, including the modified Tolman-
Oppenheimer-Volkoff equations and boundary conditions. Section 4
details the equations of state and anisotropy factors for both quark
matter (using the MIT Bag model) and dark matter (using a polytropic
equation). Section 5 examines numerical solutions for anisotropic com-
pact stars with varying central densities, analyzing both negative and
positive anisotropy components. Section 6 concludes with a summary
of our findings on anisotropic compact stars containing both quark and
dark matter, with particular emphasis on how their structural proper-
ties differ from pure quark matter stars. Throughout the manuscript,
we employ geometric units G = 1 = ¢ and adopt the mostly positive
metric signature {—,+,+,+}. The results demonstrate how different
proportions of quark and dark matter influence stellar properties such
as mass, radius and compactness.

2. Anisotropic matter and compact stars

In the diverse range of cosmological models examined, the inherent
anisotropic properties of matter play a fundamental role, profoundly
influencing the behavior and structure of celestial bodies, particularly
compact stars such as neutron stars. Anisotropic fluids are crucial to
understanding various astrophysical phenomena, including compact
objects and potentially dark matter. Recent theoretical work suggests
that dark matter may exhibit local anisotropy, which could markedly
affect its behavior and detection. Cadogan and Poisson [71] present
a comprehensive investigation of anisotropic fluids in both Newtonian
and relativistic gravity, examining the intricacies of anisotropic matter
in astrophysical contexts. Within the framework of General Relativity,
anisotropic fluids have been extensively studied, with particular em-
phasis on their distinctive properties in stellar models and their effects
on the structure and behavior of compact objects [72,73]. Furthermore,
research investigating the impact of anisotropy on the mass-radius
relationship of stars has yielded remarkable findings, further empha-
sizing the significance of this property in astrophysics [74,75]. This
line of inquiry has expanded our understanding of stellar structure and
evolution, and remains an active area of research with implications for
diverse astrophysical phenomena.

Anisotropic stellar models provide a more sophisticated represen-
tation of compact objects, as numerous factors can induce pressure
anisotropies within stars. These include intense magnetic fields, su-
perfluid states, and exotic matter compositions. Recent studies have
demonstrated that anisotropy significantly influences stellar structure
and evolution [76]. Indeed, research suggests that anisotropic fluids in
neutron stars could substantially alter their mass—radius relationships
and affect their stability. However, incorporating anisotropy introduces
additional complexity, necessitating an extra degree of freedom to
fully resolve the equations. This complexity has spawned innovative
approaches in modeling, such as the utilization of gravitational decou-
pling techniques to construct physically viable solutions for compact
stars with dark matter haloes [77].

The possibility of both positive and negative anisotropy inside
stars has been thoroughly investigated in recent years, with com-
pelling evidence supporting both scenarios. Positive anisotropy, where
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the tangential pressure exceeds the radial pressure, can arise from
various physical mechanisms such as strong magnetic fields, rota-
tion, or the presence of exotic matter [78]. This type of anisotropy
tends to increase the maximum mass and radius of neutron stars,
potentially explaining observations of unusually massive compact ob-
jects. Conversely, negative anisotropy, where radial pressure domi-
nates, can result from phase transitions or density-dependent interac-
tions within the stellar core [78]. Recent studies have revealed that
negative anisotropy can lead to more compact stellar configurations,
affecting properties such as the tidal deformability and gravitational
wave signatures [79]. The presence and magnitude of anisotropy signif-
icantly influence stellar structure and evolution, with profound implica-
tions for our understanding of extreme matter states and gravitational
wave astronomy [78].

This study explores stars containing quark and dark matter, offering
valuable insights into dark matter’s role in pure quark stars within
astrophysics. We examine the possibility of stars with exotic matter
types. Our research investigates various scenarios, proposing alterna-
tive explanations for compact star and black hole observations, and
their implications for neutron stars [80-83]. The interaction between
dark matter and these exotic states [36] could produce distinctive
gravitational wave signatures during stellar mergers [80,84]. These
discoveries underscore the necessity for further research into these
complex systems to better understand the universe’s most enigmatic
objects.

3. Interior solutions in the two-fluid formalism

Let us assume a static, spherically symmetric object, described using
the usual Schwarzschild-like coordinates: x° = ¢, x! = r, x2 = 6,
and x* = ¢. The line element for geometries of non-rotating stars in

Schwarzschild coordinates is given by:
ds® = —e"di® + e*dr? + r*(d0” + sin® 0 d¢p?), )

where 0 < r < R and R is the stellar radius. The mass function m(r) is
defined by:

et = . @

The Tolman-Oppenheimer-Volkoff (TOV) equations [85,86] for a two-
fluid system are the following [87,88]:

m'(r) = 4zr* p(r), 3
V() = 280, @
Plona () = ~ 1o (1) + poui(P)] g(r) + 2~ QM( i) )
P () = ~[ppa(r) + poy ()] g(r) + 27222 DM(’) 6)
g = MO H TR0 @

2 (1 _ Zm(r))
r

where a prime denotes differentiation concerning r, and where pgy
and pqgy are the pressure and the energy density for quark matter,
respectively, while ppy; and ppy, are the corresponding quantities for
dark matter. The total pressure and density are, respectively

p(r) = pom(r) + ppm(r), ()]
p(r) = pom(r) + ppm(r), (€C)]

The function v(r) may be computed with the help of

R
v(r) =1In (1 - ZTM> 2/ g(x)dx, (10)

where M is the mass of the star. The equations for {n’, pQM, pDM} are
then integrated with the help of the conditions at the center of the star,
r—0,ie.,

m(0) =0, 11
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= Pc,QM> 12)
= PeDM> 13)

where p.qy is the central pressure for quark matter and p,p) for dark
matter. The latter were the conditions on the center, however, it is
also required to impose appropriate conditions at the surface. Thus,
the following matching conditions must be satisfied at the surface of
the object, r — R:

pom(0)
pom(0)

p(R) =0, a4
m(R) =M, 15)
taking into account that the exterior vacuum solution is given by
the Schwarzschild geometry [1]. Equivalently, the first and second

fundamental forms across that surface confirm the last comments. In
particular, recall that

0| _p= 1 ZTM, (16)
-1

Ol _p = <1 _ 2TM> ) (16b)

p(r) r=R = O’ (16C)

and such conditions are precisely the necessary and sufficient condi-
tions for a smooth matching of the two metric potentials (16a) and
(16b) at the surface r = R. These boundary conditions ensure that
the interior solution, described by the metric (1), seamlessly joins the
exterior vacuum solution given by the Schwarzschild space-time at the
stellar surface.

4. Equations-of-state and anisotropic matter in the two-fluid for-
malism

Herein, we shall present the theory and equations for examining
compact stars comprised of two distinct fluids: quark matter and dark
matter. We shall investigate two specific cases: (i) negative anisotropic
factor and (ii) positive anisotropic factor, both pertaining to quark
matter. Subsequently, we shall discuss the equation-of-state (EoS) de-
scribing both quark and dark matter, alongside the specific form of the
anisotropic factor for each fluid.

4.1. Assumptions of EoS and anisotropic factor

We should mention that our aim is to integrate the TOV equations to
obtain the corresponding numerical profiles of the functions. We then
have to assume the equation of state of the matter content and, if the
fluid is anisotropic, some concrete form of the anisotropic factor. In
the two-fluid formalism, we take advantage of the fact that there is no
direct interaction between the two fluid components. The latter means
that each fluid can be properly described by its own equation of state.
Let us start by considering one equation of state for the quark matter
content modeled in this case by the MIT Bag model EoS [89,90], a
framework also utilized in studies searching for other compact hadronic
states like pentaquarks [91], i.e.,

(pQM<r) ) a7)

where the bag constant B has been constrained to take values in the
range [92]

4158M—e¥<3<31931M 1s)

fm fm?

pom(r) =

It is related to the value of energy density on the surface pyqy, after
imposing p(R) = 0 to generate poy(R) = psqm = 4B. In addition, we are
considering this fluid as anisotropic, so, becomes essential to include
the anisotropic part. For simplicity, following [93] we introduce

2m(r) 19)

AQM(r) =K PQM(")
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where k, is a dimensionless constant parameter, while both pom(r)
and m(r) have the usual meaning. Subsequently, the dark matter con-
tent, reinterpreted as a Bose-Einstein Condensate, may be effectively
described via a polytropic EoS, namely:

Pom() = Kppy(r)? (20)

with index n = 1, where K is a constant of proportionality with the right
dimensions and pp), is the energy density of dark matter. Dark matter
was reinterpreted as a Bose-Einstein Condensate some time ago [94-
96], which was able to address the cusp/core problem [97]. The single
wave function describing the Bose-Einstein condensation [98-100]
satisfies the Gross-Pitaevskii equation [101,102]. The presence of the
non-linear term, interpreted as enthalpy, leads to a polytropic equation
of state (EoS), as highlighted e.g. in [103,104].

We comment in passing that the precise form of the EoS depends
on the form of the self-interaction scalar potential. However, in the
low density limit, the EoS always takes the form of the above poly-
trope. Consider for instance the quartic potential, V(¢) ~ A¢*, with
A being a dimensionless coupling constant. It was shown in [105]
that the pressure as a function of the energy density is given by p =
(po/3)(\/T+ p/py— 1)* where the constant p, is defined by p, = m*/(34)
with m being the mass of the scalar field. It is easy to see that when
p < p, the EoS takes the approximate form p « p*> [106,107], while
in the high density regime, p > p,, it takes the usual form p ~ p/3 for
ultra-relativistic matter [106].

Identically to the quark matter case, we are interested in investigat-
ing anisotropic fluids, so, we assume an anisotropic contribution similar
to the previous case, but adapting the parameters, namely:

2
Aoi(F) = K3 o (P) ’”r(’). @1

with a different dimensionless coupling .

Before we proceed to present and discuss the numerical results, a
comment is in order here. In the present study we have adopted the
2-fluid formalism assuming that there is no direct interaction between
quarks and DM. This possibility may be realized for instance in one
of the simplest extensions of the Standard Model of Particle Physics,
namely the real gauge-singlet scalar with a discrete Z, symmetry,
discussed e.g. in [108,109]. In this model the total Lagrangian density
is given by £ = Ly + Lpys, Where the DM part is given by L, =
(1/2)(08)* — V(S) — gh®S? [108,109], where g is a dimensionless
coupling constant between the Higgs boson and the gauge-singlet scalar
field S. Since the trilinear interactions of the form ASS, Shh are not
allowed by the symmetries, the elastic scattering process DM N —
DM N, with N being the nucleon, does not take place via the Higgs
exchange, see e.g. Fig. 1 of [110]. This avoids the discussion about
constraints on the DM-nucleon cross-section. In addition to that, the
usual discussion about DM capture from the halo and its thermalization
inside stars [111-114] is not relevant in the present study.

5. Numerical solutions

In this work we have studied anisotropic stars consisting of two dif-
ferent fluids, one quark matter and the other dark matter, in the frame-
work of General Relativity, taking advantage of some well-motivated
EoS and anisotropic factors. We have numerically computed interior
solutions of (realistic) spherical configurations of anisotropic matter
(quark and dark matter) varying the central densities of the fluid
components at the center of the star.

For convenience, we have introduced the dimensionless factor f

defined by:
g febM ©2)
PepM T Pe.QM

For a given f the central energy densities are not independent, and we
may express one in terms of the other, for instance

PeDM = (%) PeQM = @ Peom> (23)
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or in other words, the central density of dark matter is proportional
to the central density of quark matter, and we have defined a new
dimensionless factor

S @49
I-f
As the anisotropic factor of dark matter condensate is always nega-
tive [107], in the present study we have considered two cases, namely:

(a) anisotropic quark matter where Aom(r) <0 (case I) assuming

a

f =0.58, 0.60, 0.62 (or equivalently) (25)
a ~ 1.38, 1.50, 1.63 (26)

and (b) anisotropic quark matter characterized by a positive anisot-
ropic factor, 4,),(r) > 0 (case II), assuming the same values of case
I for f (or equivalently «). Our main results are discussed in the next
subsections. In what follows, we shall consider the following numerical
values to perform our study

MeV

0.01
K=— 2
3 (28)
Ky =—0.2 (29)
Kk = +0.1. (30)

As mentioned before, to obtain our numerical results, a condition must
be imposed at the center of the star. Within the two-fluid formalism,
we relate the central densities of the two fluids using the parameter
a, which proves more convenient than f for characterizing variations
in the central density. We consider three representative cases where
the central density of dark matter exceeds that of quark matter by (i)
38%, (ii) 50%, and (iii) 63%. These percentages provide a simple and
effective way of understanding how changes in the central density of
dark matter affect the structure and evolution of the star. By exploring
a wide range of density contrasts, we can study how sensitive different
mixed star configurations are to the presence of dark matter.

Last but not least, it is also worth mentioning at this point that the
anisotropic factors 4y, (r) and Ap),(r) are proportional to «; and k;,
respectively, and these factors encode the strength of the anisotropy
over each fluid. Thus, we examine low values of these parameters in
order to consider fluids that are slightly anisotropic.

Finally, we rely on the criterion based on the relativistic adiabatic
index defined by

d

r==22 <1 + 3) (€3))
dp p

to check whether or not the configurations considered here are stable.

The condition I' > I, ensures stability, where the critical value is

computed by I',, =4/3+ (19/21)(M /R) [115].
5.1. Case I: Negative anisotropy of quark matter

Our analysis examines the compactness factor, C, (defined as usual,
i.e., M /R) versus stellar mass, M, (in solar masses) across three scenar-
ios varying the a or f factors. As shown in Fig. 1 (top panels), when the
central density of dark matter increases relative to quark matter’s cen-
tral density, the compactness factor exhibits a slight leftward shift while
maintaining its upward trend [7]. The M-R profiles demonstrate distinct
characteristics through four curves. Three solid curves represent dark
matter-admixed quark stars with different initial (central) conditions,
while a dashed black line indicates objects made of pure quark matter.
The two-fluid configurations produce more compact yet less massive
objects compared to pure quark stars, aligning with recent theoretical
predictions [84]. This demonstrates dark matter’s significant influence
on stellar properties when quark matter is present [36], consistent
with gravitational wave observations [80]. As the central density ratio
(«) of dark matter to quark matter increases, the mass-radius profile
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1.2 . T ;
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Fig. 1. Mass-to-radius profiles, factor of compactness and quark mass fraction for case I studied here, i.e. for negative x,. Top panels: Stellar mass in solar masses versus
stellar radius in km assuming f = 0.58 (green), f = 0.60 (blue) and f = 0.62 (red). For comparison reasons, in the upper right panel we have also shown the mass-to-radius
relationship without the inclusion of dark matter, i.e. pure quark matter. We have included two horizontal strips around two solar masses. The yellow band corresponds to the
massive pulsar J1614-2230, which has a known mass of M = (1.97 +0.04)M_ [119]. The brown band corresponds to the massive pulsar J0348+0432, which has a known mass
of M = (2.01 +0.04)M, [120]. In addition, there are four regions corresponding to: (a) the light HESS compact object (purple region) [121], (b) the pulsar J0740+6620 (cyan
region) [122,123], (¢) the pulsar J0030+0451 (red region), [124], and (d) the light HESS compact object (purple region) [125]. The intensity of the color represents 65%, 90%
and 99% from darker to lighter color. Bottom-Left panel: Factor of compactness, C = M /R, versus stellar mass (in solar masses) considering f = 0.58,0.60,0.62. Bottom-Right
panel: Quark mass fraction as a function of the (normalized) central energy density of quark matter.

evolves systematically. The object becomes more compact, while its
highest mass slightly decreases, supporting recent theoretical frame-
works [67]. Similarly, investigations within alternative frameworks like
Rastall gravity also analyze how varying model parameters influence
the mass-radius relation and stability of quark stars in comparison with
recent astrophysical observations, as explored in recent studies [116,
117]. For non-zero but modest a values, we obtain physically viable
solutions aligned with conventional compact star parameters, partic-
ularly matching observed mass-radius relationships in recent surveys
[37,118]. Finally, since the spherical configurations studied here are
made of two fluid components, it is interesting to see how the quark
mass fraction changes as we vary the central energy density of quark
matter. According to the bottom right panel, the mass fraction increases
with the central density, it reaches a maximum value of ~ 65% around
Peom ~ 2.75p; (green curve), and then it monotonically decreases. Its
highest value depends on the numerical value of the factor f, and as
our numerical results indicate, the curves are shifted downwards as f
increases.

Fig. 1 presents the mass-to-radius profiles, compactness factor, and
quark mass fraction for anisotropic dark matter-admixed quark stars
in the case of negative quark matter anisotropy. Notably, the in-
clusion of up-to-date astrophysical constraints, such as the precisely
measured masses of PSR J1614—2230 [119], PSR J0348+0432 [120],
and PSR J0740+6620 [123,124] is essential for evaluating the viability
of the theoretical models shown. The yellow and brown horizontal
bands, as well as shaded regions representing the latest NICER mea-
surements for PSR J0030+0451 and PSR J0740+6620 [122-124,126],
clearly demonstrate that only certain regions of the parameter space

remain consistent with observational data. The dark matter- admixed
models generally result in more compact yet less massive configurations
relative to pure quark stars, often falling below the 2 M, constraint set
by pulsar observations. This direct comparison illustrates the impact of
increasing dark matter content on the maximum mass and compactness,
highlighting the importance of integrating observational constraints in
the analysis of exotic compact objects.

5.2. Case II: Positive anisotropy of quark matter

When examining positive anisotropy, our analysis of the compact-
ness factor C versus mass M again considers three scenarios with
varying a parameters. As illustrated in Fig. 2 (bottom panels), in-
creasing central dark matter density relative to quark matter shifts the
compactness factor slightly rightward while maintaining its increasing
trend. The mass-radius profiles reveal distinct characteristics across
four curves. Three solid curves represent hybrid quark-dark matter
configurations with different central conditions, while a dashed black
line indicates pure quark matter stars. The hybrid configurations exhibit
less compact yet more massive structures compared to pure quark stars,
aligning with recent theoretical work [127]. This demonstrates dark
matter’s significant influence on stellar properties when quark matter is
present [128], matching gravitational wave observations [129]. As the
central density ratio a increases, the mass-radius profile evolves sys-
tematically. The object becomes less compact while its maximum mass
slightly increases, supporting recent theoretical frameworks [130]. For
non-zero but modest « values, we obtain physically viable solutions
matching conventional compact star parameters and observed mass—
radius relationships [126]. The positive anisotropy component leads to
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Fig. 2. Same as in previous figure, but for case II studied here, i.e. for positive x|, and for f = 0.58,0.60,0.62.

increased maximum mass and radius compared to the isotropic case, be-
coming more pronounced as anisotropy increases. This allows for more
stable configurations at higher central densities, potentially expanding
viable quark star models [131]. Additionally, positive anisotropy affects
tidal deformability, generally increasing the tidal Love number with
implications for gravitational wave signals from binary mergers [132].
As far as the quark mass fraction is concerned, it exhibits a behavior
very similar to the one shown in Fig. 1.

Fig. 2 illustrates the structural properties for the case of positive
quark matter anisotropy. In this scenario, hybrid stars with increased
dark matter content tend to display less compact but more massive
profiles, sometimes exceeding the masses of their pure quark mat-
ter counterparts for the same central energy density. However, when
current astrophysical constraints are overlaid, the physically viable
solutions are more stringently limited. The models are required to
remain within the allowed mass-radius regions set by multimessenger
gravitational wave analyses of GW170817 [7,129,133] and the latest
NICER/XMM-Newton results [122,123]. These results make it clear that
only certain combinations of anisotropy and dark matter fraction are
compatible with the observed properties of neutron stars, providing a
powerful test for the underlying equation of state and the dark matter
hypothesis.

In Fig. 3 we have shown the relativistic adiabatic index as a function
of the radial coordinate for both cases considered in this work. The
configurations correspond to the highest mass supported by the quark
EoS without the presence of DM. We see that the stability criterion
based on I' is met, and therefore the configurations are stable. This
guarantees that all other configurations must be stable as well, since
both the stellar mass and the factor of compactness are lower compared
to the point of highest mass. Next, as shown in the Figures, the inclusion
of DM reduces significantly the maximum stellar mass, and therefore
we conclude that the DM admixed quark stars, too, must be stable.
See also [134] for a stability analysis of combined boson-fermion
spherically symmetric configurations.

Stability of stars may be also discussed via the study of radial
oscillations [135,136], and computation of the frequencies wy, wy, ....
Stability against radial oscillations for a multi-component star must be
carefully studied as in [137,138]. A general result of those works is
that the maximum mass configuration does not necessarily coincides
with the last stable configuration, and that an extended branch of
stable configurations might arise, as found for hybrid stars in [139,140]
and references therein. The w®> = 0 separates the stable from the
unstable modes. The methods to solve the eigenvalue value problem
for the frequencies are well known. Chandrasekhar in [136] using trial
functions found the critical value I, = 4/3 + (19M)/(21R), where the
first term corresponds to the Newtonian value, while the second one is
the relativistic correction to that.

Another quantity of interest that has attracted a lot of attention is
the so called dimensionless tidal deformability A of relativistic stars
in binaries. The recent observation of two gravitational wave events,
GW170817 [141] and GW190425 [142] put a well-defined EoS in-
dependent constraint on the deformability as A < 800. See for in-
stance [143,144] for anisotropic compact objects, and [145] for quark
stars. The computation of tidal Love numbers and deformabilities of DM
admixed quark stars is under construction in a separate work [146].

Finally, before we summarize our work a final comment is in order.
According to the bottom-right panel of Figs. 1 and 2, the DM mass
fraction is comparable to the quark mass fraction. This may rise the
concern that the DM mass fraction is too big, since it is estimated that
it should be around 10714, This number, however, is obtained in the
scenario in which there is a non-vanishing DM-nucleon cross-section,
and DM capture from the halo. As mentioned before, however, in the
present study we have in mind a concrete Particle Physics model where
there is no DM-nucleon interaction, and so this estimate no longer
holds. The DM mass fraction observed in the figures is of the same
order of magnitude considered in [147] (parameter ¢ there), see Fig.
8 of [147].
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A comprehensive examination of Figs. 1, 2, and 3 in the context of
modern observational constraints offers critical insights into the inter-
play between quark matter, dark matter, and stellar anisotropy. The
simultaneous inclusion of radio timing, gravitational wave, and X-ray
observations — covering mass, radius, and compactness — significantly
restricts the allowed parameter space for dark matter-admixed quark
stars. In particular, Fig. 3 confirms that the most massive stable config-
urations remain consistent with the adiabatic index stability criterion,
but the addition of dark matter generally reduces the maximum mass
achievable. By overlaying these observational bands and constraints
onto theoretical results, the study not only enhances its relevance but
also demonstrates that the presence and properties of dark matter in
compact stars may soon be stringently tested or ruled out with forth-
coming observational data. This integrative approach paves the way
for more refined future studies exploring the microphysical properties
of dense matter and the cosmic role of dark matter in astrophysical
compact objects.

6. Summary and concluding remarks

To summarize our work, this study examined the impact of the in-
clusion of dark matter on structural properties of quark stars, revealing
new insights about those less conventional celestial objects’ structure
and properties. Our investigation into anisotropic stars consisting of
both quark and dark matter has revealed significant insights into their
structure and properties.

The incorporation of dark matter into quark star models has demon-
strated a marked influence on stellar characteristics. In the case of
negative quark anisotropy, we observed that quark-dark matter config-
urations resulted in more compact yet less massive objects compared
to pure quark stars [84]. This aligns with recent theoretical predictions
and gravitational wave observations, highlighting the significant role of
dark matter in shaping stellar properties when quark matter is present
[80]. Conversely, for positive quark anisotropy, our findings indicate
that two-fluid component configurations exhibit less compact yet more
massive structures compared to pure quark stars [84]. This supports
recent theoretical frameworks and matches observed mass-radius re-
lationships in recent surveys [37,118]. The systematic evolution of
mass-radius profiles as the central density ratio of dark matter to
quark matter increases provides valuable insights into the internal
composition of these exotic stars. For non-zero but modest central
density ratios, we obtained physically viable solutions that align with
conventional compact star parameters [37,118]. In general, it is worth
emphasizing that, regardless of whether the anisotropic quark matter
satisfies 4y, (r) > 0 or Agy(r) < 0, the presence of dark matter in a
quark matter star significantly reduces its mass—radius profile. In other
words, the resulting configuration is a more compact and lighter object,
as illustrated in the upper right panels of Figs. 1 and 2. Furthermore,

the numerical results clearly fall outside the constraint band established
by [119], as these figures also demonstrate.

Our results contribute to the growing body of evidence suggesting
the presence of quark matter cores in massive neutron stars, which
significantly affects their structure and stability [7]. This study also
underscores the potential of gravitational wave Astronomy in probing
the nature of ultra-dense matter and the role of compact objects in the
expansion of the Universe [55].

Future research directions could include investigating the effects of
different equations of state for both quark and dark matter, exploring
the impact of varying anisotropy factors, and examining the gravita-
tional wave signatures of these hybrid compact objects. Additionally,
upcoming space missions and ground-based surveys promise to deliver
new data that could further transform our understanding of these
enigmatic stellar remnants and their role in the cosmos [58].

In the broader context of Astrophysics and Cosmology, this study
contributes to our understanding of the fundamental nature of matter
under extreme conditions and the potential role of dark matter in com-
pact objects. As we continue to push the boundaries of our knowledge,
the interplay between quark matter and dark matter in compact stars
remains a fertile ground for future discoveries and insights into the
nature of our Universe.
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