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Abstract
A (γ, n)-gonal pair is a pair (S, f ), where S is a closed Riemann surface and f : S →
R is a degree n holomorphic map onto a closed Riemann surface R of genus γ . If the
signature of (S, f ) is of hyperbolic type, then it admits a uniformizing pair (Γ , G),
where G is a Fuchsian group acting on the unit disc D containing Γ as an index n
subgroup, such that f is induced by the inclusion Γ ≤ G. The uniformizing pair
is uniquely determined by (S, f ), up to conjugation by holomorphic automorphisms
of D, and it permits to provide a natural complex orbifold structure on the Hurwitz
space parametrizing (twisted) isomorphic classes of pairs topologically equivalent
to (S, f ). In order to produce certain compactifications of these Hurwitz spaces, one
needs to consider the so called stable (γ, n)-gonal pairs, which are natural geometrical
deformations of (γ, n)-gonal pairs. Due to the above, it seems interesting to search
for uniformizations of stable (γ, n)-gonal pairs, in terms of certain class of Kleinian
groups. In this paper we review such uniformizations by using noded Fuchsian groups,
obtained from the nodedBeltrami differentials of Fuchsian groups thatwere previously
studied by Alexander Vasil’ev and the author, and which provide uniformizations of
stable Riemann orbifolds. These uniformizations permit to obtain a compactification
of the Hurwitz spaces together a complex orbifold structure, these being quotients
of the augmented Teichmüller space of G by a suitable finite index subgroup of its
modular group.

Keywords Riemann surfaces · Fuchsian groups · Teichmüller space ·
Quasiconformal maps

Mathematics Subject Classification Primary 30F10 · 30F35; Secondary 30F40 ·
30F60

To the memory of Alexander Vasil’ev.

Supported by Project Fondecyt 1150003 and Project Anillo ACT1415 PIA CONICYT.

B Rubén A. Hidalgo
ruben.hidalgo@ufrontera.cl

1 Departamento de Matemática y Estadística, Universidad de La Frontera, Temuco, Chile

http://crossmark.crossref.org/dialog/?doi=10.1007/s13324-018-0253-5&domain=pdf
http://orcid.org/0000-0003-4070-2819


656 R. A. Hidalgo

1 Introduction

Let γ ≥ 0 and n ≥ 2 be integers. A pair (S, f ) is called a (γ, n)-gonal pair if S is a
closed Riemann surface and f : S → R is a degree n holomorphic branched cover
onto a closed Riemann surface R of genus γ ; in this case, we say that S is (γ, n)-gonal.
A (0, n)-gonal pair is usually called an n-gonal pair. In the case that the branched
cover f is simple, that is, each branch value of f has exactly n − 1 preimages, we
talk of a simple (γ, n)-gonal pair (a simple (0, n)-gonal pair is just called simple
n-gonal). There are different notions of equivalences between (γ, n)-gonal pairs and
we are interested in three of them. If (S1, f1 : S1 → R1) and (S2, f2 : S2 → R2) are
two (γ, n)-gonal pairs, then we say that they are:

(i) topologically equivalent if there are orientation-preserving homeomorphisms φ :
S1 → S2 and ψ : R1 → R2 such that f2 ◦ φ = ψ ◦ f1,

(ii) twisted isomorphic if in (i) we may assume φ and ψ to be isomorphisms, and
(iii) isomorphic if in (i) we assume R1 = R2, φ an isomorphism and ψ the identity

map.

Associated to each (γ, n)-gonal pair (S, f ) is its Hurwitz spaceH0(S, f ) (respec-
tively, H(S, f )) consisting of the isomorphic classes (respectively, the twisted
isomorphic classes) of (γ, n)-gonal pairs topologically equivalent to (S, f ). If (S′, f ′)
is topologically equivalent to (S, f ), then there are natural bijections between
H0(S, f ) and H0(S′, f ′) (respectively, between H(S, f ) and H(S′, f ′)).

In 1873, Clebsch [16] proved that any two simple n-gonal pairs are topologically
equivalent, in particular, for a simple n-gonal pair (S, f ), the space H(S, f ) is the
classical Hurwitz space parametrizing twisted isomorphic classes of degree n simple
covers of̂C. Under the previous assumption, in 1891,Hurwitz [34] proved thatH(S, f )

has the structure of a complex manifold of dimension r − 3, where S has genus g and
r = 2g + 2n − 2 ≥ 3; so, by Clebsch’s result, H(S, f ) is irreducible. As every
Riemann surface of genus g admits a degree n ≥ g + 1 simple branched cover over
̂C (by Riemann–Roch’s theorem), Severi [54] used the above facts to prove that the
moduli spaceMg , of closed Riemann surfaces of genus g, is irreducible. For the case
of n-gonal pairs (S, f ), not necessarily simple ones, Fried [26] proved that H(S, f )

also has the structure of a connected complex manifold of dimension r − 3.
Let (S, f : S → ̂C) be an n-gonal pair (not necessarily a simple one) whose set

B f of branch values has cardinality |B f | ≥ 3. In [50,51], Natanzon constructed a pair
(Γ , G), where G is a Fuchsian group, isomorphic to a free group of rank |B f |−1, and
a suitable finite index subgroup Γ of G (of index n) such that the holomorphic cover
map f : S − f −1(B f ) → ̂C− B f is induced by the inclusion of Γ in G. Such a pair is
called an uniformizing pair of (S, f ). By using these uniformizing pairs, he was able
to observe that the Hurwitz spaceH(S, f ) is homeomorphic to the a quotient Rm/M ,
where m = 2(|B f | − 3) and M is a certain discrete group of orientation-preserving
homeomorphisms ofRm (in this case,Rm is the real structure of the Teichmüller space
of the Riemann sphere punctured at |B f | points).

In Sect. 5, for a general (γ, n)-gonal pair (S, f ), we define the notion for it to
be of hyperbolic type and, in such a case, we associate to it a pair (Γ , G), called a
uniformizing pair of (S, f ), where G is a Fuchsian group acting on the unit disc D
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containing Γ as an index n subgroup, such that there are isomorphisms φ : S →
D/Γ and ψ : R → D/G with π = ψ f φ−1 being a branched covering induced
by the inclusion of Γ inside G. The uniformizing pair is uniquely determined up to
conjugation by holomorphic automorphisms of D. Using such an uniformization pair,
it is possible to obtain the following fact that generalizes the previous Natanzon’s
result.

Theorem 1 Let (S, f ) be a (γ, n)-gonal pair of hyperbolic type and let (Γ , G) be a
unifomizing pair of it. Then

(i) H0(S, f ) is isomorphic to the Teichmüller space T (D, G) of the Riemann orbifold
D/G, this being a finite dimensional simply-connected complex manifold, and

(ii) H(S, f ) is a complex orbifold, isomorphic to a quotient T (D, G)/M(Γ , G),
where M(Γ , G) is a suitable finite index subgroup of the group of holomorphic
automorphisms of T (D, G).

In [8,15,27] there is some study of (γ, n)-gonal pairs, and their groups of auto-
morphisms, when n is a prime integer and the n-gonal map is a regular branched
cover.

In the literature, compactifications of Hurwitz spaces of simple n-gonal pairs has
been obtained (see for instance [22,25,28]) by adding some degenerations, called
stable n-gonal pairs (also called admissible ones by some authors), which are certain
geometric degenerations of simple n-gonal pairs. Other examples of compactifications
of Hurwitz spaces of dimension one have been obtained in [18,21]. Next, we proceed
to recall such kind of degenerations in the more general context (i.e., it might be that
either γ ≥ 0 and/or that f is non-simple). Similar constructions already have been
done in previous papers, such as [19,20,23].

Let (S, f : S → R) be a fixed (γ, n)-gonal pair of hyperbolic type (see Sect. 5).
If γ = 0, then we also assume that the branch value set B f has cardinality at least 4;
otherwise there is no possible degeneration to be done (if B f has cardinality 3, then
(S, f ) is a Belyi pair which is definable over Q as a consequence of Belyi’s theorem
[10]). Let us consider a collection F of pairwise disjoint simple loops γ1, . . . , γs ⊂
R − B f such that the Euler characteristic of each connected component of R − (B f ∪
γ1∪· · ·∪γs) is negative and none of the components of R−(γ1∪· · ·∪γs) is a disc with
only two branch values, both with branch order equal to 2. Let G ⊂ S be the collection
of (necessarily simple) loops obtained by lifting those in F by f . Next, we proceed to
identify all points belonging to the same loop in G to obtain a stable surface S∗ of the
same genus as S. Similarly, by doing the same procedure to the loops of F , we obtain
an stable genus γ orbifold R∗. The map f induces a continuous map f ∗ : S∗ → R∗
of degree n. We call such a pair (S∗, f ∗) a topological stable(γ, n)-gonal pair. Let
us denote by N (S∗) ⊂ S∗ and by N (R∗) ⊂ R∗ the subsets of nodes of S∗ and R∗,
respectively. Now, if we provide analytically finite Riemann orbifold structures to
each of the components of R∗ − N (R∗), then we may lift these Riemann orbifold
structures under f ∗ to obtain an analytically finite Riemann orbifold structure on each
component of S∗− N (S∗). In this way, f ∗ : S∗ → R∗ is a degree n continuous map so
that its restriction to each connected component of S∗ − N (S∗) is meromorphic. The
resulting (S∗, f ∗) (with the provided analytically finite structures on the components)
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will be called a stable (γ, n)-gonal pair (topologically) modelled by (S∗, f ∗). Let us
observe that the stable Riemann orbifold structures on (S∗, f ∗) depends on the spaces
of orbifold structures on each of the connected components of R∗; in fact, the product
space of the Teichmüller spaces of these components provide a parametrization of
the space of stable Riemann orbifold structures of (S∗, f ∗). In particular, if each of
components of R∗ is an spheres with only 3marked points, then the structure is unique.

In Sect. 6 we provide uniformizing pairs of stable (γ, n)-gonal pairs using noded
Fuchsian groups. This uniformization permits to obtain the following fact.

Theorem 2 Let (S, f ) be a (γ, n)-gonal pair of hyperbolic type and let (Γ , G) be an
uniformizing pair of it. Then

(i) The augmented Teichmüller space N T (D, G) provides a model for the partial
closure of H0(S, f ) obtained by adding the corresponding equivalence classes
of stable (γ, n)-gonal pairs.

(ii) The space parametrizing twisted isomorphic classes of stable (γ, n)-gonal pairs
can be identified with the quotient N T (D, G)/M(Γ , G), which has the structure
of a compact complex orbifold, where M(Γ , G) is the same as in Theorem 1.

The above provides a Kleinian groups description being in a parallel point of view
as the description provided in [17] for the case γ = 0.

An interesting situation is provided for genus zero n-gonal pairs (i.e. rational maps),
as the above provides a description of degenerations of rational maps in terms of
Kleinian groups (this is somehow related to part of the work done in [7]).

Corollary 1 Let R ∈ C(z) be a rational map of degree d ≥ 2 and let B = {p1, . . . , pr }
be its locus of branch values. Let n j be the minimum common multiple of the local
degrees of R at the points in R−1(p j ). Assume that n−1

1 + · · · + n−1
r < r − 2. Let G

be a Fuchsian group acting on D, such that D/G is the orbifold being the Riemann
sphere and whose conical points set is B and the conical order of p j is n j . Then
the space of isomorphic classes of rational maps topologically equivalent to R is
isomorphic to the Teichmüller space T (D, G), this being a simply-connected complex
manifold of dimension r −3. Its partial closure obtained by adding isomorphic classes
of geometrical degenerations of it is isomorphic to the augmented Teichmüller space
N T (D, G). Similarly, the corresponding space of twisted isomorphic classes is a
complex orbifold of dimension r − 3 and its closure obtained by adding the twisted
classes of its degenerations is isomorphic to a compact complex orbifold of the same
dimension.

This paper is organized as follows. In Sect. 2 we review some definitions and
basic facts on Kleinian groups, in particular of noded Fuchsian groups and some
of its properties previously obtained in [29,30]. In Sect. 3 we recall the definition
and some facts on quasiconformal deformations of Kleinian groups, in particular,
the Teichmüller space of a finitely generated Fuchsian group. In Sect. 4 we recall the
concept of noded Beltrami coefficients of Kleinian groups that Alexander Vasil’ev and
the author have done in [31], and which permits to construct a partial closure of the
quasiconformal deformation space of a Kleinian group. We will be mainly interested,
for the purpose of this article, on the case ofFuchsiangroups, butweprovide the general
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point of view. In this way, we will recall Bers–Abikoff’s augmented Teichmüller space
[1–3,13] from the notion of noded quasiconformal deformation theory. In the final two
sections we use the previous facts to describe, in terms of Fuchsian groups and noded
Fuchsian groups, the unifomizations of (γ, n)-gonal and stable (γ, n)-gonal pairs,
respectively.

2 Some preliminaries on Kleinian groups

2.1 Analytically finite Riemann orbifolds

An analytically finite Riemann orbifold is given by a closed Riemann surface S of
genus g ≥ 0 (the underlying Riemann surface structure of the Riemann orbifold)
together with a finite collection of conical points x1, . . . , xr ∈ S of orders 2 ≤ m1 ≤
m2 ≤ · · · ≤ mr ≤ ∞, respectively. If x j has cone order ∞, then this means that it
represents a puncture of the orbifold. The signature of the orbifold is defined by the
tuple (g; m1, . . . , mr ) and it is called hyperbolic if 2g − 2 + ∑r

i=1(1 − m−1
i ) > 0.

If r = 3 and g = 0, then the orbifold is called a triangular orbifold. If r = 0, then
the orbifold is a closed Riemann surface. If r > 0 and m j = ∞ for all j , then it is an
analytically finite punctured Riemann surface (S minus all the points x j ).

2.2 Noded Riemann surfaces/orbifolds

Let us consider a countable collection {O j } j∈J of Riemann orbifolds, that is, each
O j consists of a Riemann surface S j together a discrete collection of cone points
B j = {p ji } ⊂ S j and integer values n ji ≥ 2 (the cone orders of the points p ji ).
Let us consider a discrete collection of points E ⊂ ⋃

j∈J (S j − B j ) and an order two
bijective map T : E → E . We proceed to identify the points q and T (q), for each
q ∈ E , to obtain a space X ; called a noded Riemann orbifold. The points obtained
by the identification of the points q and T (q), for q ∈ E , are called (i) nodes of
X if T (q) �= q and (ii) phantom nodes if T (q) = q. We denote the set of nodes
and phantom nodes of X by N (X). Observe that the points in N (X) correspond to
punctures on each connected component of X − N (X) and that these components are
given by S j − (E ∩ S j ). The set of cone points of X is given by B(X) := ⋃

j B j . In
the case that every B j = ∅ (that is, O j is just a Riemann surface), we say that X is a
noded Riemann surface.

An isomorphism between nodedRiemann orbifolds is a homeomorphism that sends
cone points to cone points (respecting their orders) which, restricted to the complement
of the nodes, is analytic. If there is an isomorphism between two noded Riemann orb-
ifolds/surfaces, then we say that they are isomorphic or conformally equivalent. This,
in particular, permits to talk on automorphisms of noded Riemann orbifolds/surfaces.

AnodedRiemann surfacewhich is homeomorphic to the space obtainedbypinching
a non-trivial simple loop on a torus is called a stable Riemann surface of genus one. A
noded Riemann surface which is homeomorphic to the space obtained by the process
of pinching a family (necessarily finite) of disjoint simple closed hyperbolic geodesics
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on a closed Riemann surface of genus g ≥ 2 is called a stable Riemann surface of
genus g. Isomorphic classes of stable Riemann surfaces are the extra points Mumford
needed to add to the moduli space Mg of closed Riemann surfaces of genus g to
provide the Deligne–Mumford’s compactification Mg [22].

Let us observe that the space obtained as the quotient X/H , where X is a noded
Riemann surface and H is a (finite) group of automorphisms of X is an example of a
noded Riemann orbifold. In the case that X is a stable Riemann surface, then X/H is
also called a stable Riemann orbifold.

2.3 Kleinian groups

Generalities on Kleinian groups can be found, for instance, in the books [9,41]. Below,
we recall some of the needed facts for this paper. A Kleinian group is a discrete
subgroup G of PSL2(C) (seen as the group ofMöbius transformations acting on̂C), its
region of discontinuity of a Kleinian group G is the open set (which it might be empty)
Ω(G) of points over which G acts properly discontinuous and Λ(G) = ̂C − Ω(G)

is its limit set. If Ω(G) �= ∅, then the quotient space Ω(G)/G is a union of Riemann
orbifolds and, by Ahlfor’s finiteness theorem [4], if G is also finitely generated, then
such a quotient consists of a finite number of analytically finite Riemann orbifolds.

Let us fix some finitely generated Kleinian group G with non-empty region of
discontinuity. A loxodromic transformation δ ∈ G is called primitive if it is not a
nontrivial positive power of another loxodromic transformation in G. We say that δ

is simple loxodromic if there is a simple arc on Ω(G) which is invariant under δ,
called an axis of δ, and whose projection on Ω(G)/G is a simple loop or a simple
arc connecting two conical points of order 2. A parabolic transformation η ∈ G, with
fixed point p, is called double-cusped, if (i) any parabolic element of G commuting
with η belongs to the cyclic group 〈η〉, and (ii) there are two tangent open discs at p
in Ω(G) whose union is invariant under the stabilizer of p in G. The extended region
of discontinuity of G is defined as Ω(G)ext = Ω(G) ∪ P(G), where P(G) is the
set of fixed points of the double-parabolic elements of G. On Ω(G)ext we consider
its cuspidal topology; the topology generated by the usual open sets in Ω(G) and the
sets of the form D1 ∪ D2 ∪ {p}, where p ∈ P(G), and D1, D2 ⊂ Ω(G) are round
discs tangent at p. Observe that if G has no parabolic transformations, then Ω(G) =
Ω(G)ext . In the cuspidal topology, the group G acts as a group of homeomorphisms on
Ω(G)ext , keeping invariant each Ω(G) and P(G), and its restriction to Ω(G) being
by holomorphic automorphisms.

Lemma 1 Let G be a finitely generated Kleinian group with Ω(G) �= ∅. Then S =
Ωext (G)/G is a noded Riemann surface, its set of nodes is P(G)/G (the phantom
nodes given by those parabolic fixed points being fixed by an involution in G).

Proof By Selberg’s lemma, G contains a torsion-free finite index normal subgroup
K . The finite index condition asserts that Ω(K ) = Ω(G) and P(K ) = P(G), in
particular,Ωext (K ) = Ωext (G). ThequotientΩ(G)ext/K is a nodedRiemann surface
whose nodes corresponds one-to-one to the K -equivalence classes of the parabolic
fixed points in P(G) (no phantom nodes in this case). By Ahlfors’ finiteness theorem,
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the number of components of Ω(G)/K = Ω(G)ext/K − N (Ω(G)ext/K ) is finite,
each one an analytically finite Riemann surface. It follows that Ω(G)ext/G, with
the quotient cuspidal topology, is a noded Riemann orbifold, it contains the orbifold
Ω(G)/G as a dense open subset, and its set of nodes is P(G)/G (those points in P(G)

having an involution in their stabilizers produce the phantom nodes). ��

2.4 Fuchsian groups

Let D = {z ∈ C : |z| < 1} and let Aut(D) ∼= PSL2(R) be its group of conformal
automorphisms. A Fuchsian group is a finitely generated Kleinian group being a
subgroup of Aut(D). The Fuchsian group is called of the first kind if its limit set is all
of the unit circle (so is region of discontinuity consists of two discs); otherwise, it is
called of the second kind (so its region of discontinuity is connected).

As a consequence of Selberg’s lemma [9], a Fuchsian group F has a torsion-free
normal subgroup K of finite index; this is again a finitely generated Fuchsian group
of the same kind as F . If F is of the second kind without parabolic elements, then
K is a Schottky group of some finite rank g ≥ 0 and if F is of the first kind without
parabolic elements, then K is a co-compact Fuchsian group uniformizing a closed
Riemann surface of some genus g ≥ 2 (in this case we say that K is a π g group).

By classical work of Fricke and Klein, a Fuchsian group F of the first kind and
without parabolic elements has a presentation of the form

F =
〈

α1, . . . , αg, β1, . . . , βg, δ1, . . . , δr :
g

∏

j=1

[α j , β j ]
r

∏

i=1

δi =δ
m1
1 =· · ·=δmr

r =1

〉

,

where [α j , β j ] = α jβ jα
−1
j β−1

j , mi ≥ 2 are integers so that 2g − 2 + ∑r
i=1(1 −

m−1
i ) > 0. In this case, D/F is a compact hyperbolic Riemann orbifold of signature

(g; m1, . . . , mr ); which is also called the signature of F . If r = 0, thenD/F is a closed
Riemann surface of genus g and its signature is denoted by (g;−). As a consequence
of the uniformization theorem, every compact hyperbolic orbifoldO is isomorphic to
D/F for some Fuchsian group F .

2.5 Noded Fuchsian groups

A geometrically finite Kleinian group which isomorphic to some Fuchsian group of
the first kind is called a noded Fuchsian group. In particular, it cannot have rank two
parabolic subgroups and all of its parabolic elements are double-cusped.

Theorem 3 [30] Noded Fuchsian groups have non-empty region of discontinuity.

Torsion-free noded Fuchsian groups come in two flavors [29,30]: (i) noded Schottky
groups of rank g ≥ 0 (isomorphic to free groups of rank g ≥ 0) and (ii) noded π g

groups (isomorphic to the fundamental group of a closed orientable surface of genus
g ≥ 2). As a consequence of Selberg’s lemma, every noded Fuchsian group G has a
finite index normal subgroup K being either a noded Schottky group or a noded π g
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group. The finite index condition asserts that Ω(K ) = Ω(G) and P(K ) = P(G), in
particular, Ωext (K ) = Ωext (G).

2.6 Noded retrosection theorem

Koebe’s retrosection theorem [36] asserts that every closed Riemann surface of genus
g can be uniformized by a Schottky group of rank g. A retrosection theorem with
nodes hold and it can be stated as follows.

Theorem 4 (Noded retrosection theorem [29,30])

1. If G is a noded Schottky group of rank g, then Ω(G)ext is connected and
Ω(G)ext/G is a stable Riemann surface of genus g.

2. If S is a stable Riemann surface of genus g, then there is a noded Schottky group
G of genus g such that Ω(G)ext/G is conformally equivalent to S.

Remark 1 The region of discontinuity of a Schottky group is always connected, but that
of a noded Schottky group is not in general; connectivity only holds for its extended
region of discontinuity.

Corollary 2 If G is a noded Fuchsian group containing a noded Schottky group as a
finite index normal subgroup, then Ω(G)ext is connected and Ω(G)ext/G consists of
an stable Riemann orbifold.

2.7 Simultaneous uniformization theorem

If G is a torsion free purely loxodromic quasi-Fuchsian group (i.e., a quasiconformal
deformation of a torsion free Fuchsian group of the first kind without parabolics), then
its region of discontinuity consists of two topological discs, say D1 and D2, and the
quotients D1/G and D2/G are closed Riemann surfaces of the same genus g ≥ 2.
Bers’ simultaneous uniformization theorem [11] asserts that, given any two closed
Riemann surfaces S1 and S2 of the same genus g ≥ 2, then it is possible to find G as
above so that we may assume that S j is isomorphic to D j/G, for j = 1, 2.

Let G be now a noded π g group (g ≥ 2). If G is purely loxodromic, then Maskit
[43] has shown that G is in fact a quasi-Fuchsian group and we are as above. So, we
are left to consider the case when G contains parabolic transformations. In [30,43]
there provided examples of noded π g groups (with parabolic transformations) which
are not quasi-Fuchsian ones (the example in [43] is a B-group [41] and that in [30] is
a group without invariant components in its region of discontinuity). But, if consider
the extended region of discontinuity, then the situation is similar to the quasi-Fuchsian
case, as seen in the following.

Theorem 5 (Simultaneous uniformization theorem with nodes [30,39])

1. If g ≥ 2 and G is a noded π g group, then Ω(G)ext consists of exactly two simply-
connected invariant components, and Ω(G)ext/G consists of exactly two stable
Riemann surface of genus g.
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2. If S and R are two stable Riemann surfaces of genus g ≥ 2, then there is a noded
π g group G such that Ω(G)ext/G is isomorphic to S ∪ R.

Corollary 3 Let G be a noded Fuchsian group, containing a noded π g group as a finite
index normal subgroup. Then Ω(G)ext consists of two simply-connected invariant
components, and Ω(G)ext/G consists of exactly two stable Riemann orbifolds.

The above result was proved by Abikoff [1] for the case of cusps, that is, for regular
B-groups.

Remark 2 Let G be a noded Fuchsian group. As seen above (Theorems 4, 5), the noded
Riemann surface Ω(G)ext/K consists of either: (i) two stable Riemann surfaces of
genus g, if K is noded π g-group, or (ii) one stable Riemann surface of genus g, if K is
a noded Schottky group of rank g. For instance, the cyclic group G = 〈γ (z) = z + 1〉
is a noded Schottky group of rank one, Ω(G)ext = ̂C, Ω(G) = C and Ω(G)ext/G is
a stable Riemann surface of genus one (its node being the projection of ∞).

3 Some preliminaries on Teichmüller spaces of Kleinian groups

In this section, G will be a finitely generated Kleinian group, with non-empty region of
discontinuityΩ(G), andΔ ⊂ Ω(G)will be a fixed non-empty G-invariant collection
of components of Ω(G) (that is, every γ ∈ G permutes its connected components).
We proceed to recall the definition of the quasiconformal deformation space T (Δ, G)

of G supported at Δ. If G is a Fuchsian group of the first kind acting on the unite
disc D, then T (D, G) provides of a model for the Teichmüller space of the Riemann
orbifold D/G.

3.1 Quasiconformal homeomorphisms

Let L∞(̂C) be the Banach space of measurable maps μ : ̂C → C, with the essential
supreme norm ‖ · ‖∞, and let L∞

1 (̂C) be its unit ball. An orientation preserving home-
omorphism w : ̂C → ̂C is called a quasiconformal homeomorphism if there is some
μ ∈ L∞

1 (̂C) (called a complex dilatation of w) such that w has distributional partial
derivatives ∂w, ∂w in L2

loc(
̂C) satisfying the Beltrami equation

∂w(z) = μ(z)∂w(z), a.e. z ∈ ̂C,

where L2
loc(

̂C) means L2 on compacts sets of ̂C. The existence and uniqueness of
quasiconformal homeomorphisms is due to Morrey [48].

Theorem 6 (Measurable Riemannmapping theorem [6,48]) If μ ∈ L∞
1 (̂C), then there

exists, and it is unique, a quasiconformal homeomorphism wμ : ̂C → ̂C, with complex
dilation μ, and fixing ∞, 0 and 1. Moreover, if μ vary continuously or real-analytically
or holomorphically and z0 is a fixed point, then wμ(z0) varies also in the same way.
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3.2 Beltrami coefficients for G supported at1

The discreteness property of G asserts that

L∞(Δ, G)=v
{

μ ∈ L∞(̂C) : μ(γ (z))γ ′(z)=μ(z)γ ′(z), a.e. Δ,

∀γ ∈G, μ(z)=0, z ∈Δc
}

is a closed subspace of L∞(̂C); so it is a Banach space with essential supreme norm
‖ · ‖∞. Its unit ball is

L∞
1 (Δ, G) = L∞(Δ, G) ∩ L∞

1 (̂C) = {μ ∈ L∞(Δ, G); ‖μ‖∞ < 1} .

The measurable functions in L∞
1 (Δ, G) are called the Beltrami coefficients for

Gsupported inΔ. The following lemma is a classical result and its proof can be found,
for instance, in [40].

Lemma 2 Let μ ∈ L∞
1 (Δ, G) and let w : ̂C → ̂C be a quasiconformal homeomor-

phism with complex dilatation μ. Then wGw−1 is a Kleinian group with the region of
discontinuity w(Ω(G)). Moreover, w(Δ) is a W Gw−1-invariant collection of com-
ponents.

3.3 Teichmüller andmoduli spaces

By the measurable Riemann mapping theorem, ifμ ∈ L∞
1 (Δ, G) andw1, w2 are qua-

siconformal homeomorphisms, both with complex dilation μ, then there is a Möbius
transformation A ∈ PSL2(C) so that w2 = Aw1.

Let μ, ν ∈ L∞
1 (Δ, G) be two Beltrami coefficients for G supported in Δ.

If wμ (respectively wν) is a quasiconformal homeomorphism with complex dila-
tion μ (respectively ν), then (by Lemma 2) there is a natural isomorphism θμ :
G → wμGw−1

μ (respectively θν : G → wνGw−1
ν ). We say that μ and ν are

Teichmüller equivalent (respectively, isomorphic) if there is A ∈ PSL2(C) with
θμ(γ ) = Aθν(γ )A−1, for all γ ∈ G (respectively, θμ(G) = Aθν(G)A−1). The
space T (Δ, G) (respectively, M(Δ, G)) of Teichmüller (respectively, isomorphic)
equivalence classes of Beltrami coefficients for G supported in Δ is called the Teich-
müller space (respectively, moduli space) of G supported in Δ. The modular group
of Gsupported atΔ is the group M(Δ, G) given by the isotopy classes of quasicon-
formal homeomorphisms w : ̂C → ̂C, with complex dilation in L∞

1 (Δ, G), so that
wGw−1 = G. There is the natural action

M(Δ, G) × T (Δ, G) → T (Δ, G) : ([w], [μ]) �→ [ν],

where ν ∈ L∞
1 (Δ, G) is complex dilation of the quasiconformal homeomorphism

wμw−1.
It is well known that T (Δ, G) is a finite dimensional complex manifold (simply-

connected if Δ is connected and simply-connected), that M(Δ, G) acts as a discrete
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group of its holomorphic automorphisms and thatM(Δ, G) = T (Δ, G)/M(Δ, G) is
a complex orbifold of same dimension as T (Δ, G) (generalities on this can be found,
for instance, in [12,37,45,49]).

3.4 The Fuchsian case

Let us assume that G is a Fuchsian group of the first kind acting on the unit disc D;
so the Riemann orbifold D/G has signature (γ ; m1, . . . , mr ). In this case T (D, G)

is a simply-connected complex manifold of dimension 3γ − 3 + r (see, for instance,
the book [49]) and, moreover, this space is a model for the Teichmüller space of the
Riemann orbifoldD/G. If Γ is a finite index subgroup of G, then the natural inclusion
L∞
1 (D, G) ⊂ L∞

1 (D, Γ ) induces a holomorphic embedding T (D, G) ⊂ T (D, Γ ).
Also, in this case, the subgroup M(Γ , G) of M(D, G), formed by those isotopy classes
of quasiconformal homeomorphisms for which wΓ w−1 = Γ , has finite index. So
the complex orbifold T (D, G)/M(Γ , G) provides a finite degree branched cover of
moduli space M(D, G).

Remark 3 Let G a finitely generated Kleinian group and letΔ a G-invariant collection
of connected components of Ω(G) �= ∅. Let Δ1, . . . , Δr be a maximal collection of
non-G-conjugate components of Δ. Let G j be the G-stabilizer of Δ j and let G(Δ j )

be the union of all components of Δ which are G-conjugate to Δ j . As a consequence
of results of Kra [37] and Sullivan [55], it was observed by Kra and Maskit [38] that

T (Δ, G) = T (G, G(Δ1)) × · · · × T (G, G(Δr ))

and that its universal cover space is T (D, F1)×· · ·×T (D, Fr ),where Fj is a Fuchsian
group acting on D so that D/Fj ∼= Δ j/G j . This in particular asserts that that the
previous statement done for the case of Fuchsian groups still valid for G.

4 Noded quasiconformal deformation spaces of Kleinian groups

If G is a Fuchsian group of the first kind acting on the unit discD, many different com-
pactifications of T (D, G) have been provided. For instance, Bers’ compactification
[13] is obtained by holomorphically embedding T (D, G) into the space of quadratic
holomorphic forms onD/G (this being a finite dimensional complex vector space) and
taking its closure in there, and Thurston’s compactification [56] is obtained by taking
hyperbolic lengths at simple closed geodesics, which provides a holomorphic embed-
ding into an infinite-dimensional projective space. On Ber’s compactifications it is no
possible to extend continuously the action of the corresponding modular group. There
is not a natural relation between these compactifications andDeligne–Mumford’s com-
pactification. A partial closure of T (D, G), called the augmented Teichmüller space
̂T (D, G), was constructed by Bers [13] (see also Abikoff’s paper [3]). This space
is a non-compact Hausdorff space over which the modular group M(D, G) extends
continuously and such that ̂T (D, G)/M(D, G) coincides with Deligne–Mumford’s
compactification [33]. Other classical references to quotients of the augmented Teich-
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müller space and deformation spaces of Riemann surfaces can be found, for instance,
in [14,24]. The added points to ̂T (D, G) are certain regular B-groups (geometrically
finite Kleinian groups with a simply-connected invariant connected component of its
region of discontinuity [41]).

If Δ is a collection of G-invariant components of Ω(G), where G is a finitely
generatedKleinian group, then in [31]we have constructed a partial closure N T (Δ, G)

of T (Δ, G) such that the boundary points correspond in a natural way to the boundary
points in the Deligne–Mumford compactification of moduli space of Δ/G. If G is
a Fuchsian group of the first kind and Δ = D, we have N T (D, G) = ̂T (D, G).
The extra points we add to obtain N T (Δ, G) produce, in terms of Kleinian groups,
stable Riemann orbifolds and they correspond to deformations of the group G by
the process of approximation of double-cusped parabolic elements of G by certain
primitive simple loxodromic ones (see the works of Keen et al. [35], and of Maskit in
[42,44]). The deformation is produced by some boundary points of L∞

1 (G,Δ), called
noded Beltrami differentials for G. At the level of the Riemann orbifold Δ/G this
means that we permit certain pairwise disjoint simple closed geodesics (and maybe
some simple geodesic arcs connecting conical values of order 2) to degenerate to points
in order to produce a finite collection of noded Riemann orbifolds. The loops and arcs
which we consider in the degeneration process are the projections of appropriately
chosen axes of the primitive simple loxodromic elements of the group that approach
doubly-cusped parabolic transformations.

Next, we will assume that G is a finitely generated Kleinian group, with non-empty
region of discontinuity, and that Δ a non-empty G-invariant collection of connected
components of its region of discontinuity, and we proceed to recall the construction
of N T (Δ, G) as done in [31].

4.1 Region of discontinuity of Beltrami forms

For eachμ ∈ L∞(̂C)we define its region of discontinuity Ω(μ) as the set of all points
p ∈ ̂C for which there is an open set U , containing p, such that ‖μ|U ‖∞ < 1. The set
Λ(μ) = ̂C − Ω(μ) is the limit set of μ. By the definition, Ω(μ) is open (it might be
empty) and Λ(μ) is compact.

If μ ∈ L∞
1 (Δ, G), the closure of L∞

1 (Δ, G) in L∞(Δ, G), then in [31] it was
observed that both Ω(μ) and Λ(μ) are G−invariant. Also, by the G-invariance of
Ω(μ) and Ω(G), the open set Ω := Ω(μ) ∩ Ω(G) is G-invariant. Observe that, as
μ is equal to zero on the complement of Δ, all connected components of Ω(G) − Δ

are necessarily contained in Ω .

4.2 Noded quasiconformal maps for (1,G)

If V ⊂ ̂C is a non-empty open set, then L2,1
loc(V ) denotes the complex vector space

of maps w : V → ̂C with locally integrable distributional derivatives. Let μ ∈
L∞
1 (Δ, G), where Ω(μ) �= ∅. An orientation-preserving map w ∈ L2,1

loc(Ω(μ)) is a
noded quasiconformal map for (Δ, G) with dilatation μ if the following hold:
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(i) there is a component of Ω(μ) homeomorphically mapped by w onto its image;
(ii) ∂w(z) = μ(z)∂w(z), a.e. in Ω(μ);
(iii) there is a sequence μn ∈ L∞

1 (Δ, G), converging to μ almost everywhere in
Ω(μ);

(iv) there is a sequence wn : ̂C → ̂C of quasiconformal homeomorphisms with
complex dilatations μn , converging to w locally uniformly in Ω(μ).

In the above definition there are many properties to be checked, but the following
existence result is classical and a proof can be find in [31].

Proposition 1 Let μ ∈ L∞
1 (Δ, G) be such that Ω(μ) �= ∅, Ω1 be a connected com-

ponent of Ω(μ) and x1, x2, x3 ∈ Ω1 three different points. Then there is a noded
quasiconformal map w : Ω(μ) → ̂C, for (Δ, G), with dilatation μ, fixing the points
x1, x2 and x3, which is a homeomorphism when restricted to Ω1.

Remark 4 Let us observe that the noded quasiconformal mapw for (Δ, G) in Proposi-
tion 1 might be constant on some other connected component of Ω(μ) different from
Ω1.

4.3 Noded family of arcs

A countable collection Fμ = {α1, α2, . . .} of pairwise disjoint simple arcs (including
end points) is called a noded family of arcs associated with μ ∈ L∞

1 (G,Δ), if the
following properties hold:

(1) for each n, α∗
n ⊂ Δ, where α∗

n denotes αn minus both extremes (the extremes
belong to the boundary of Δ);

(2) the spherical diameter of αn goes to 0 as n goes to ∞;
(3) Λ(μ) = ∪∞

j=1α j ;

(4) Ω(μ) ⊂ ̂C is a dense subset;
(5) for each n, the group Gn = {g ∈ G; g(αn) = αn}, is either a cyclic loxodromic

group or a Z2-extension of a cyclic loxodromic group.

Remark 5 There exist examples of μ ∈ L∞
1 (G,Δ) admitting no associated noded

family of arcs. In [31] there are constructed examples in the positive direction.

4.4 Noded Beltrami coefficients for G supported in1

By the stereographic projection, we may see the Riemann sphere as the unit sphere
in R

3. This allows us to consider the spherical metric and work with the spherical
diameter of a subset of̂C. An elementμ ∈ L∞

1 (Δ, G)will be called a noded Beltrami
coefficient for G supported inΔ if:

(I) μ has a noded family of arcs Fμ = {α1, α2, . . .}, and
(II) there is a continuous map w : ̂C → ̂C, called a noded quasiconformal deforma-

tion of G with complex dilatation μ, satisfying the following properties:

(1) w is injective in ̂C − Fμ;
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(2) w : Ω(μ) → ̂C is a noded quasiconformal map for (Δ, G) with complex
dilatation μ;

(3) the restriction of w to each arc αi is a constant pi , where pi �= p j for i �= j .

We denote by L∞
noded(Δ, G) the subset of L∞

1 (Δ, G) consisting of the noded Bel-
trami coefficients for G supported at Δ. It is not difficult to see that L∞

1 (Δ, G) ⊂
L∞
noded(Δ, G).

Remark 6 Let μ ∈ L∞
noded(Δ, G), with noded family of arcs F , and let w : ̂C → ̂C be

a noded quasiconformal deformation of G with the complex dilatation μ. Then, the
following statements are true

(1) if α ∈ Fμ, then both end points are the fixed points of a loxodromic element of G.
Such a loxodromic element keeps invariant the connected component of Ω(G)

containing α;
(2) if Λ(μ) �= ∅, then Λ(G) ⊂ Λ(μ). This is a consequence of Proposition E.4 in

[41, page 96];
(3) w(Ω(u))∩w(Λ(μ)) = ∅. Indeed, if therewere points p1 ∈ Ω(μ) and p2 ∈ Λ(μ),

such thatw(p1) = w(p2) = q, then by continuity ofw we could find two disjoint
open sets U ⊂ Ω(μ) and V , p1 ∈ U , and p2 ∈ V , such that w(U ) = w(V ). The
density property of Ω(μ) asserts that there are points q1 ∈ U and q2 ∈ V ∩Ω(μ)

for which w(q1) = w(q2), contradicting the injectivity of the map w restricted to
Ω(μ);

(4) As a consequence of the definition of nodedBeltrami differential, we havew(̂C) =
̂C, that is, the map w is surjective.

The importance of the noded quasiconformal deformations of Kleinian groups is
reflected in the following result.

Theorem 7 [31] Let μ ∈ L∞
noded(Δ, G) and w : ̂C → ̂C be a noded quasiconformal

deformation for G with the complex dilatation μ. Then there is a unique Kleinian group
θ(G) and a unique isomorphism of groups θ : G → θ(G) such that w◦γ = θ(γ )◦w.
Moreover, the region of discontinuity of θ(G) is w(Ω(μ) ∩ Ω(G)).

The proof of the above theorem provided in [31] also permit to have the following
more general situation.

Corollary 4 [31] Let μ ∈ L∞
1 (Δ, G) and let w : Ω(μ) → w(Ω(μ)) be a noded

quasiconformal homeomorphism with complex dilatation μ. Suppose that there is a
sequence wn of quasiconformal homeomorphisms with corresponding complex dilata-
tions μn ∈ L∞

1 (Δ, G), converging locally uniformly to w in Ω(μ). Then there exist a
group θ(G) of Möbius transformations and an isomorphism of groups θ : G → θ(G),
such that w ◦ γ = θ(γ ) ◦ w.

The following result relates two noded quasiconformal deformations with the same
dilation similar as the situation for the quasiconformal ones.

Proposition 2 Let w1 and w2 be noded quasiconformal deformations of G with the
same complex dilatation μ ∈ L∞

noded(Δ, G). Then there exists an orientation preserv-
ing homeomorphism T : ̂C → ̂C, whose restriction T : w1(Ω(μ)) → w2(Ω(μ)) is
a conformal mapping, such that T ◦ w1 = w2.
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Proof The construction of T is given as follows. (3.1) If x ∈ w1(Ω(μ)), then set
T (x) = w2(w

−1
1 (x)). (3.2) If x ∈ w1(αn), then set T (x) = w2(αn). (3.3) If x ∈

Λ(μ) − ∪nαn([0, 1]), then set T (x) = w2(w
−1
1 (x)). ��

Remark 7 Let μ ∈ L∞
noded(Δ, G), with associated noded family of arcs F , and let

w : ̂C → ̂C be a noded quasiconformal deformation of G with complex dilatation μ.
If θ(G) and θ : G → θ(G) are as in Theorem 7, then the following hold.

(1) If p belongs to one of the arcs in F , then w(p) is necessarily a doubly-cusped
parabolic fixed point of θ(G).

(2) If p ∈ Λ(G) is a loxodromic fixed point in G, which does not belong to any arc
of F , then w(p) is again a loxodromic fixed point of θ(G).

(3) If p is a rank two parabolic fixed point of G, then w(p) is again a rank two
parabolic fixed point in θ(G).

(4) If p is a doubly-cusped parabolic fixed point of G, then w(p) is again doubly-
cusped in θ(G).

The previous remark permits to see the following fact.

Theorem 8 Under the hypothesis of Theorem 7, if G is geometrically finite, then θ(G)

is also geometrically finite.

The above, applied to Fuchsian groups of the first kind, permits to obtain the fol-
lowing with respect to noded Fuchsian groups.

Corollary 5 Let G be a Fuchsian group of the first kind. Let μ ∈ L∞
noded(D, G), let

w : ̂C → ̂C be a noded quasiconformal deformation for G with the complex dilation
μ and let θ : G → θ(G) such that w ◦ γ = θ(γ ) ◦ w, for γ ∈ G. Then θ(G) is a
noded Fuchsian group.

4.5 Topological realizations

Let G be a finitely generated Kleinian group and Δ a non-empty collection of G-
invariant components of its (non-empty) region of discontinuity.

A simple loop α ⊂ S = Δ/G (or a simple arc connecting two branch values of
order 2) is called pinchable if (a) its lifting on Ω(G) consists of pairwise disjoint
simple arcs, and (b) each of these components is stabilized by a primitive loxodromic
transformation in G. The stabilizer of a component of the lifting of a pinchable loop α

is a cyclic group generated by a primitive loxodromic transformation, and the stabilizer
of a component of the lifting of a pinchable arc is a Z/2Z-extension of a cyclic group
generated by aprimitive loxodromic transformation.We say that such a cyclic group (or
Z/2Z-extension) is defined by the pinchable loop α. If β1 and β2 are two components
of the lifting of a pinchable α, then their stabilizers are conjugate in G. We say that
a collection {α1, . . . , αm} of pairwise disjoint pinchable loops or arcs is admissible if
they define non-conjugate groups in G for i �= j .

Remark 8 In the particular case that G is a Fuchsian group of the first kind andΔ = D,
then every homotopically non-trivial loop in Δ/G avoiding the branch locus is pinch-
able. Moreover, every collection F of pairwise disjoint pinchable loops is admissible.
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Also, if Γ is a finite index subgroup of G and Q : D/Γ → D/G is a branched cover
induced by the inclusion Γ < G, then the collection Q−1(F) is admissible for Γ .

For each admissible collectionF = {α1, . . . , αm} of pinchable loops on S wedefine
the following equivalence relation on the Riemann spherêC. Two points p, q ∈ ̂C are
equivalent if either:

(1) p = q; or
(2) there is a component α̃ j of the lifting of some pinchable loop or arc α j , such that

p, q ∈ α̃ j ∪ {a, b}, where a and b are the endpoints of α̃ j (that is, the fixed points
of a primitive loxodromic transformation in the stabilizer of α̃ j in G)

The set of equivalence classes for such an equivalence relation is topologically the
Riemann sphere. In fact, let us denote by ˜F the collection of all arcs (including their
endpoints), as considered in (2) above, and let us consider the collection of continua
given by the collection of arcs in ˜F as points and also each of the points in the
complement of ˜F . The discreteness of G asserts that such collections of points is a
semi-continuous collection of points, as defined in [47], and the result now follows
from [47, Thm2]. Let us denote by P : ̂C → ̂C the natural continuous projection
defined by the above relation. As a consequence of the results in [44] we have the
following fact.

Proposition 3 There exists an orientation preserving homeomorphism Q : ̂C → ̂C,
such that the map Q ◦ P : ̂C → ̂C is a noded quasiconformal deformation of the
group G.

As a consequence of the above, the geometrically finite Kleinian groups constructed
in [35] are obtained by noded quasiconformal deformations of the suitable Kleinian
groups. The following topological realization was seen in [31].

Proposition 4 [31] Let G be a Kleinian group and F be an admissible collection of
pinchable loops. Denote by P : ̂C → ̂C the continuous projection naturally induced by
the equivalence relation defined by F . Then, there is a discrete group θ(G) of orienta-
tion preserving homeomorphisms of the Riemann sphere and there is an isomorphism
θ : G → θ(G), such that Pγ = θ(γ )P, for all γ ∈ G.

Remark 9 Results of [44,52] assert that, in Proposition 4, if G is geometrically finite,
then θ(G) is also geometrically finite. In fact, it can be shown that θ and θ(G) are as
obtained in Theorem 7, so the geometrically finiteness also follows from Theorem 8.

4.6 The noded Teichmüller space of G supported in1

Wemay extend the Teichmüller equivalence relation, given previously on L∞
1 (Δ, G),

to the whole L∞
noded(Δ, G) as follows. Let μ, ν ∈ L∞

noded(Δ, G) and wμ, wν be
associated noded quasiconformal deformations for G, respectively. Theorem 7 asserts
the existence of isomorphisms

θμ : G → Gμ and θν : G → Gν,
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where Gμ and Gν areKleinian groups such thatwμg = θμ(g)wμ andwνg = θν(g)wν

for all g ∈ G. We say that μ and ν are noded Teichmüller equivalent if there is an
orientation preserving homeomorphism A : ̂C → ̂C, such that:

(1) A(wμ(Ω(μ))) = wν(Ω(ν));
(2) A : wμ(Ω(μ)) → wν(Ω(ν)) is conformal;
(3) θν(g) = Aθν(g)A−1 for all g ∈ G.

If in the abovewe replace (3) by θν(G) = Aθν(G)A−1, thenwewill say thatμ and ν

are isomorphic. The noded Teichmüller space of G supported in Δ is the set N T (Δ, G)

of the noded Teichmüller equivalence classes of noded Beltrami coefficients for G
supported in Δ. If Δ = Ω(G), then we denote it by N T (G).

Remark 10 If μ, ν ∈ L∞
noded(Δ, G) are noded Teichmüller equivalent and μ ∈

L∞
1 (Δ, G), then (1) and (2) in above definition assert that ν ∈ L∞

1 (Δ, G) and that
they are Teichmüller equivalent. Moreover, the inclusion L∞

1 (Δ, G) ⊂ L∞
noded(Δ, G)

induces, under the above equivalence relation, the inclusion T (Δ, G) ⊂ N T (Δ, G).

The modular group M(Δ, G) extends naturally to act on N T (Δ, G)

M(Δ, G) × N T (Δ, G) → N T (Δ, G) : ([w], [μ]) �→ [ν],

where ν ∈ L∞
noded(Δ, G) is complex dilation of the nodedquasiconformal deformation

wμw−1. The quotient space NM(Δ, G) = N T (Δ, G)/M(Δ, G) is the space of
isomorphic classes of noded Beltrami coefficients for G supported at Δ. It provides
Deligne–Mumford’s compactification of the moduli spaceM(Δ, G).

Remark 11 In the setting of representation of groups, N T (Ω(G), G) corresponds to
consider, in the representation space Hom(G,PGL(2,C)), the faithful representations
ofG which are geometrically represented bynodedquasiconformal deformations. This
is a natural generalization for the deformation space of G, on which one considers the
geometric representations given by quasiconformal homeomorphisms of G.

4.7 The case of Fuchsian groups: Bers–Abikoff’s augmented Teichmüller space

Let us assume in here that G is a Fuchsian group of the first kind without parabolic
elements, keeping the unit disc Δ1 = D invariant, and set Δ2 = ̂C − Δ1. In this
case, Ω(G) = Δ1 ∪ Δ2 and the Riemann orbifolds Δ1/G and Δ2/G are of signature
(g; n1,

r. . ., nr ), where 2 ≤ n1 ≤ · · · ≤ nr < ∞ and n−1
1 + · · · + n−1

r < 2g + r − 2.
Associated to G we have the Teichmüllers spaces T (Δ1, G), T (Δ2, G) and T (G) =
T (Ω(G), G). These are simply connected complexmanifolds, the first two isomorphic
and of complex dimensions 3g − 3 + r , and the last one of complex dimension
6g − 6 + 2r . In fact, there is an isomorphism

θ : T (G) → T (Δ1, G) × T (Δ2, G) : [μ] �→ ([μ1], [μ2]),

where μi is defined as μ on Δi and zero on its complement. Associated to the above
three spaces are the corresponding partial closures given by the noded Teichmüller
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spaces N T (Δ1, G), N T (Δ2, G) and N T (G). Each N T (Δ j , G) can be identified
with the augmented Teichmüller space of G as defined in [1–3,13]. The isomorphism
θ extends continuously to an isomorphism

θ : N T (G) → N T (Δ1, G) × N T (Δ2, G).

The Teichmüller space T (Δ j , G) has associated the Weil–Petersson (WP) metric,
which is Kähler, has negative sectional curvature, is not complete and for every pair of
points there is a unique geodesic connecting them [5,53,57–59]. It is known that theWP
metric completion of T (Δ j , G) is the augmented Teichmüller space N T (Δ j , G) [46]
(but it is a non-locally compact space). Results on the geometry of geodesics on these
spaces is given in [60]. The modular group M(Δ j , G) acts a group of WP orientation-
preserving isometries (these are all these isometries if (g, r) �= (1, 2) [60]). It was
observed byMasur that N T (Δ j , G)/M(Δ j , G) is the quotientWPmetric completion
M(Δ j , G) (this being the Deligne–Mumford’s compactification) of the moduli space
M(Δ j , G) (the space of isomorphic classes of Riemann surfaces of genus g with r
punctures).

In [32] it was proved that if M is a finite index subgroup of the modular group
M(D, G), then the quotient spaces N T (Δ1, G)/M and N T (Δ2, G)/M are compact
complex orbifolds. In particular, N T (Ω(G)/M is also a compact complex orbifold.

Remark 12 Now, following Remark 3 and the above, for every pair (Δ, G), where G
is a finitely generated Kleinian group, and M being of finite index in M(Δ, G), it
holds that N T (Δ, G)/M is a compact complex orbifold.

5 Uniformizations of (�,n)-gonal pairs: proof of Theorem 1

Let us consider a (γ, n)-gonal pair (S, f ) and let us denote by B f ⊂ R the locus of
branch values of f . For each point in B f we define its branch order as the minimum
common multiple of the local degrees at all its preimages under f . Let us write B f =
{p1, . . . , pr } so that n j is the branch order of p j , where 2 ≤ n1 ≤ n2 ≤ · · · ≤ nr .
The signature of (S, f ) is then defined by the tuple (γ ; n1, . . . , nr ). We assume, from
now on, that (S, f ) is of hyperbolic type, that is, n−1

1 + · · · + n−1
r < 2γ + r − 2 (in

particular, if γ = 0, then r ≥ 3). If S has genus g, then Riemann–Hurwitz formula
asserts the equality

2(g − 1 − n(γ − 1)) =
r

∑

j=1

(

n − # f −1(p j )
)

.

Let us remark that topologically equivalent (γ, n)-gonal pairs have the same sig-
nature, but the converse is in general false.

For each point q ∈ f −1(p j ) setmq = n j/dq , where dq is the local degree of f at q,
and let N f be the set of of points q ∈ f −1(B f )with mq > 1. Let Rorb be the Riemann
orbifold whose underlying Riemann surface structure is R, its cone point set is B f

and the cone order of each p j is n j . Similarly, let Sorb be the Riemann orbifold whose
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underlying Riemann surface structure is S and its cone points are given by the points
q ∈ N f with cone order mq > 1. As a consequence of the uniformization theorem:
(i) there is a co-compact Fuchsian group G acting on the unit disc D and an orbifold
isomorphism ψ : Rorb → D/G; that is, G has signature (γ ; n1, . . . , nr ), and (ii)
there is an index n subgroup Γ and an orbifold isomorphism φ : Sorb → D/Γ so that
ψ f φ−1 : D/Γ → D/G is being induced by the inclusion Γ < G. The constructed
pair of Fuchsian groups (Γ , G) is uniquely determined by the pair (S, f ), up to
conjugation by elements in Aut(D), the group of holomorphic automorphisms of D;
we say that (Γ , G) uniformizes (S, f ). The following fact follows almost immediately
from the definitions.

Lemma 3 Two pairs of Fuchsian groups (Γ1, G1) and (Γ2, G2) uniformize topolog-
ically equivalent (γ, n)-gonal pairs (of hyperbolic type) if and only if there is an
orientation-preserving homeomorphism u : D → D so that uG1u−1 = G2 and
uΓ1u−1 = Γ2 (as the orbifolds are compact, we may assume u to be a quasiconfor-
mal homeomorphism). They correspond to twisted isomorphic pairs if u ∈ Aut(D)

and to isomorphic ones if G1 = G2 and u ∈ G2.

Remark 13 Let us recall that a holomorphic automorphism of (S, f ) is a holomorphic
automorphism T of S so that f = f T . In this context, the group of holomorphic
automorphisms of (S, f ) is naturally identified with the quotient NG(Γ )/Γ , where
NG(Γ ) is the normalizer of Γ in G.

As a consequence of Lemma 3 one obtains that H0(S, f ) can be identified with
the Teichmüller space T (D, G) of the orbifold D/G, which is a simply-connected
complex manifold of dimension 3γ + r − 3 [38,40,49]. As every point inH(S, f ) is
uniformized by a quasiconformal deformation of (Γ , G), is a consequence of the mea-
surable Riemannmapping theorem [6,48] that theHurwitz spaceH(S, f ) is connected
and it can be identified with T (D, G)/M(Γ , G), where M(Γ , G) is a subgroup of
the modular group M(D, G) (the group of holomorphic automorphisms of T (D, G))
induced by the isotopic classes of those quasiconformal self-homeomorphisms of D
normalizing both G and also Γ . The above, in particular, asserts that H(S, f ) is a
connected complex orbifold of dimension 3γ + r − 3 whose orbifold fundamental
group is isomorphic to M(Γ , G).

Remark 14 As the subgroup M(Γ , G) has finite index in the modular group M(D, G),
there is a finite degree branched covering H(S, f ) → M(D, G), where M(D, G) is
the moduli space of the orbifold D/G (this being the moduli space of an r -punctured
Riemann surface of genus γ ). For instance, if Γ is a characteristic subgroup of G,
then M(Γ , G) = M(D, G), soH(S, f ) = M(D, G).

6 Uniformizations of stable (�,n)-gonal pairs: proof of Theorem 2

In this section we proceed to construct uniformizations of an stable (γ, n)-gonal pair
using noded Fuchsian groups. These uniformization permits to provide a compactifi-
cationH(S, f ), for (S, f ) a (γ, n)-gonal pair of hyperbolic type, this being a complex
orbifold containing H(S, f ) as an open dense suborbifold.
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Let us recall that each stable (γ, n)-gonal pair (S∗, f ∗) is obtained by considering a
suitable (γ, n)-gonal pair (S, f : S → R) of hyperbolic type and a suitable collection
F = {γ1, . . . , γs} of pairwise disjoint simple loops in R − B f , where B f is the set of
branch values of f . If r is the cardinality of B f , then for γ = 0 we also assume that
r ≥ 4 (otherwise, there is no possible degeneration tomake). The collectionF satisfies
that the Euler characteristic of each connected component of R − (B f ∪γ1 ∪ · · · ∪γs)

is negative and none of the components of R − (γ1 ∪ · · · ∪ γs) is a disc with only
two branch values, both with branch order equal to 2. By the pinching process of
the loops in F and those in f −1(F) (as indicated in the introduction), we obtain a
topological stable (γ, n)-gonal pair homeomorphic to (S∗, f ∗). To obtain (S∗, f ∗)
we need to provide to each component of the nodes of a suitable analytically finite
Riemann surface.

Let us consider a pair (Γ , G) of Fuchsian groups uniformizing (S, f ), that is,
there are orbifold isomorphisms φ : Sorb → D/Γ and ψ : Rorb → D/G so that
π := ψ f φ−1 is branched cover induced by the inclusion of Γ in G. Recall that the
pair (Γ , G) is unique up to conjugation by elements of Aut(D). The collection of
simple loopsψ(F) ⊂ D/G lifts under π to a collection G of simple arcs inDwhich is
pinchable for G, so also for the subgroup Γ (see Remark 8). Set D = {z ∈ C : |z| >

1}∪ {∞} and let us consider three different points a, b, c ∈ D. Now, as a consequence
of Propositions 3 and 4, there is aμ ∈ L∞

noded(D, G)with limit set being the closure of
the collectionG. Ifwμ : ̂C → ̂C is a noded quasiconformal deformation for G with the
complex dilation μ and fixing the points a, b, c, then Theorem 7 asserts the existence
of a unique Kleinian group θ(G) and a unique isomorphism of groups θ : G → θ(G)

such that wμ ◦ γ = θ(γ ) ◦ wμ. Moreover, the region of discontinuity for the action
of θ(G) on the Riemann sphere is wμ(Ω(μ) ∩ Ω(G)) = wμ(Ω(μ) ∩ D) ∪ wμ(D).
Observe that wμ(D) is a quasidisc. Corollary 5 asserts that θ(G) (and so θ(Γ )) is
a noded Fuchsian group. By Proposition 3, the pair (θ(Γ ), θ(G)), when restricted
to wμ(Ω(μ) ∩ D), provides a stable (γ, n)-gonal pair modelled by (S∗, f ∗). Also,
the same pair, when restricted to wμ(D) provides the (γ, n)-gonal pair (S, f ). Up
to post-composition by a suitable quasiconformal homeomorphisms, we may assume
that the stable (γ, n)-gonal pair we obtain is the original one, i.e., (S∗, f ∗); we say
that the pair (θ(Γ ), θ(G)) uniformizes it. For each t ∈ D, we may consider tμ ∈
L∞
1 (D, G) and the quasiconformal homeomorphism wtμ : ̂C → ̂C with complex

dilation tμ and fixing the points a, b, c. If Gt = wtμGw−1
tμ and Γt = wtμΓ w−1

tμ ,
then (Γt , Gt ) provides a continuous family of (γ, n)-gonal pairs (St , ft ) converging
to (S∗, f ∗).

The above construction asserts that the Hurwitz space H0(S, f ), parametriz-
ing isomorphic classes of stable (γ, n)-gonal pairs, modelled by degeneration of
a the (γ, n)-gonal pair (S, f ), can be identified with the noded Teichmüller space
N T (D, G). Similarly, the Hurwitz space H(S, f ), parametrizing twisted isomorphic
classes of stable (γ, n)-gonal pairs, modelled by degeneration of a the (γ, n)-
gonal pair (S, f ), can be identified with the quotient space N T (D, G)/M(Γ , G).
As M(Γ , G) has finite index in the modular group M(D, G), it follows from the
results of [32] that N T (D, G)/M(Γ , G) carries a structure of a complex orbifold,
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being a finite branched cover of the Deligne–Mumford’s compactification space of
D/G.

Remark 15 The forgetful map (of finite degree) H(S, f ) → Mg : [(S′, f ′)] �→ [S′]
extends to the corresponding forgetful map (also of finite degree) H(S, f ) → ̂Mg :
[(S′, f ′)] �→ [S′].
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