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ARTICLE INFO ABSTRACT

Editor: Yasaman Farzan In this paper, we investigate the properties of relativistic stars made of isotropic matter within the
framework of the minimal Standard Model Extension, where a Bumblebee field (BF) coupled to
spacetime induces spontaneous Lorentz symmetry breaking. We adopt analytic equations-of-state
describing either condensate dark stars or strange quark stars. We solve the structure equations
. numerically, and we compute the mass-to-radius relationships. The influence of the Bumblebee
Stellar composition g N X K K 1 X R
Lorentz symmetry breaking parameter | is examined in detail, and an upper bound is obtained using the massive pulsar (PSR)
Bumblebee gravity J0740+6620 and the strangely light High Energy Stereoscopic System (HESS) J1731-347 compact
object.
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1. Introduction

General Relativity (GR) and the Standard Model (SM) of Particle Physics, respectively, describe gravity classically and parti-
cles/interactions quantum mechanically. Unifying these theories remains a fundamental challenge. While proposed quantum gravity
theories offer potential solutions, direct experimental verification is currently unattainable due to the requisite Planck scale (10
GeV) energies. Nonetheless, subtle quantum gravity effects might manifest at lower energy scales, opening avenues for experimental
investigation. One such potential signal is the breaking of Lorentz symmetry, rooted in special relativity, ensures that physical laws
are consistent for all observers in inertial frames. This symmetry, encompassing rotational and boost transformations, is fundamental
to general relativity and the standard model of particle physics. In curved space-times, local Lorentz symmetry is maintained due
to the Lorentzian nature of the background. However, violating Lorentz invariance introduces directional or velocity dependencies
in physical variables, altering the dynamics of particles and waves. In 1989, Kostelecky and Samuel introduced Bumblebee gravity
[11, a model for spontaneous Lorentz violation. In this model, a BF with a vacuum expectation value (VEV) breaks Lorentz symmetry
through the dynamics of a single vector field, B,,. This approach suggests that investigating Lorentz symmetry violation could provide
insights into Planck-scale physics, combining aspects of both General Relativity and the Standard Model within the framework of
effective field theories known as the Standard Model Extension (SME), which offers a framework that includes all possible coefficients
for Lorentz/CPT violation, with its gravitational sector defined on a Riemann-Cartan manifold, treating torsion and the metric as dy-
namic geometric quantities. While the SME allows for non-Riemannian terms, research has primarily focused on the metric approach,
using the metric as the main dynamic field. There are certain effects of Lorentz violation within the gravitational sector have been
explored in [2-18].

* Corresponding author.
E-mail addresses: grigorios.panotopoulos@ufrontera.cl (G. Panotopoulos), ali.ovgun@emu.edu.tr (A. Ovgiin).

https://doi.org/10.1016/j.nuclphysb.2025.116956
Received 7 November 2024; Received in revised form 7 May 2025; Accepted 8 May 2025

Available online 12 May 2025
0550-3213/© 2025 The Author(s). Published by Elsevier B.V. Funded by SCOAP®. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/nuclphysb
http://orcid.org/0000-0003-1449-9108
http://orcid.org/0000-0002-9889-342X
mailto:grigorios.panotopoulos@ufrontera.cl
mailto:ali.ovgun@emu.edu.tr
https://doi.org/10.1016/j.nuclphysb.2025.116956
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2025.116956&domain=pdf
https://doi.org/10.1016/j.nuclphysb.2025.116956
http://creativecommons.org/licenses/by/4.0/

G. Panotopoulos and A. ngun Nuclear Physics, Section B 1017 (2025) 116956

New discoveries of super-dense objects are pushing the boundaries of our understanding in Astrophysics. While countless com-
pact objects have been found, the exact laws governing their behavior remain a mystery. Recent observations have challenged the
traditional theories, particularly general relativity and the standard model for neutron stars (NSs). One key example is the secondary
object in the GW190814 merger [19-21], which has been proposed as a potential quark star. Its properties have been analyzed in
the framework of general relativity, with models suggesting that they may be described by a single parameter (4). This theory aligns
with recent research suggesting non-strange quark matter as the most stable form of baryonic matter under extreme conditions [22].
Promising findings have also been obtained by similar investigations using the quark matter phase or using other models for matter
behavior (equation-of-state) [15-18,23].

Strange quark stars are hypothetical compact objects proposed as an alternative to neutron stars [24-39]. Composed of quark
matter, which is theorized to be the absolutely stable ground state of hadrons [40,41], these stars could explain the puzzling nature of
super-luminous supernovae [42,43]. Unlike ordinary supernovae, these exceptionally bright explosions are 100 times more luminous
and occur in approximately one out of every thousand cases. According to the standard terminology, in the literature the names
“quark stars”, “strange stars” and “strange quark stars” are used to refer to the same object. Strange quark stars are made of u, d and
s quarks, as the other three flavors are too heavy. Their mass is much larger than the chemical potentials involved, and so they are
not relevant. While quark stars remain theoretical at present, their existence cannot be definitively excluded. Some observed compact
objects exhibit anomalous properties, such as unusually small radii, that standard neutron star models cannot fully explain [44-46].
These discrepancies have fueled speculation about the potential presence of strange matter in these objects. While some researchers
propose that strange matter could constitute the core of hybrid neutron stars [47-49], others argue that such stars would be virtually
indistinguishable from ordinary neutron stars [50].

The standard cosmological model posits that dark matter consists of weakly interacting massive particles (WIMPs). While this
assumption aligns well with large-scale cosmic observations (scales of megaparsecs and larger) (> M pc), it faces challenges at smaller
galactic scales. A few discrepancies between observations and model predictions, such as the core-cusp problem, the diversity problem,
the missing satellites problem, and the too-big-to-fail problem, arise [51]. Self-interacting dark matter has been proposed as a potential
solution [52,53], as particle collisions within this model can mitigate the formation of sharp density cusps. Furthermore, if dark
matter is composed of ultralight scalar particles with a mass below one electronvolt m < eV and a weak repulsive self-interaction, it
could form a Bose-Einstein condensate (BEC) [54] with long-range correlations. This BEC scenario has been proposed as a potential
explanation for the dark matter crisis on small (i.e. galactic) scales [55-58].

Regarding the composition and inner structure of compact objects, the most massive pulsars [59-61] observed over the last 15
years or so are putting constraints on different equations-of-state, since any mass-to-radius relationship that predicts a highest mass
lower than the observed ones must be ruled out. In order to model a certain star, it would be advantageous to know both its mass
and its radius, which is not always the case as measuring the radius is way more difficult. There are some good strange quark star
candidates, see e.g. Table 5 of [62] or Table 1 of [46], and also the recently discovered massive pulsar PSR J0740+6620 [63-65] and
the strangely light object HESS [66], where both the stellar mass and radius are known observationally.

Our current understanding of ultra-dense stars, particularly those exceeding the limitations of traditional neutron stars, remains a
fascinating mystery in Astrophysics. Since compact objects are characterized by high matter densities and strong gravitational fields,
they are excellent cosmic laboratories to constrain gravitational theories other than GR. Since the astrophysical implications of the
Bumblebee gravity should also be investigated, in this work we propose to study the structural properties of compact stars made of
isotropic matter, and in particular those of quark stars and self-gravitating spheres made of dark matter condensate [67,68].

Our key objective is to explore the impact of a phenomenon known as spontaneous Lorentz symmetry breaking within these exotic
stars. This breaking is induced by a hypothetical field, the BF, coupled to spacetime in the framework of the minimal SME.

In the present article we propose to study non-rotating relativistic stars made of isotropic matter within bumblebee gravity adopting
for the matter content two analytic equations-of-state. Our work is organized as follows: After this introductory section, we briefly
review how to obtain interior solutions describing hydrostatic equilibrium within GR in the next section, while in section 3 we present
the Bumblebee model as well as the corresponding modified structure equations. In the fourth section we comment on the equations-
of-state assumed here, and we discuss our numerical results. Finally, we summarize and conclude our work in section 5. Throughout
the manuscript we work in geometrical units setting the universal constants (Newton’s constant and speed of light in vacuum) to
unity, G = 1 = ¢, and we adopt the mostly positive metric signature {—,+,+,+]}.

2. Relativistic stars in general relativity: hydrostatic equilibrium and structure equations

Due to their intense gravitational fields, the structure and dynamics of NSs are governed by Einstein’s equations of GR [69], given
by:

1
Guv = Ruv - ERguv = 87[Tuv’ (1)

where R, and R denote the Ricci tensor and Ricci scalar, respectively. The energy-momentum tensor for isotropic matter, T,,,, is
expressed as:

T,, =Pg,, +P+pu,u, 2)

where g, is the metric tensor, P is the pressure, p is the energy density, and u,, is the four-velocity. For static, spherically symmetric
stars, the line element in Schwarzschild-like coordinates {¢,r,0,¢} is described as:
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ds* = —e"0dr? + AV dr? + 12 (d6? + sin® 0d ¢?), 3)

where ¢"() and e*") are the metric functions. One obtains the Tolman-Oppenheimer-Volkoff (TOV) equations [70,71] for the equi-
librium structure of NSs by solving the Einstein field equation with the above-defined metric,

dP(r) __ [p(r) + P(r)][m(r) + 473 P(r)]

dr r2(1 =2m(r)/r) @
d’"—i’) =4z p(r). )

The metric functions become
A0 =1 -2m/r)7!, 6)
v(r)=In(1 —2M/R) +2 / dr ejf;,) [m(r') + 4z’ 3 P()]. @)

R

Combined with the given the equation of state (EoS)—i.e., P(p) of the matter—, TOV equations can be solved with the initial
conditions at the center of the star, m(r =0) = 0 and p(r =0) = p,., where p, is the central energy density. The stellar mass and
radius are determined using the matching conditions at the surface of the star upon comparison to the Schwarzschild exterior solution
in bumblebee gravity [72]

ds? ==(1=2M /r)df + (1 + 1) L 4242402, 8)

—2M/r
Thus, the radius of the star is determined by requiring that the energy density vanishes at the surface, P(R) = 0, and the stellar mass
is then given by M = m(R).

3. Bumblebee gravity: modified TOV equations

In this section, we briefly review the bumblebee gravity, a theory that expands on GR. Inspired by the works of Kostelecky and
collaborators [1], bumblebee gravity introduces a twist: it breaks a fundamental symmetry (Lorentz symmetry) within the realm
of gravity. This twist manifests as a special value (nontrivial vacuum expectation value) that influences how other fields behave
around a mysterious “bumblebee field”. Interestingly, even with these extra interactions, bumblebee gravity preserves the geometrical
framework and basic laws established by GR in curved spaces.

Among various models capable of breaking Lorentz symmetry, one of the simplest approaches involves a vector field B#, known
as the BF, within a torsion-free spacetime. This can be expressed as follows [15]:

s =/d4x | (ﬁ (R+EB*B'R,,) - iBMVB”‘/ ~V (B"B, £ 1) + EM[g]> , ©)
which encapsulates the interaction between the bumblebee vector field (B,) and gravity, represented by the Ricci tensor (R, ). The
strength of this interaction is modulated by a coupling constant (&). Notice that in this work we assume that the Lagrangian of matter
content only depends on the metric tensor g,,, and it is B, independent.

The BF B,, =9,B, — 9, B, does not coupled with matter, as outlined by the matter Lagrangian density (L,,) which contains a
perfect fluid. The potential function V(B,B, + b?), where b? is a positive constant, dictates the behavior of the BF. Notably, this
potential enables the field to achieve a non-zero vacuum expectation value, specifically B, =b,=1(0,b,(r),0,0), where b,.(r) is a
function of the radial coordinate.

To break a specific symmetry, such as U(1), the potential must reach a minimum at V' = 0, with its derivative ¥’/ =0 also being
zero at that point. This condition allows the BF to acquire a constant, non-zero vacuum expectation value, denoted by b,,, which
satisfies B# = b* with b”b,l = Fb% = constant (note that b2 is a real positive constant).

Varying the action, as given in Eq. (9), we derive the equations governing both the gravitational field and the dynamics of the BF,
including the corresponding equations of motion.

R,, - %gusz&t (Tﬁ+Tx>, (10)
VB =Ty + T (11

In the Bumblebee gravity framework, two essential terms are: the matter source term associated with the Bumblebee field, repre-
sented by JVM , and the self-interaction current of the Bumblebee field (BF), denoted by JVB =2V'BY —(o/ Sn)BM RHY.

Given that the field strength tensor vanishes, B = 0, Eq. (11) yields the relation J 1‘; =-7 A’; We assume that |.J 1’; | 0, indicating
negligible interaction. Therefore, it is reasonable to assume the absence of coupling between the matter sector and the Bumblebee
field. This assumption is further supported by the fact that the matter Lagrangian £,, in our model describes a perfect fluid. This
scenario aligns with the approach previously considered in Ref. [73].

The prime symbol (') denotes differentiation with respect to the potential argument, specifically V' = dV (y)/dy, where y =
B“B, + b
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Additionally, va represents the energy-momentum tensor associated with the BF, which can be expressed as

1 o [1
B _ !
T =B,,B" — ZgWB“ﬂBaﬂ -g,V+2B,BV + 3 [EgWB"BﬁRaﬁ

w
-B,B°R,, - B,B°R,, + %VQV” (B*B,) + %VHVV (B*B,) (12)
1 1
3V (B,B,) — 58, VuV, (B°B)].

Recall that T}% represents the energy-momentum distribution of matter, while ¢ is the real coupling constant (with mass dimension
—1) that governs the non-minimal interaction between gravity and the bumblebee field. Additionally, we introduce a constant value
denoted by b* bﬂ = 7b% = constant related to the BF (where bM is the VEV and b is its magnitude). These factors influence the radial
component b,(r) of the BF when it reaches its minimum energy state (VEV). Interestingly, research by Casana et al. [15] shows that
this radial component can be expressed as b,(r) = |b|e*®.

The next step is to understand how this VEV of the BF affects the geometry of spacetime itself. This is described by the metric,
which will be expressed in the following spacetime

ds? = =2 0dr? 4+ X0 dr? 4 12dQ2, 13)

where y(r) and £(r), valid in the region 0 < r < R, represent the sought metric functions. It is noteworthy that choosing e~2¢(") = g(r)
is always possible, resulting in:
2M(r
s=1-220, (14)

in which the collective mass function denoted by M(r) can be viewed as the combination of the black hole (BH) mass.

Thus, for an interacting system of this nature, the energy-momentum tensor associated with the spacetime metric can be rep-
resented as a perfect fluid T’v’ = diag [—p(r),P,(r), Py(r), P¢(r)]. Consequently, these considerations facilitate the derivation of the
Einstein field equations G, = 8xT,,, as

—2¢(r)
87p(r) = S5 [X0 = (1+1) (1 -2, )] = xp (15a)
r
—2¢(r)
828 = S [ D (14 200 ) =50 = 27 ()" + 200 = 2080 = 20 )| (15b)
87 Py(r) = 82 P, (r) = (1 + De 1) [)((r)" + () = 2 () S + } (20 = ¢<r>’)] : (15¢)

Within the bumblebee gravity framework, parameter of Lorentz symmetry breaking is 1, which itself is linked to the coupling
strength & of the BF and a constant related to the BF b? as with 1 = £b%. The prime symbol (') denotes differentiation with respect to
the radial position (r). Interestingly, when we take the limit as 1 approaches zero, has a significant implication. In this specific limit
(1 — 0), the Einstein field equations (refer to Eq. (15) for reference) simplify back to their standard form.

Now, let us bring in another piece of the puzzle: the equation of state P.(r) = wp(r), which relates pseudo-pressure (P.(r)) and
energy density (p(r)) with a constant factor (w). By combining this equation of state with the modified Einstein field equations we
obtained earlier (Eq. (15c¢)), and considering a well-known law in physics (conservation of energy-momentum) TV;V =0, we can arrive
at a modified version of the TOV equations. These modified TOV equations are crucial for understanding how bumblebee gravity
affects the structure and stability of stars and other self-gravitating objects [73]:

aM
ﬁ = 47rr2p(r), (16a)
dr
dP.(r) p(r) + P.(r) +1[p(r) + 2PN\ 1[87rP.(r)— M" (r)| (16b)
= — r)—
dr 1121 d (1+ 218772
and
= (1+2D8zr* P(r) + (2 + 3DM(r) = IrM' (r) an
Q2 +3Dr(r—2M(r))
Hence, in the exterior (vacuum) region where T, =0, the geometry simplifies to the bumblebee BH solution [15]
ds? = (1 —2M/rdi* + —F 1 42 4 2a02, 18)
1-2M/r
or, after a coordinate transformation and a stellar mass redefinition as follows
t->t,r>V1i+lr, M >V1+IM, 19
it may be recast in the following form [17]
ds?=—(1-2M/r)di* + — L ey ¢ rPdQ?, (20)

1-2M/r
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where ¢> = 1/(1+ 1), and where now the modification due to the Bumblebee gravity is relocated to the angular part of the line
element. In the discussion to follow, however, we shall employ the more standard coordinate system, namely the previous form of
the metric tensor without the coordinate transformation and the mass redefinition.

This result indicating that a background field carrying Lorentz-violating effects also slightly deforms spacetime. Despite these
effects being significantly small, with a sensitivity at the 10~!3 level, spacetime is described as approximately flat. This smallness has
facilitated the computation of upper bounds on a parameter 1, referenced in [15].

When studying a star in Bumblebee gravity, we need to ensure our solutions for the different regions (interior and exterior)
seamlessly match at the star’s surface, located at a specific radius (R). To achieve this perfect match, we impose three matching
conditions as follows:

« Matching Mass:

M = M(R) (21)

the first condition states that the value of the mass function (M (r)) at the surface (r = R) must be equal to the total mass (M)
of the star.
+ Zero Pressure at the Surface:

P.(R)=0, (22)

the second condition requires the pressure at the surface to be zero. This condition allows us to compute the radius of the star.
« Setting the Spacetime Geometry:

R =1 _2M/R, (23)

the third condition involves the exponential term in a metric function (e2#(®). Here, we stipulate that its value at the surface
(r=R) is related to the star’s mass (M) and radius (R) through a specific relationship (1 — 2M /R). This essentially sets the
initial condition for this metric function, which helps describe the geometry of spacetime around the star.

In summary, the aforementioned matching conditions act as bridge equations, ensuring that our solutions for the star’s internal
structure and the surrounding vacuum smoothly connect at the boundary, providing a physically consistent description of a Bumblebee
gravity star.

4. Properties of stars: numerical analysis and discussion of main results

In this section, we explore the properties of relativistic stars made of isotropic matter, P, = P, = P, = P, within the framework of
Lorentz-violating gravity theories. Through numerical integration of the relevant structure equations, we subsequently present and
analyze our key findings.

4.1. Equation-of-state

In the discussion to follow we shall consider i) a polytropic EoS and ii) Massachusetts Institute of Technology (MIT) bag model
[74,75] for quark matter.
On the one hand, polytropes of the form

P=kp', y=1+1 (24)
n
with n being the polytropic index, are used to describe interior solutions of white dwarfs (index n = 3 in the ultra-relativistic limit or
n=3/2 in the non-relativistic limit) as well as condensate dark stars (index n = 1) [67,68]. In the latter case, the constant k depends
on the mass of the dark matter particle, mg, and on the scattering length, L, as follows [54,68]

_2zL

3
mp

k (25)

In the following we shall consider the case n = 1 assuming k =4.012 x 104 fm’ /MeV.
On the other hand, within the MIT bag model there is one class of models that is characterized by analytic, linear EoSs of the form

P=a(p—py) (26)

where the values of the surface energy density, p,, and of the dimensionless numerical coefficient, a, depend on the values of the
three parameters of the MIT bag model, namely the bag constant, B, the mass of the s quark, m,, and the strong coupling constant,
a,. In particular, in the case of the extreme Strange Quark Star(SQSB40) MIT bag model [76] the numerical values of the three
parameters of the MIT bag model are as follows: The bag constant B = 40MeV /fm>, while the mass of the s quark and the strong
coupling constant are set to m; = 100MeV and a, = 0.6 [76] respectively, and so a =0.324 and p, = 3.0563 X 1014 g/cm3 [76].
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Neves and Gardim [73] investigated quark stars in bumblebee gravity using the simplest version of the MIT bag model, character-
ized by massless strange quarks m; = 0 and absence of strong interactions @, = 0. In contrast, our analysis utilizes a more sophisticated
MIT bag model (extreme MIT bag model), incorporating finite strange quark mass (m; = 100 MeV) and a significant strong coupling
constant (a, = 0.6). These additional physical ingredients substantially influence the resulting mass-radius (M-R) relations. Explicitly,
our generalized EoS leads to a systematically more compact stellar structure, as evident from a pronounced shift of the M-R curves
towards smaller radii at comparable masses. Furthermore, the maximum mass predicted by our model also deviates significantly from
that of Neves and Gardim [73], underscoring the importance of quark mass and interaction terms in accurately modeling quark star
properties. These observations indicate that even subtle variations in the assumed quark EoS yield clear and measurable differences
in the structural predictions of quark stars within the bumblebee gravity framework.

On the other hand, Ji et al. [77] performed a comprehensive numerical analysis of neutron stars in the context of bumblebee
gravity using various neutron star EoSs. They concluded that altering the neutron star EoSs does not result in qualitative changes to
the M-R relations. While this assertion holds true for neutron star matter, which generally exhibits similar physical characteristics
across different EoS models, it does not necessarily extend to quark matter. Our analysis explicitly reveals a contrasting scenario: the
qualitative and quantitative stellar properties of quark stars are highly sensitive to the detailed EoS assumptions, due to fundamental
differences in the state of matter (quark matter versus neutron matter). Consequently, the M-R curves in our analysis, characterized
by the extreme MIT bag model, are qualitatively distinct from those obtained by Neves and Gardim (simplified MIT bag model) [73]
and Ji et al. (neutron star EoSs) [77].

In our analysis, we have systematically explored the effects of varying the bumblebee parameter (1), which quantifies the strength
of Lorentz symmetry breaking. While changing this parameter indeed modifies stellar masses and radii quantitatively, our findings
indicate that the qualitative differences between the M-R curves primarily arise from the selected EoS rather than the specific value of 1.
Thus, the primary factor distinguishing our results from previous analyses in the literature [73,77,78] is the choice and sophistication
of the EoS rather than variations in the Lorentz-violating parameter.

Hence, our comparative analysis highlights that the qualitative differences in the mass-radius relations observed across various
studies in the bumblebee gravity context predominantly stem from the assumptions regarding the EoS.

4.2. Numerical results

In Fig. 1, we show the mass-to-radius relationships for the two EoSs considered here, i.e. a polytrope with n = 1 (upper panel) and
the extreme MIT bag model (lower panel). The dashed curves represent the standard mass-to-radius relationship within GR. Those
curves serve as a reference for how quark stars behave under GR without modifications from the bumblebee gravity theory. Since in
previous works it has been shown that the Bumblebee parameter must be very small, we have considered here the following three
different numerical values of the 1 parameter, namely 1= 0.001 in red color, 1 =0.002 in blue, and 1 = 0.003 in magenta.

In both cases (polytrope and MIT bag model), the mass-to-radius relationships show slight deviations from the GR case. The intro-
duction of a small bumblebee parameter indicates minor changes in the structure and stability of the stars considered here, reflecting
how compact relativistic stars might behave under weak modifications to gravity. Assuming a larger bumblebee parameter, the mass-
to-radius relationship exhibits slightly more significant deviations than the case of GR. This indicates that stronger modifications to
gravity might have a notable impact on the structure, stability, and maximum mass of quark stars.

Fig. 2 also presents the mass-radius constraints inferred from the GW170817 event. The black area corresponds to pulsar
J0740+6620, while the green and black hatched regions depict pulsars J2215+5135 [79] and PSR J0952-0607, respectively. The red
area highlights the secondary component of GW190814. Furthermore, the brown and purple regions represent two separate studies
providing mass-radius measurements for pulsar J0030+0451 [80,81].

In Fig. 3 the stellar mass versus central (normalized and dimensionless) energy density is shown. As in previous figure, the upper
panel corresponds to the polytrope, while the lower panel to the extreme MIT bag model. The dashed curves correspond to GR, the
blue curves to the lowest value of 1, and the red curves to the highest value of 1. The curves increase, reach a maximum value and
then they decrease. The maximum stellar mass is the one that is shown in Fig. 1. The Harrison-Zeldovich-Novikov criterion [82,83]
for stability

M >0 @27
dp,
states that a stellar model is a stable configuration only if the mass of the star grows with the central energy density. Therefore
according to the criterion, only the first part of the function M(p,) is physical, namely up to the maximum stellar mass.

Next, in Fig. 4 we display the factor of compactness, M /R, as a function of the stellar mass for the two EoS assumed in this work.
Panels and colors are the same as before. The factor of compactness increases with the stellar mass, which acquires a maximum value,
and which is precisely the same that is shown in Figs. 1 and 3. Notice that the factor of compactness satisfies the Buchdahl limit of
GR, (M/R) <4/9 ~0.444 [84].

5. Conclusion
To summarize our work, in the present article we investigated the properties of non-rotating relativistic stars made of isotropic

matter within the bumblebee gravity in four-dimensional space-time. For the matter content of the stars we considered analytic
equations-of-state corresponding to quark matter (extreme MIT bag model) and condensate dark stars (polytropic EoS with index
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Fig. 1. Mass-to-radius relationships for the two EoSs considered here. Upper panel corresponds to polytrope (1=0.001,0.002,0.003 from top to bottom), lower panel
to the extreme MIT bag model (1=0.001,0.002,0.003 from left to right). The contours in orange and brown color indicate the allowed mass and radius range of the
massive pulsar PSR J0740+6620 and the light HESS J1731-347 compact object, respectively.

3.0

2ry component of GW190814
5

s22.0

15 PSR 100300451

PSR J0030+0451

1.0
8 10 12 14 16 18

R (km)

Fig. 2. Mass-to-radius relationships for the MIT bag model considered here. Figure corresponds to the extreme MIT bag model (1=0.001,0.002,0.003 from left to right).
The gray and orange regions depict the mass-radius constraints derived from the GW170817 event. The black region corresponds to pulsar J0740+6620, while the
green and black hatched areas represent pulsars J2215+5135 [79] and PSR J095-0607, respectively. The red region indicates the secondary component of GW190814.
Additionally, the brown and purple regions illustrate two distinct reports on the mass-radius measurements of pulsar J0030+0451 [80,81].

n =1). In the first part of the article we presented the exterior vacuum solution, the structure equations describing hydrostatic
equilibrium of interior solutions as well as the appropriate conditions both at the center and at the surface (matching conditions) of
the stars.

Next, we integrated numerically the generalized TOV equations imposing the initial conditions at the center of the star, and then
making use of the matching conditions we computed the stellar mass and radius as well as the factor of compactness. The impact of
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Fig. 3. Stellar mass versus normalized central energy density (p. /p, in the case of the MIT bag model and p, k in the case of the polytrope) for the two EoSs considered
here. Upper panel corresponds to polytrope, lower panel to the extreme MIT bag model.

the bumblebee parameter 1 on the properties of the stars was shown in three figures, where we displayed i) the stellar mass versus
stellar radius, ii) the factor of compactness as a function of the stellar mass, and iii) stellar mass versus central energy density.

Our results show that a) as we increase 1 the deviation from GR becomes more significant, as expected, b) the factor of compactness
satisfies the Buchdahl limit of GR, (M /R) <4/9 =~ 0.444 [84], c) regarding the MIT bag model, increasing 1 shifts the M-R relationships
to the right, which implies that at a certain point the EoS will not be able to model the HESS compact object, d) regarding the polytrope,
increasing 1 shifts the M-R profiles downwards, which implies that at a certain point the EoS will not be capable of supporting massive
stars at two solar masses. In principle, raising the numerical value of the Bumblebee parameter would allow one to establish an upper
bound on 1. However, since this constraint would be weaker than existing limits in the literature, we have not pursued it in our

analysis.
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